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0

. Introduction

Dans cette thése on s’intéresse au probleme de la stabilisation, par retour d’état,
de certains systémes non linéaires.
* Dans tout ce qui suit le point d’équilibre sera l’origine et les systémes considérés seront
" définis sur R” ou sur un voisinage ouvert de l'origine dans R™.

Le premier chapitre est consacré & des rappels de définitions et résultats classiques
de stabilisation, dont certains seront illustrés par des exemples.

Dans le second chapitre on s’intéresse d’abord aux systemes de la forme

{:i:=P(x)+Bu

0.1
reR"ue R (0.1)

ot P est un champ polynomial homogéne et B une matrice de rang n—1. On donne une
condition nécessaire et suffisante, portant sur le champ P et la matrice B, de globale
stabilisabilité, Le feedback stabilisant étant explicitement calculé. (I’essentiel de cette
partie a été publié dans [30]).

1l est & remarquer que, exception faite des systémes linéaires, il y a trés peu de systemes
non linéaires pour lesquels une C.N.S. de globale stabilisabilité a été donnée.

Les systémes de la forme (0.1) ont déja été étudiés dans [1], sans aucune restriction
sur le nombre d’entrées, mais seulement dans le cas oi P est de degré impair et le
résultat de [1] donne la condition suffisante de stabilisabilité suivante :

3 Q matrice définie positive telle que : BTQz=0 = (P(z),Qz) <0

3



4 0. Introduction

On peut remarquer que cette condition revient a dire que (0.1) admet une fonction de
Lyapunov contrlée quadratique ce qui n’est pas toujours facile a trouver.

Dans la fin de ce chapitre, on étudie les systémes homogenes plans

= X(z,u)
{zemauem - (02)

ot X est un champ polynomial homogéne impair et on donne une condition suffisante
de globale stabilisabilité. Comme conséquence, on donne un feedback stabilisateur
homogeéne du fameux exemple des cubiques :

3

T=y
g=z3 (0.3)
Zz=u

Dans le troisieme chapitre, on étudie les systémes analytiques affines en controles

i = X(a) + Y u¥i(a)
e R,ueR (04)
X(0) =0

ou I’on suppose que les champs contrdlés Y; sont lindairement indépendants a l’origine.
On commence par donner une condition nécessaire et suffisante portant sur les champs
Y; pour que le systéme (0.4) soit feedback équivalent au systéme

T = Xl(l'l, 932)

Ta=1u

? (0.5)
z, € R*"™, 2z, € R™
Xl(0,0) =0

On utilise ensuite cette écriture et les résultats du second chapitre (1égérement modifiés)
pour stabiliser localement les systémes de la forme :
n-—1

z=X(z)+ z-; w;Y:(x) (06)

zeR", u;, €R



Cette derniére partie a été exposée au NOLCOS’92 (Bordeaux, France) [31].

Le chapitre 4 (constitué d’un article [29] présenté au Second IFAC Workshop on
System Structure and Control, Prague 1992) s’intéresse a étude, du point de vue de
la stabilisation, de la relation qui existe entre

z= f(z,u
flau) (0.7)
zeR", ue R’
et le systéme avec ”intégrateur”
&= f(z,y)
y=u (0.8)

zreR*, yeR’

Tl est bien connu ([47], [35]) que si (0.7) est globalement asymptotiquement stabilisable
(G.A.S) avec un feedback de classe C” (r 2 1) alors le systéme (0.8) est G.A.S. Dans
[47], les auteurs donnent une démonstration constructive de ce résultat, montrant que
si on sait stabiliser (0.7) et si on connait une fonction de Lyapunov stricte pour le
systéme bouclé alors on peut construire une loi de commande stabilisante pour (0.8).
Malheureusement, il n’est pas toujours facile de trouver une fonction de Lyapunov
stricte méme quand on sait qu’un systéme est G.A.S, c’est le cas, par exemple, des
systemes a dérive dissipative du type Jurdjevic-Quinn. Notre contribution consiste a
montrer, en utilisant le principe d’invariance de LaSalle [38] qu’on n’a pas besoin de
connaitre une fonction de Lyapunov stricte pour (0.7) mais seulement d’une fonction
de Lyapunov ”large”. On montre aussi que parfois, on peut se contenter de trouver
une fonction k telle que le systéme

& = f(z, k() (0.9)

admette origine comme point d’équilibre stable (pas nécessairement asymptotique-
ment stable) pour construire un feedback qui fait de 1'origine de R™ x R? un point
d’équilibre globalement asymptotiquement stable pour (0.8).

Au chapitre 5 ([11]), on étudie la stabilisation locale des systémes plans

{ z = X(z) + uY(z)

(0.10)
zeRLucR X(0)=Y(0)=0

Le cas Y(0) # 0 a fait Pobjet de beaucoup de travaux. Par contre, il y a peu de
résultats quand Y'(0) = 0.
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On commence par rappeler les résultats obtenus dans [12] qui consistent & donner des
conditions suffisantes de stabilisation en se basant sur I’étude du systéme bilinéaire

z = Az +uBz

X aY (0.11)
A= -3;(0) , B= —a';(o)

Dans ce travail, on étudie, en utilisant les techniques de la variété centrale, une classe
de ces systémes pour lesquels le bilinéarisé n’apporte pas de réponse.

Dans le chapitre 6, on considére des systemes de la forme :

&= Az + Bu+ f(z,u)
zeR*, yeRP, ueR™, A€ M, .(R), B€e M, »(R), C € M,.(R)

ol (A, B) est contrélable et (4, C) observable, et f un champ qui est lipschitzien et
qui vérifie en plus :

|fiz,u)l < K |lpi(z)]l Vz€R", Vue R’ (0.13)

ou p; : R* — R’ est la projection canonique.
On démontre que cette classe de systemes est globalement exponentiellement stabilis-
able par feedback linéaire que I'on construit explicitement ; ensuite en supposant que
fi(z,v) = fi(x1,...,2i,0,...,0, u) (i.e. f; ne depend que des ¢ premiéres coordonnées)
on construit un observateur pour ces systémes qui converge exponentiellement et on
montre que l’on peut stabiliser (0.12) par retour d’état estimé par ’observateur con-
struit.

Tl est & remarquer que cette classe de systemes a été étudiée par Tsinias dans [49],
dans le cas mono-entrée-mono-sortie. Sa démonstration est compliquée et en plus elle
ne peut se généraliser facilement aux systémes multi-entrées, multi-sorties.

Le dernier chapitre montre que la méthode développée au chapitre 6 continue
a s’appliquer aux systémes stochastiques dont le champ de vecteurs (de la partie
déterministe) et le bruit aléatoire vérifient des conditions analogues a celles du
chapitre 6. ' ’



1 |
RAPPELS ET GENERALITES

1.1 Formulation du probléeme

On considére un systéme dont ’évolution peut étre décrite par le systeme différentiel

{ (t) = X (a(2),u(t))

1.1
zeEM, ueld (1)

ot M est une variété différentiable connexe appelée espace d’état et U C IR™ espace
des controles, z(t) représente 1'état du systéme a l'instant ¢ et X est un champ de
vecteurs défini sur M. Dans ce travail, M sera I’espace R" ou un ouvert convexe de
R".

Le probleme auquel on s'intéresse est le suivant : étant donné zo € M, trouver
un feedback u = u(z) tel que le point zo soit un point d’équilibre asymptotiquement
stable pour le systéme bouclé :

&(t) = X (x(t), u (2(1))) (1.2)

Pour cela, rappelons les définitions suivantes.

1.2 Notions de stabilité

1.2.1 Définitions

Définition 1 Etant donné un systéme différentiel

{ = X(z)

z€M, X(z0) =0 (1:3)

7



8 1. RAPPELS ET GENERALITES

on dira que To est un point d’équilibre stable st :

Ve> 0, Ja > 0, tel que ||lz — zof| < a=> V20, ||Xi(z) — 20|l < e

ot X,(z) désigne la solution de (1.8) commengant au point T & linstant t = 0 i.e,

ng(.'l?) _ _
— o X(z) et Xo(z) ==

Définition 2 zo est attractif si Vz € U voisinage de o, X(z) eziste pour tout t > 0
et tli_'r_n X:i(z) = zo.
=400

zo est globalement attractif siVz € M, iliillw Xi(z) = zo.

Définition 3 zo est asymptotiquement stable s’il est stable et attractif.

zo est globalement asymptotiquement stable s’il est stable et globalement attractf.

Définition 4 Si zo est un point d’équilibre asymptotiquement stable pour (1.8) et s’il
eziste deuz constantes positives K et ) telles que U'on ait :

I1Xe(z) — zoll < K |l — zol| €™

pour tout x appartenant @ un voisinage de zo et tout t > 0, alors on dira que (1.3) est
ezponentiellement stable en zo.

On remarque que pour montrer qu’un point d’équilibre admette une des pro-
priétés ci-dessus en utilisant les définitions, on doit résoudre explicitement le systéme
différentiel (1.3) ; ce qui est, en général difficile voir infaisable. En fait, on utilise plutét
les théoremes suivants dus & Lyapunov ([25]).

1.2.2 Fonctions de Lyapunov

Théoréeme 1 S'il eziste une fonction V : U — R, continue sur un voisinage U de
2o et différentiable sur U — {zo} telle que :

(a) V(zo) =0 et V(z) >0 siz# 7o,

= (VV(2), X(2))

t=0

(b) V(z)=XV(z)<0 VzeU ot X.V(z) = %V(Xt(a:))

alors T est un point d’équilibre stable pour (1.3).
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Si de plus la fonction V est telle que
(c) V(z) <0 Vz € U — {zo}

alors zo est.asymptotiquement stable.

Définition 5 Une fonction V qui satisfait (a) et (b) est appelée fonction de Lyapunov
pour (1.3) en zo. Si (c) est vérifié alors V est appelée fonction de Lyapunov stricte
pour (1.3) en zo.

Théoréme 2 (version globale) §’il eziste V : M — R définie positive et propre
(c’est-a-dire ’image réciproque d’un compact de R* est un compact de M ) telle que

X.V(z)<0Vz € M —{zo}, X.V(zo)=0

alors zo est un point d’équilibre globalement asymptotiquement stable.
On a aussi le théoreme inverse suivant (Massera [39], Kurzweil [B37).

Théoréme 3 Si X est continu et si zo est un point d’équilibre asymptotiquement stable
alors (1.3) admet une fonction de Lyapunov stricte qui est de classe C* dans un
voisinage de Zo.

Les théorémes précédents prouvent que pour montrer qu’un point d’équilibre est
asymptotiquement stable, il suffit de trouver une fonction de Lyapunov stricte mais
ce n’est pas une chose facile et il n’y a pas de méthodes constructives qui permettent
de trouver de telles fonctions. Ceci dit, en général, il est plus facile de trouver une
fonction V définie positive qui vérifie :

X.V(z)<L0

Une telle fonction sera appelée fonction de Lyapunov large pour le champ X en zo.
Quand X admet une fonction de Lyapunov large, on a le résultat suivant qui permet
de conclure 3 ’asymptotique stabilité.

Théoreme 4 (Principe d’invariance de LaSalle [38]) Soit V' une fonction de Lyapunov
large, de classe C?, pour (1 .8) en zo. Alors toutes les trajectoires bornées pourt > 0
tendent vers Q, le plus grand ensemble invariant par X et contenue dans

E={ze M/ XV(z)=0}.
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Si en plus V est propre (limyz—+o0 V() = +00) alors toutes les trajectoires sont
bornées pour ¢ > 0 et donc toutes les trajectoires tendent vers Q. Pour montrer que z,
est un point d’équilibre asymptotiquement stable, il suffit de montrer que Q = {zo}.

Dorénavant, on prendra zo = 0 l'origine de R".

1.2.3 Variété centrale

Soit le systeme

{i:Az+f@w) 1.4)

y = By +9(z,y)
on z € R*, y € R™, A et B deux matrices respectivement n x n et m x m vérifiant :

e toutes les valeurs propres de A ont une partie réelle nulle ;

e toute valeur propre de B admet une partie réelle strictement négative.

f et g sont deux applications de classe C?, respectivement de R"*™ dans R" et de
R™™ dans R™, vérifiant :

f(0,00=0  f(0,0)=0
9(0,00=0 ¢'(0,0)=0

ol f'(0,0) et ¢'(0,0) sont respectivement les jacobiennes de f et g en (0,0).

Définition 6 Soit b : R® — R™ une application suffisamment réguliére. La sous

variété y = h(z) est une variété centrale pour le systéme (1.4 ) si elle est invariante
pour (1.4) et si h(0) =0 et k’'(0) = 0.

Théoreéme 5 (cf. [10]) Il existe une variété centrale pour le systéme (1.4) donnée par
y = h(z) pour ||z|| < & avec h de classe C* et 6 > 0.

Le flot de (1.4) sur la variété centrale est gouverné par le systéme

3= Az + f(z,h(2)) (1.5)
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Théoréme 6 a) Si la solution nulle de (1.5) est stable (asymptotiquement stable) (in-
stable) alors il en est de méme pour la solution nulle de (1.4).

b) Supposons que la solution nulle de (1.5) est stable. Soit (z(t),y(t)) la solution
de (1.4) avec ||(z(0),y(0))]| suffisamment petite, alors il eziste z(t) solution de (1.5)
telle que pour t — +o0 on ait :

2(t) = (1) + O (e™*) (16)
y(t) = h(z(t))+ O (e™) '
ou v est un réel strictement positif.
1.3 Stabilisation
Revenons au systéme controlé
= X(z,u) 7
zelU,ueld )

ott U est un ouvert connexe de R*, U C R™ et X : U x U — R™ est de classe C!
(resp. C*, C*) tel que X(0,0) = 0.

Définition 7 On dira que (1.7) est stabilisable s’il exziste un feedback u = u(z), au
moins continu, tel que le systéme bouclé :

z = X(z,u(z))

admette lorigine comme point d’équilibre asymptotiquement stable.

Rappelons que le probléme de stabilisation est complétement résolu pour les sys-
témes linéaires (X (z,u) = Az + Bu) mais c’est loin d’étre le cas pour les systemes non
linéaires, méme les plus simples comme par exemple les systémes bilinéaires

z = Az + uBzx

On va rappeler les principaux résultats (essentiellement ceux qu’on utilisera par la
suite) qui datent des quinze dernieres années.



12 1. RAPPELS ET GENERALITES

)

1.3.1 Conditions nécessaires

Le théoréme suivant di & Brockett ([8]) donne des conditions nécessaires de stabil-
isation.

Théoréeme 7 Sile systéme (1.7) admet un feedback stabilisateur de classe C"! dans un
voisinage de 0 € R" alors :

(i) Le systéme linéarisé n’admet pas de modes incontrélables associés d des valeurs
propres strictement positives.

(ii) Il eziste un voisinage N de (0,0) tel que pour tout £ € N, il eziste un contrile
ug(.) défini sur [0,+o0o[ qui raméne le systéme de l'état z = £ en t = 0 a l'état
=0 ent=oo. En d’autres termes, si z(t) est une solution de & = X(z,u¢)
verifiant z(0) = £ alors 1t_lj_.rpm z(t) = 0.

(iii) L’application
v: UxR™ — R"
(z,u) +— X(z,u)

est surjective sur un voisinage de l'origine de R".

Par la suite, nous utiliserons le vocabulaire suivant :

Définition 8 Un systéme
z = X(z,u)

vérifiant la condition (ii) du théoréme de Brockett sera dit stabilisable en boucle ouverte
ou encore asymptotiqguement contrélable a l'origine.

Remarques :

1. La condition (ii) est évidemment une condition nécessaire de stabilisabilité quelle
que soit la régularité qu’on exige du feedback.

2. Par contre, la condition (i) n’est pas nécessaire si on se contente d’un feedback
continu comme le montre 1’exemple suivant (di & Kawski [34]) :

:i:1-=u
i2=$2—$:15
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qui est stabilisable avec

4
u(z) = —z, + 22+ —z;} -2

3

3. La condition (iii) est également une condition nécessaire a I’existence d’un feedback
stabilisateur continu (cf Sontag [45]).

4. Les conditions de Brockett sont loin d’étre suffisantes pour I’existence d’un feedback
stabilisateur continu. Par exemple, le systéme défini dans R par

& = f(z,u) = u® sin%
vérifie bien les conditions de Brockett :
o f est de classe C? (avec f(z,0) =0).
e 0 est un point accessible & partir de tout point de R.
e L’application (z,u) — u® sin% est surjective.
Cependant, il n’existe pas de feedback continu u(:c), avec u(0) = 0, tel que

& = u(z)®sin — u(:c) (1.8)

soit asymptotiquement stable.

En eﬁ'et pour toute fonction continue u et pour tout a > 0, il existe k € Z tel que
0 < 1 < u(a) (si u(a) > 0). Par continuité de u, 3z €]0, of tel que u(z) = %, soit

T
u(Z)

Dans la suite de ce chapitre on rappelle les résultats classiques de stabilisation des
systémes non linéaires.

= kr, et donc Z est un autre point d’équilibre pour le systeme (1.8).

1.3.2 Systémes affines & dérive dissipative :
méthode de Jurdjevic-Quinn

Historiquement, un des premiers résultats significatifs est dd & Jurdjevic et Quinn
qui ont utilisé le principe d’invariance de La Salle pour donner une condition suffisante
de stabilisabilité pour les systémes afﬁnes en controles et dont la dérive est linéaire
dissipative.
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Théoréme 8 (Jurdjevic-Quinn [33]) soit

{ # = X(z) + uY(z) L9)

reR", ueR

ot X(z) = Az avec A une malrice n X n avecn valeurs propres imaginaires distinctes.

Si
{ad*XY(z), k€ N}=R" VzeR"-{0}
alors (1.9) est G.A.S avec

u=—(z,Y(z))

Ce résultat a été ensuite généralisé & des systémes affines quelconques par plusieurs
auteurs, notamment dans [23] [41] sous la forme suivante :

Théoréme 9 ([41]) soit

5= X(2)+ 3 wY(@) (1.10)

=1

un systéme C® défini sur R™ avec X(0) = 0. §'il eziste une fonction V: R — R
définie positive et propre telle que :

(i) X.V(z) <0 Vz € R"
(ii) L’ensemble
W ={zeR" | X*'V(2) = X*Y'V(z) =0, k€N, i= 1,...,m}

est réduit ¢ {0}.

Alors le systéme (1.10) bouclé avec u;(z) = ~YV(z) est globalement asymptotiquement
stable a Uorigine.
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Pour la clarté de la lecture, on rappelle ici la démonstration de ce résultat. Le
champ bouclé est

Z=X—iWWW‘

Ona
V(z) = Z.V(z) = X.V(z) - i;()""V(:c))2 <

Le systéme est donc stable. D’aprés le principe d’invariance de La Salle, toutes les
solutions bornées tendent vers (2, le plus grand ensemble invariant par Z et contenu
dans

E={zeR*/Z.V(z) =0}

Remarquons que V étant propre et Z.V(z) < 0, Yz € R", toutes les trajectoires sont
bornées.

D’autre part, soit £ € £, alors pour tout ¢ > 0 on a Zi(z) = Xi(z) (puisque
sur R, Z = X) et, comme Q est Z-invariant, on a

X.V(X:(z)) = YV (Xi(z)) =0 Vt 20

ce qui implique que pour tout k € N

dk
T XV (Xe(2))io =0 et

d*
> YV (X(@)) im0 = 0

dt
Mais, par définition de la dérivée de Lie, on a

X.V(z) = %V (Xe(2))s=0

donc

L XV (Xi(2))o = 0 et X"Y'V(z) = ;i"?k,;y'V(x,(z)),=0 =0

dk

Xk+1 V(:c) o

Ceci montre que 8 C W, ce qui termine la preuve. ]
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1.3.3 Fonctions de Lyapunov ”controlées”
(Arstein [3], Sontag [44])

Etant donné un systéme

{ #=X(@u) (1.11)

zreR", ue R

et V : R® — IR une fonction définie positive et propre, on dira que V est une fonction
de Lyapunov contrélée pour le systeme (1.11) si

inf, (VV(2), X(z,u)) <0, Vo € R"\{0}

On peut remarquer que si (1.11) admet un feedback stabilisateur continu alors, d’apres
le théoréme inverse de Lyapunov ([39], [37]), (1.11) admet une fonction de Lyapunov
stricte de classe C* et donc (1.11) admet une fonction de Lyapunov contrdlée.

Sontag ([44]) a démontré que si un systéme affine en contréles admet une fonction
de Lyapunov contrélée, alors il est stabilisable avec un feedback C* sur R™ — {0} ;
en plus, il a donné une formule explicite du feedback stabilisateur. On rappelle son
résultat pour un systéme mono-entrée. Soit

N

{ & = f(z) + ug(z) (1.12)

zeR", uelR

Supposons qu’il existe V : R" — R* de classe C*, définie positive et propre telle
que:

2 (VV(2), f(@) + ug(@)) <0, Va € R"\(0)
en d’autres termes :

(VV(z),9(z)) = 0= (VV(2), f(2)) <0

Posons

a(z) = (VV(2), f(z)) et b(z) = (VV(2),9(z))
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alors
JECRECELC IS
u(z) = b(z)
0 si b(z) =10

“ stabilise (1.12). En outre, u sera continue si Ve > 0 36 > 0 tel que

z € B(0,6)— {0} = JueR : |u|| <eet (VV(z),f(z)+ ug(z)) <O0.

1.3.4 Méthodes indirectes
premiére approximation

Il s’agit de méthodes qui consistent & remplacer un systeme (S) par un systeme
plus simple (S’) de telle fagon que I’étude de (S’) permette d’avoir des renseignements
concernant le systéme initial (5).

La méthode classique consiste & considérer le linéarisé de (S) en 'origine, c’est-a-

dire, si (S) est donné par
z = f(z,u)
(5) {

£(0,0) =0

on étudie

{ z = Az + Bu
(5" af of
A= %(O?O)a B = 2-(0,0)

On sait alors que si () est stabilisable, (S) l’est aussi, et avec le méme feedback.

Dans le chapitre 2, on donne une généralisation de ce résultat pour une classe de
systémes analytiques o1, au lieu de considérer la partie linéaire, (5’ ) sera donné par la
premiére partie homogeéne qui apparait dans le développement analytique de la dérive.

1l est & noter que cette méthodologie ne permet de conclure que localement.
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Linéarisation et méthodes analogues

Cela revient a transformer un systéme de la forme

T = f(:c,u)

en un systéme équivalent du point de vue de la stabilisation par difféomorphisme (local
ou si possible global) dans 1’espace d’état et/ou dans I'espace des contréles, ou par
reparamétrisation du temps. On peut alors citer les méthodes de linéarisation ou de
linéarisation partielle par difféomorphisme et feedback (cf. [40], pp. 176 — 205).

Etude d’un sous-systéeme

Quand on a un systéme
= f(za u)

qui peut s’écrire

{ T = f1($1$z2) (1.13)

&y = fa(z2,u)

avec z = (1,23), 1 € R"™?, z, € R?, la question qu’on peut se poser est la suivante.
Existe-t-il k : R*? — RP? telle que &; = fi(z1, k(z1)) soit stable, asymptotiquement
stable ou globalement asymptotiquement stable? Que peut-on alors en conclure pour
la stabilisation du systéme complet (1.13)?

La réponse est qu’en général on ne peut rien dire. Ceci dit, des résultats significatifs
ont été énoncés quand

fa(xs,u) = Az; + Bu,

notamment dans [42], concernant la stabilisation globale de

{ ) = fl(l'l, 1’2)
i‘z = A.’Bz + Bu

On peut noter aussi que, parfois, I'utilisation des techniques de variété centrale
permet ’étude de la stabilisation locale de (1.13).



2

SYSTEMES POLYNOMIAUX
HOMOGENES

2.1 Introduction

Dans ce chapitre, on considére les systémes non linéaires de la forme :

{a’::X(z)+Bu

2.1
z€R", ue R 21)

ot X : R® — R" est un champ de vecteurs polynomial homogéne de degré k € IN* =
N — {0} (i.e toutes les composantes du champ sont polynomiales homogenes de méme
degré k) et B est une matrice n x (n — 1) de rang n — 1.

Le but de ce travail est de donner une condition nécessaire et suffisante pour que
ces systémes soit globalement asymptotiquement stabilisables (G.A.S) par feedback
régulier (C*) et de construire explicitement le feedback stabilisateur. On montre ainsi
que le systéme (2.1) est (G.A.S) si et seulement si il est asymptotiquement stabilisable
en boucle ouverte.

Cette classe de systémes non linéaires est intéressante car d’une part les modeles
mathématiques de certains systémes mécaniques (par exemple les équations de la
vitesse angulaire d’un satellite avec deux controles) sont de la forme (2.1), d’autre part
les techniques de linéarisation ne peuvent pas s’ appliquer pour stabiliser localement
ce type de systémes. :

19
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2.2 Notations

On notera < .,. > le produit scalaire usuel dans R", det le déterminant d’une
famille de vecteurs et, pour (Z1,...,Zn-1) une famille de n — 1 vecteurs de R", on
notera T3 A ... A Tn—1 le produit vectoriel i.e. 'unique vecteur qui vérifie la relation
suivante :

det(z1y...,Tn-1,2) =<Z1 A...AZTp1,T> VT € R"

Soient b,,...,b, les vecteurs colonnes de la matrice B et b, le vecteur défini par
by = by A...Ab,. Comme le rang de B est égal &n —1, (b1, ba,. .. ,by) est une base de
R".

2.3 Stabilisation des systémes polynomiaux pairs

Théoreme 1 Le systéme (2.1), ot X est un champ de vecteurs homogéne pair, est
G.A.S si et seulement si le polynéme < X(z), by > change de signe.

Preuve :
X est un champ polynomial homogene de degré k = 2p, p € N*. On va désigner par
(us, .. .,U,) les composantes de u et par (z1,...,2,) les coordonnées de z dans la base

(b1,b2,- - ., bs). Dans cette base, le systeme (2.1) s’écrit :
[ 21 =< X(Jl'), b >

Ty = Py(z) + u2
i . (2:2)

t z, = Po(z) + Up

ou P,,...,P, sont des polyndmes homogénes de degré k = 2p.

La condition est nécessaire :
En effet, si Py(z) =< X(z), by > ne change pas de signe alors I’application
f: R*xR*! — R"
(z,u) - f(z,u) = (< X(2), b >, Pa(z) + us, ..., Pu(z) + un)”
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ne peut &tre surjective sur un voisinage de l'origine dans R" et donc, d’apres le théoreme
de Brockett, le systéme (2.2) ne peut étre stabilisable par feedback de classe C'. En
fait, il n’est méme pas stabilisable en boucle ouverte car l'origine ne peut étre ni
accessible ni asymptotiquement accessible & partir de n’importe quel point de’ensemble
{z1 > a > 0} (ou {z1 < —a < 0}).

La condition est suffisante :

On suppose que Py(z) =< X(z), by > change de signe donc il existe deux éléments by
et e, tels que Pl(bl) Pi(e) < 0.

Soit H = ImB = Vect(bz, .,bn), H est d’intérieur vide donc on peut supposer que
b n ’appartient pas a H. Smt b, un élément de Vintersection de H et du plan défini

par by et e, on peut toujours choisir b, de telle fagon que (bz, b ) soit une base de
H. La matrice de passage entre les bases (b, b2,...,b,) et (bl, b2, by...,b,) est:
[¢3] 0 0 ... 0
(%)) ﬂz 0 ... 0
T=1] a3 Bz 1 0
B 0 ... 1
ol ay1,az,...,0n,Ps,.--,Pn sont définis par les relations:
E a;b; et by = 2 B:b;
i=1 =2

avec oy #0et B2 #0

La matrice inverse de T est :

1/a1 0 0 ... 0

) —az/ﬂzal 1/32 0 0
T—l = * "]3 1 “ee 0
* w 0 ... 1
Dans la base (i)l, by, bs, .. ,0n) le systéme (2.2) s’écrit :
( 571 = Pl(a:)
i, = Py(3)+ua/Ps
1 g3 = Py(3)+vsus +us (2.3)
. én = Pn(i)+’)’nu2+un




22 2. SYSTEMES POLYNOMIAUX HOMOGENES

ot By(#) = — P,(T3)
)
P, change de signe dans le plan (by,b;) donc on peut écrire :

Pi(&) = Q(&1,%2) + R(F1,. .., %n)

ou R(%) = Z #;Ri(%1,...,%y) est un polynéme homogene de degré 2p et Q(Z1, Z2) est
=3
une fonction polynomiale paire des deux variables Z; et Z;.

Q(&, %;) change de signe donc peut s’écrire :
Q(&1,&2) = LP LY --- L D™ - -+ D™

les Ly, ..., L, étant g formes linéaires indépendantes et D, ... , Dy des polynémes ho-
mogenes irreductibles de degré 2.

Comme Q(&, ;) change de signe, il existe au moins deux exposants r; et r; qui sont
impairs ; quitte a réordonner I’écriture ci-dessus on peut supposer que i=1let) =2
L, et L, sont linéairement indépendants donc on peut supposer que Ly = AZ, + pZ2
avec p # 0.

Considérons maintenant le feedback suivant :

( . ~ A 1. 1
uy(2) = —Pa(Fa(E) + ;Pl(-'ﬂ) + ;wlLI‘L? +- Ly Dy - D + ;LS’)
| w(®) = —i3— Py(%) — yaua(%) — 1Rs(2) (2.4)
| ua(8) = —&n— Pa(&) — Tuua(2) — 1Ra(2)

On va montrer que ce feedback stabilise le systéme (2.3). Pour cela, introduisons la
fonction suivante :

V est une fonction polynomiale, définie positive et propre. Le long des trajectoires du
systéme bouclé (2.3-2.4) on a :

V= ﬂ%@ =< VV(3), X(%) >
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ol X (%) est le champ bouclé avec le feedback donné par (2.4).
( &1+ ALY )
ply’
VV(z) = z3

On a donc :

V = (214 ML) Bi(3) + pLp (Py(E) + ua(8)/B2) + z": z(Pi(%) + viua(E) + wi())

=3

= (z1+ALP)P(F) — LP(APL(8) + &, L7 LG --- LD - D + L)
= #P(F) - LPELPLY -+ LEeDM -+ D) = L3 =Y 2 — 21 )z

=3 =3
= i]P]( )—.’L‘lQ(.T)—IL'lR 213)—[/21.'2 Z(l‘
=3
d’ou: "
V=-L-Y <0 (2.5)
=3

Comme la fonction V est propre et que
V(%) <0VieR"

toutes les trajectoires du systéme bouclé sont bornées et donc, d’apres le principe
d’invariance de Lasalle, tendent vers Q le plus grand ensemble invariant inclus dans

E={feR"/ V(&) =0}
Pour conclure il suffit donc de montrer que Q = {0}.

OnaE={z€R" /A& +p22=0,33=0,...,Zp= 0} (C’est une droite) et sur E
le systéme s’écrit :

( fl"ll = 0
3, = —%'IL”L" .L*D? ... D™
3 = —&Ra(31,%1,0,...,0) (2:6)

. a::'n = _ian(ilaiZso"'-’o)
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Ceci montre que le seul ensemble invariant inclus dans E est l'origine, ce qui termine
la démonstration du théoreme 1. o

Exemple 1:

Pour illustrer la méthode développée ci-dessus, on va I’appliquer  la stabilisation de la
vitesse angulaire d’un satellite symétrique (deux des moments principaux d’inertie sont
égaux) avec deux controles. Les équations d’Euler s’écrivent sous la forme simplifiée :

z=yz
y=—zz+up (2.7)
z= Us

ott (z,y,2) € R® et u = (uz,u3) € R?

Ce systéme rentre bien dans la catégorie étudiée avec P(z,y,z) = yz. On peut prendre

) 1 5 0
h=| -1 et e =0by= ( 1
-1 -1

On a bien Py(b;).Pi(ez) < 0.

la matrice de changement de base est :

Son inverse est :

100
T7'=]110
2 11

Dans la nouvelle base le systeme (2.7) s’écrit
&1 = (=21 + 2)(—21 — T2 + 73)
gy = (=21 + 22)(—21 — T2 + 3) + 21(21 + T2 — 23) + U2 (2.8)

&3 = 2(—21 + T2)(—71 — T2 + x3) + T1(T1 + T2 — T3) + U2 + us

On prend (en utilisant les notations de la preuve) :

Ly=-z1+2 Ly=—zy— 1z Ry=-z, 4+
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Ce qui donne

Uy = —Z; — T — 423 + 223 + 32123 — 27273
uz = 1 + T3 — T3 + 222 — 21172

soit, avec les coordonnées initiales
uy = -2z —y+zy+zxz—2yz
{ Uz = —2z — 2zy
D’aprés la démonstration du théoréme 2, une fonction de Lyapunov (non sticte) pour

le systéme (2.7) bouclé avec le feedback ci-dessus est

1
V=§(z2+(2w+y)2+(2x+y+z)2)

Sa dérivée le long des trajectoires est
V=—@22+y) - (2e+y+2)" <0

Le principe de Lasalle permet alors de conclure.

Exemple 2 :
Le systeme
i =zx(z—y)®+zyz*+2*

Y= us
z= Us
est globalement stabilisable avec le feedback suivant :
{ uy = —(2? + (z — y)* + z(z — y)° + zy2* + 2%)

us = —z — z2° — 2yz

2.4 Stabilisation des systémes polynomiaux im-
pairs

Théoreme 2 Le systéme (2.1), ou X est un champ polynomial homogéne impair,est
G.A.S si et seulement si la condition suivante est réalisée :

(a) Il eziste A = (Ag,..., A)T € R*! tel que < X(by + BA),by >< 0
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Remarque :
Si on note P;(z) =< X(z),b > alors la condition (a) est équivalente & la condition (b)
suivante :

)] X =(Ag,..-, M) € R tel que Pi(1,h2,...,20) < 0

Preuve
Dans la base (by,-..,bs) le systéme (2.1) s’écrit :
(2 =< X(z), b >

.'i'z = Pz(:l}) + U9
Y. (2.9)

| Tn = Pu(z) + tn

Pour montrer que la condition (a) est suffisante on va prouver la proposition suivante
qui donne le feedback stabilisant :

Proposition 1 Si la condition (a) est réalisée alors le systéme (2.9) (et donc le
systéme (2.1)) est G.A.S d laide du feedback donné par :

Pouri € {2,...,n} : wui(z) = \Pi(z) — 219i(2) — (2 — Xiz1) — Pi(z) (2.10)

ou ’ 1 aPl

gi(z) = /0 o (@ t(en, sz + (1 = 0,0, dn))e (2.11)

Remarque :

Dans la formule du feedback ci dessus —(z; — Aiz1) peut étre remplacé par toute
expression de la forme f(z; — Aiz1) ol f une fonction vérifiant zf(z) < 0 pour tout
réel non nul z. Par exemple si on veut un feedback homogéne de méme degré que le
champ X il suffira de remplacer —(z; — Aiz;) par —(z; — i)k

Démonstration de la proposition :
Considérons la fonction ¢ définie par :

tp(t) = Pl (21, try + (1 e t)Az.’Bl, e ,tzﬂ + (1 - t)An.‘L‘l)
=P (a:l,t(:cg — 1) + A2y, oy EH(Tn — AnTa) + Anml)
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Ona:
(1) = Pi(z1,22,. .., 2a) = Pi(2)

‘P(O) = Pl(mla A2T1y. ey An-'l;l)
p(1) = (0) + Jo ¢'(t)dt

Ceci montre qu’on peut écrire :

Py(z1,22,---,2n) = Pi(21, A2T1,. .., AnZ1) + Z(x,- — Xiz1)gi(z)

=2
Introduisons alors la fonction suivante :

1 n
V(zl,w% ey a’n) = 5 (zf + Z(.‘E,‘ - ’\izl)z)
=2
V est une fonction définie positive et propre. Sa dérivée le long des trajectoires du
systeme bouclé (2.9 — 2.10) est :

V =azP(z)+ Zn:(:c, — Xty )(ui(z) — APy (z))

1=2
=z, P(z) — xlz(z; - Nz1)gi(z) — E(:c,- — \izy)?
=2 =2
= $1P1($1, A2Z1,. ..y )\nﬂ?l) - Z(wz - /\i$1)2

=2
=z¥P (1, Mg, ..o, M) — D (i — Aiz1)® (ol k est le degré de Py, k est impair)
=2
On a donc : _
V(z) <0 Vz € R" - {0}
Ceci prouve que l’origine est un point d’équilibre globalement asymptotiquement stable
pour le systéme bouclé (2.9 — 2.10).

Montrons, maintenant, que la condition (a) est une condition nécessaire pour que
le systeme (2.9) soit stabilisable :
Supposons que Pi(1,z3,...,2,) > 0 pour tout (z2,... ,z,) € R™! alors pour tout z;
strictement positif et tout (z2,...,%Zs) € R"! on aura :

T2 T
Pl(IL'],IBz,. . .,.‘Z‘n) = .'BfPl (1,—,...,—n) > 0
T1 1
et donc l'origine ne pourra étre ni accessible ni asymptotiquement accessible & partir

de tout point du demi-espace {z, > a > 0}. o
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Exemple 3 :
Considérons le systéme suivant défini dans R :

& =z’ = P(z,y,2)
y =u (2.12)
z = Us

On peut remarquer que ce systéme n’est pas contrélable car le plan z = 0 est invariant
sous ’action de ce champ et ce quels que soient les controles utilisés. Cependant on

a P(1,-1,0) < 0, la condition (a) du théoréme 2 est satisfaite et donc ce systeme est
G.A.S. Un feedback stabilisateur est :

{u2=—w—-y—w2y—z3

Uz = —2z2

Exemple 4 :
Le systeme
& =2’y +2° = P(z,y,2)

y =ug
z = us
est G.A.S avec :
Uy = —y — T3
{ uz=—c—z—zz —zly+zlz—-23-2°

2.5 Stabilisation linéaire des systémes homogenes
dans R?

Ici on s’intéresse aux systémes de la forme :

z= f(zvu) (2 13)
z=(z,y)€]R2,u€]R .

ou f: IR? x R — RR? est un champ polynomial homogene de degré k impair. On posera

P(z,y,u) )

f(z’y’u) = ( Q(z,y,u)
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Le but est de trouver un feedback linéaire u(z,y) = az + by qui stabilise (2.13). On
peut remarquer que si un tel feedback stabilise (2.13) localement alors il le stabilise
aussi globalement vu que le systéme bouclé sera homogene. On a le résultat suivant
qui donne une condition suffisante de stabilisation par une commande linéaire :

Proposition 2 S’il eziste trois nombres réels a, b, c tels qu’on ait :

() Q(1,c,a+ bc) = cP(1,¢,a + bc)
(#) P(l,c,a+bc)<0

iy Qeport ) FENEEH) g yiey) e Ry # oo

alors (2.13) est G.A.S & Uside du feedback u(z,y) = az + by

Preuve :
Si on fait le changement de coordonnées Y = y—cz et X = z, le systeme (2.13) s’écrira
avec les nouvelles coordonnées :

{X:P(X,Y+cX,(a+bc)X+bY) 214
2.14

Y =Q(X,Y +cX,(a+b)X +bY) - cP(X,Y +cX,(a + be)X +bY)

la condition (i) entraine que la droite A : Y = 0 est une droite invariante pour le
systéme (2.14) car le champ défini par (2.14) est tangent & cette droite en tout point.
(4i1) implique que cette droite est attractive :

En effet

d(}’:t(t)) =2V (Q(X,Y +cX, (a + be)X + BY) — cP(X,Y + cX, (o } be)X + b))
=2(y - c:v)(Q(:c,y,a:c + by) — CP((E,y, az + by))

Mais, d’aprés (4i4), cette dernitre expression est strictement négative pour tout (z,y) €

R? / y # cz, on a donc
av) _

dt

ce qui montre que Y (t) tend vers 0 quand t — 400 et donc la droite A : Y =0 est
attractive.
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Maintenant, sur la droite A le systéme est donné par :
X = P(X,cX,(a+bo)X) (2.15)
Comme P est homogéne de degré k on a

P(X,cX,(a + bc)X) = X*P(1,c,a + bc)

Ceci montre, en tenant compte de (i7) et du fait que k est impair, que le systeme
unidimensionnel (2.15) admet 0 comme point d’équilibre asymptotiquement stable.

En résumé, le systéme (2.13) admet une droite (qui passe par l'origine) invariante,
attractive et sur laquelle le systéme est asymptotiquement stable ; on en déduit ([43])
que origine (0,0) est un point d’équilibre asymptotiquement stable pour (2.13) et
comme le champ bouclé est homogeéne le résultat est global. 0

Exemple 5 :

i =y
(o »

y =u

On cherche & stabiliser ce systéme par un feedback linéaire u(z,y) = ax + by.
Appliquer la proposition ci-dessus revient & chercher trois réels a, b, ¢ vérifiant :

() (a+bc)P=c

(i7) ¢<0
... (az+by)®—cy®
i <0
) (y — cx)
Or
1/3 3
3 _ 3 = _ /3 €T N2 L9 273 2
(ao-+ 1)~ 5" = (a2 + (0= &) ((am+ 6+ )"+ 5
défini positif
donc, pour que (ii3) soit satisfaite il suffit de prendre :
b—c/? =-1
a =c
On peut donc prendre a = ¢ = —1 et b = —2. Ces trois nombres vérifient bien les trois

conditions ci-dessus et donc u(z,y) = —z — 2y stabilise (2.16).
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Corollaire 1 Si les conditions de la proposition 2 sont réalisées alors le systéme

&t = P(z,y,2)
¥ = Q(z,y,2) (2.17)
z =u

ot P et Q sont des polynémes homogénes de méme degré impair k, est L.A.S a lVaide

du feedback :

u(z,y,2) = (az + by — 2) + aP(,y,2) + bQ(2,y, 2) (2.18)

Preuve :
Avec le changement de coordonnées suivant :

T =T
T2 =Y

z3 = z— (az+ by)
le systéme (2.17) s’écrit

&) = P(z1,23,23+ az1+ bx,)

&2 = Q(z1,z2,73 + azy + bz2) (2.19)
T3 = —7T3
On conclut en utilisant le théoréme de la variété centrale [10]. W

Corollaire 2 Si les conditions de la proposition 2 sont réalisées alors le systéme (2.17)
est G.A.S a laide du feedback :

u(2,9,2) = (az + by — 2)* + aP(2,3,2) + bQ(=,3,2) (2.20)

Preuve :
La démonstration est la méme et ’homogenéité du feedback (et donc du champ bouclé)
permet le passage du local au global. o
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Exemple 6 :

Le systeme
y =2° (2.21)
z =u

est G.A.S avec :
u(z,y,2) = (-2 —2y — 2z)° —y® - 22° (2.22)
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Abstract In this paper, we investigate the local stabilization of affine analytic sys-
tems & = f(z)+ S5 wigi(x) with n — 1 inputs. We state a sufficient condition on the
first approximation of f for which the local asymptotic stabilizability can be achieved,;
furthermore, we give explicitly the stabilizing feedback.

3.1 Introduction

In this paper, we propose a simple sufficient condition for local stabilization, by
means of state feedback, of a class of affine systems in the form:

= f(z)+ ﬂz_:l'u.-g;(:_t:) zeR"y; € R (3.1)

i=1

where:
1. f,g1,-..,9n-1 are analytic vector fields defined in a neighborhood of the origin
2. f(0) =0, i.e. the origin is an equilibrium point
3. vectors g1(0),...,9gs—1(0) are linearly independent

33
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We shall say that system (3.1) is locally asymptotically stabilizable (L.A.S.) if there
exists (locally) a continuous feedback control u : R™ — R"~! such that the origin is
an asymptotically stable equilibrium point for the closed-loop system

n-1

3 = f(z) + 3 uilz)g(w)

=1

Planar systems of form (3.1) have been studied by many authors : one can cite
Kawski[34], Dayawansa-Martin-Knowles ([16],(17]), Boothby-Marino ([6]) and Hermes
[27). For such systems, since g(0) # 0, one can rectify vector field g, so after a change
of coordinates, system (3.1) can be written:

{ &1 = fi(z1,22)
(3.2)
iz = fz(.’tl, 1,'2) +u

which is easier to study than system (3.1).

When the dimension of the system is greater than 2, it is well known that vector
fields g1, ..., gn-1 are not, in general, simultaneously rectifiable.

The plan of this paper is as follows. In section 2 we give a necessary and sufficient
condition for an affine system:

o= f(e) + Y uigi(a) (33)
=1
to be feedback equivalent to the following system:
£, = fi(zr,22)
(:El,zz) €eR™™ x R™
i‘z = v
This kind of system is simpler to stabilize, one can proceed by direct inspection or by
stabilization of the reduced system:
& = fi(z1,v)
(see [42], [9] or [35]).
In section 3, we use this ideas to locally stabilize,when m = n — 1, systems of the

above type. Our result is a generalization of the one given by Boothby and Marino for
planar systems (see [6]) and our conditions are weaker.
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3.2 Preliminaries and basic results

The Lie bracket of two vector fields X and Y is denoted by [X,Y]; for k given
vector fields Xi, ..., Xk, we denote by Lie(Xj,...,X;) the Lie algebra generated by
X1, Xke

Consider the following system defined on a neighborhood of the origin in R™:

[ 5 = h(z)
!)n—m = hn—m(w)
- (3.4)
Yn-m+1 = Un—m4l
. gn = Up

where h; : V ¢ R® — R are analytic functions such that h;(0) = 0 and v =
(Vn—m+1,- - - ,Un) are the controls.

We shall say that system (3.1) is feedback equivalent to system (3.4) if there exists a
transformation ¥ : u — v = a(z) + B(z)u with a(0) = 0, a and B analytic and S is
a m X m matrix inversible in a neighborhood of the origin and a diffeomorphism ¢
such that under the action of these transformations in the input space and state space
system (3.3) can be written under form (3.4).

Proposition 1 Vector fields g1, .. ., gm being linearly independent at the origin, a nec-
essary and sufficient condition for system (3.8) to be feedback equivalent to system (3.4)
is that Lie(g1,...,9gm) has a constant dimension equal to m in a neighborhood of the
origin.

Remark Our condition is weaker than the well known condition of simultaneous
rectifiability of vector fields ([48]): ‘

Lemma 1 If vector fields gi,...,gm are linearly independent at the origin
and if [gi,g;] = 0 for all 1,5 = 1,...,m then there ezists a chart on which
0

gi=5-$—i-

Proof of proposition Suppose that Lie(gi,...,gm) has a constant dimension equal
to m in a neighborhood O of the origin, then Lie(gi,...,gm) is an integrable m-
dimensional distribution on @ and so by the Frobenius integrability theorem (see [48]),
there exists a chart (i, U) of the origin such that:
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* ¢(0)=0
o o(U) = (—¢€€) X -+ X (—¢,€)
e for each ¢i,...,Crom with all | ¢; |[< ¢, the set

{zeU /[ i) =c1, -, Pn-m(T) = Cn-m}

is an integral manifold of Lie(gi,...,gm) and any other connected integral man-
ifold of this distribution restricted to U is contained in one of these sets.

Consider now the transformation ¢ : £ — y = ¢(z), under this transformation, system
(3.3) becomes:
y = Depz

= . f(y) + T uip.gi(y)

In the new system of coordinates, the integral manifolds of Lie(¢xg1, . . -, ¥x gm) are the
sets:

(3.5)

N = {ye (—C,E)X Pee X (—6’6)/3’1 =ClyeersYn—m =C”-W1}

for y € (—€,€) X ... X (—¢,¢€), the vector ¢.gi(y) is tangent to a set N, so then —m
first components of .g;(y) are zero and system (3.5) can be written:

(51 = h(y)
Un-m = hn—m(y)
\ Yn-m+1 = hp—my (y)+ Z Uig?-mﬂ (y) (3.6)
=1
Un = hn(y) + z utgan(y)
\ i=1
where the g,?' are the components of ¢,g;. Vector fields g1, ...,9m being linearly inde-

pendent in a neighborhood of the origin, the same is true for vector fields pug1,- .. s Pagm
and the matrix (§/(y)) is locally inversible, then there exists a transformation

v:iurmv=a(@)+ 8=, (= (U1, Un); V= (Va-mt1,. s Vp))

such that Vp_m4j = Tormy ifi “m+3(y) — hp-m+j(y). Under this last transformation
system (3.6) takes form (3.4).
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Suppose now that system (3.3) is feedback equivalent to system (3.4), then ¢.g; is
a linear combination of the vector fields 8/0yn-m+1,- - - , 0/Oyn, namely :

Pugi(y) = i Bii(¢™ ()

=1 OYn—m+i

where the f;; are the coefficients of matrix 8. Since this matrix is inversible in a
neighborhood of the origin, the Lie algebra generated by vector fields @.g1,.. ., Pxgm
is of dimension at least m in the same neighborhood; moreover, the Lie bracket of
two vector fields ¢.g; and @.gx is clearly a linear combination of the vector fields
8/0Yn-m+1s- - - ,0/0yn, therefore the dimension of Lie(p.g1,.-., Pugm) 18 exactly m in
a neighborhood of the origin.

Now, since [gi, ;] = @5 [¢+gir pxg;], the dimension of Lie(gs, ... ,gm) is also equal
to m in a neighborhood of the origin. =

Example Consider the following system defined on R3:

2
z=f(z)+ Z;u,-g,-(a:) z = (21,22, 23) (3.7)
where
—2z3 —2(z2+ 1)
a(z) =" 1 92(z) = 0
0 1

and f = (f1, f2, f3) is an analytic vector field.

Vectors ¢1(0) and g,(0) are linearly independent but [g1, g2](2) = —2(22 + 1)g1()
is not identically nul so lemma 1 cannot apply but since [g1,g2] is colinear with g1,
Lie(g1, g2) has a constant dimension equal to 2 so we can apply proposition 1. Consider
the local change of coordinates given by:

Ty + 22223 + 273 Y1
‘P(ml,zzazs) = T2 =1 ¥
I3 Y3

and the transformation

¥ : (u1,u2) = (v2 = fa(™ () +exp(y1 — 2v2y3 — 2y3)u1, vs = fa(op ™ (¥)) + u2)
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In the new system of coordinates system (3.7) is expressed by:
o= fleT(®) +2sfa(07(¥) + 22 + Vsl (v))
Y2 = U2

Y = U3

3.3 Affine systems with n — 1 controls

In this section, we consider system of kind (3.1) with m = n—1, we place ourselves
under the assumption of proposmon 1, so after suitable transformatlons system (3.1)
can be written:

(5 = hi(y)

Y2 = U2
| . (3.8)
\ gn = Uy

h, is an analytic function and so can be written:
(e o)
=2 Py
=r

where the P; are homogeneous polynomials of degree 2.

We denote by (e1,...,en) the basis of R" related to the coordinates (y1,...,¥n)-
According to the eveness of r, we shall study the problem of the stabilization of system

(3.8).

3.3.1 Case where r is even

Theorem 1 If the polynomial P, takes both posztwe and negative values, then system
(8.8) is stabilizable.

Proof

Since P,(y) changes its sign, there exist vectors & and b such that P.(&)- F: () is
negative. Let H- = span(ez,...,€s), H has an empty interior so we can suppose that
&, does not belong to H. The plane spaned by vectors &, and b intersects H through
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Ré, and without loss of generality we can assume that (&, es,...,€x) is a basis of H.
The transformation matrix between the basis (e1, €2, .. .,€x) and (€, &z,€3,...,¢€5) is:

01000

[+2) ﬂz 0 ...
T = (5%} ﬂa 1 ... 0

(=]

an B 0 ... 1

Qi,...,0Qn,B2,...,Pn being such that & = 3", aie; and & = Y0, fie; (a1, B2 # 0).

We have:
1/a1 0 0 . 0
—az/fecy 1/B; 0 . 0
T-! = * v 1 ...0
* ™w 0 ... 1

In the new basis (&1, €z, €3, .., €en) system (3.8) is given by the set of equations:

' .':]1 = 7‘1(17)

b, = ha(§)+ve/Pr

Q¥ = ha(§) + Ysv2 + v (3.9)

L Yn = ﬁn(g) + a2 + Un

where by (§) = -&l—hl(Tﬂ), k, can be written:
1

(@) = 0 32) + 2. 6eh(9)

o 1Oh .
where li(y) = o '5':’7_1_(y1’ Y2,tys, ... ,ty'n) dt

[+ <]
and I(§h,52) = h1(h,52,0,...,0) = ZPi(ﬂl,f]z) the P; being homogeneous polyno-
mials of degree i. Moreover, P, havi;é a nonconstant sign in the plane spanned by
(é1,&2), P; takes both positive and negative values.
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We focus our attention on the system:

§ = U(§ud2) = B(i,d2) + Pra (51, 52) + -+
. (3.10)
o = w2
13,(371,3']2) can be written:
Po(§1,92) = LY L3 -+ L#QT -+~ Q3
where Ly, L,, ..., L, are linear forms two by two linearly independant and Qy,...,Qs

are irreductible homogeneous polynomials of degree 2. Since B, changes its sign, at
least two exponents r; and r; are odd; we can assume that 2 = 1, j = 2 and since I,
and L, are linearly independant, we can suppose that Ly = Aj + pi2 with g # 0. Let

. ""A- + ~141/71
k(yl) — Yi :yl
z = ﬁz—k(ﬁl)
.. 1ol .
h(§1,92,2) = | a/;;(yl,yz-—tz)dt

and consider the feedback law:

“X 4901 +1/r)i""
I

wa(fh,92) = Uth, §2) — §1h(Fh, P2, 2) — 2

together with the positive definite function:
R |
V(i §2) = 58 + )
Taking into account that I(§1,§2) = I(f1,k(f1)) + zh(§1,§2,2), an easy computation

shows that V, the derivative of V along the trajectories of closed-loop system (3.10),
is equal to:

V = §:l(fh, k(1)) — 2

In order to show that 0 is an asymptotically equilibrium point for closed-loop system
(3.10), it suffices to prove that one can choose 7 in such a manner that:

1 l(h, k(§1)) <0 Vii #0 (3.11)
Since for i # 1, L; is linearly independant of L, and the Qs are irreductible, we have

P, (i, k(§h)) = T AT + o(F7H)
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with A a nonzero constant. For s > r + 2, P, is a homogeneous polynomial of degree
8 so

Py(51, k(1)) = o(§i™") = o(§i*) , Vs 27 +2
and P,;; can be written:

r+41

Boa(ih, i) = Y aiigst™
1=0
SO
. 1‘+1 _A + 7&1/71 r+1—l.
Py 1 (8, k(gl)) = Z a.‘ﬂ{“ (___#__1_)
=0

therefore, one can write:
(51, k(1)) = (Y A+ B)gi* + o(§i*)

hence if 7 is chosen such that 7 A + B < 0, inequality (3.11) holds in a neighborhood
of the origin because r + 1 is odd.

" Let us return now to system (3.10) and consider the following feedback law:

() = B2 (ha(§) + waldh, §2))
. 5 . .. oV .
va(§) = —ha(§) — 1av2(§) — 6—37:13(‘!/) — ¥
4
. 5 . . oV
Lvn(y) = —hn(y)—7nv2(y)“'azln(y)—yn

together with the positive definite function:

- A | .
Clearly the derivative of W along the trajectories of closed-loop system (6) is:
W = ul(f, k() — 2" = 3 — -+ = I

which is obviously negative definite in a neighborhood of the origin. This proves that
the above feedback stabilizes system (3.9). ]
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Example Let us return to the example in section 2, here we take
1
fl(.'l)) = —2-[($1 + 2333 + 2$2.’E3)2 - 2!%] + 6(.’21 + 2.’!32.'133 + 21‘3)3

1
fa(z) = 5(-’51 — T3 + 223 + 22,23)

fa(z) =

After the change of coordinates described in section 3, we get the system:

, 1
o= §(y1 — y2) + ya(y1 — y2) + 693

Jo = v (3.12)

Ys = v3

following the notations of the proof of theorem 1 we have:

z
h(yl’y%z) = =Y + §

k(y1) ¥1—
z = yo— k(1)

1
V(y,y2) = §(y1"+22)

The feedback law defined by:

1 z
wa(y1,y2) = (1 - 27!/1)(‘2'(:'!? - yg) + 63/:13) - n(-y2+ 5) -2

stabilizes the system:
{ n o= l( —y2)+6y1

Y2 = wy

provided that v + 6 < 0, so the feedback law:
va(y) = wa(yr,y2)
ov
vs(y) = —(n- yz)ga - Y3
stabilizes system (3.12).

Remark If the polynomial P, is defiriite (positive or negative), then system (3.8) is
not stabilizable at all because h,(y) is of one sign in a neighborhood of the origin.
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3.3.2 Case where r is odd

Theorem 2 If there exists ()z,...,A) € R™! such that P,(1,)z,...,2:) <0 then
system (3.8) is stabilizable.

Proof Consider the following system derived from system (3.8) :

(5 = F(y)

Y2 = Uy
- (3.13)
\ gn = Up

We claim that the following feedback law stabilizes system (3.13):

ui(z) = NPr(y) = y1g:(y) — (i — dimn)",e=2,...,n

1 9P,
where gi(y) = V[) ay_ (yl,t(y2, voe 1yn) + yl(l - t)(AZ’) seey An)) dt.

Indeed if we introduce the positive definite function :

1 n
V) =3 (vt + 0= )
=2
taking into account that P.(y) = Pr(y1,A291,-- - M)+ 2no(yi— Aiv1)gi(y), we obtain
that the derivative of V along the trajectories of closed-loop system (3.13) is :

n

V= y;-HP,-(l, Azyenny )‘ﬂ) - Z(yi - Aiyl)r-'-1
1=2
which is negative definite. Now, one can remark that the u; are homogeneous poly-
nomials of the same degree as P,, so a Massera’s theorem ([39]) permits to conclude
about L.A.S. of closed-loop system (3.8) with the feedback given above. n

Remarks

1. For planar systems, Boothby and Marino proved in [6] that a sufficient condition
for system (3.8) to be stabilizable is that polynomial P,(1,y) has at least one real
root of multiplicity one and they asked the following question: Is the existence
of a real root of odd multiplicity sufficient to ensure the stabilizability of system
(3.8)? In sections 3.1 and 3.2 we answer poitively to this question. Moreover, in
the case where r is odd or r is even and P,(1,y) has a real root of multiplicity
one, the feedback law given in sections 3.1 and 3.2 are analytic.
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2. The results of section 3 generalize somewhat the well known theorem: if the
linearized of the system & = f(z,u) is stabilizable, then the system itself is
stabilizable in the sense that, for analytic affine systems & = f(z) + Bu, if the
“first approximation” is stabilizable then so is the affine system itself.

Conclusion et quelques remarques

Dans la derniere section de ce chapitre on a étudié le systeme analytique

1= h(y)
T (3.14)
n = vn
ou "
hi(y) = Z Pi(y)
On a montré que si le systéme & dérive homogene
.1?1 = P(y)
o =t (3.15)
Un = Un

est stabilisable alors le systéme analytique (3.14) est aussi stabilisable.

Ce résultat est analogue au théoréme classique concernant I’étude du linéarisé d’un
systéme non linéaire mais il y a quand méme une différence importante entre les deux
résultats qu’on va préciser ici :

Soit = fou)
z = f(z,u
{foaas (316)
un systéme non linéaire et
&= Az + Bu (3.17)

son linéarisé a l’origine.
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Si (3.17) est stabilisable par un feedback linéaire u(z) = Kz alors le systeme (3.16) est
localement stabilisable par le méme feedback.

Pour les systémes (3.14) et (3.15) on a la méme conclusion si r est impair (tout feedback
homogéne de degré r qui stabilise (3.15) stabilise aussi (3.14) ) mais quand r est pair
ceci n’est plus vrai ou du moins les feedback donnés au chapitre 2 ne stabilisent pas,
en général, les systémes analytiques (3.14).

Pour illustrer cela reprenons ’exemple étudié dans la derniére section

1
-2-(313 — y3) + y3(31 — v2) + 643

h o=
g2 = vy (3.18)
Y3 = U3 '
Le systéme homogeéne associé est
X 1
o= 51— v2) + 3y — )
J2 = v (3.19)
ys = v3
D’aprés le second chapitre un feedback stabilisant (3.19) est
- (e — Y2 :
{ v = —(n+y)—(—y)Hn+ > + y3) (3.20)
v3 = —ys— (v —y2)

et une fonction de Lyapunov est donnée par

2+ (1 +y2)? + 43
2

V =
on a (d’aprés chap 1) ; )
V=—(m+y)-y3<0
Le principe de LaSalle permet alors de conclure que (3.19) bouclé avec (3.20) est G.A.S.

Maintenant, on va montrer que le systéme (3.18) avec v; et v3 donnés par (3.20) n’est
pas asymptotiquement stable :
Avec le changement de coordonnées

=%
y=n-+y
Z=y3

le systeme (3.18) s’écrit

. 1
z = 53/(2:1: —y)+ z(2z — y) + 62°

y = —-y-— %z(h — y) — 2(2z — y) + 62° (3:21)

2 = —z—z(2z—y)
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D’aprés le théoreme de Carr [10], (3.21) admet une variété centrale

y = hiz)
{ Y — ha(o) (3.22)
La stabilité de (3.21) est équivalente a celle de
1
z= -2-h1 (z)(2z — hy(2)) + ha(2)(22 — ha(z)) + 62° (3.23)

Pour étudier (3.23) on commence par déterminer des équivalents de A, et h; au voisi-
nage de 0 en écrivant

hi(z) = azz® + ... et hy(z) = bz’ +...

et en utilisant le fait que la courbe y = hy(z) , z = ha(z) est invariante par le systeme
(3.21) on obtient :

hi(2) = —z° + o(z?) (3.24)
ho(z) = —22% + o(z?) (3.25)

Le systéme (3.23) s’écrit alors :
& = 52° + o(2%) (3.26)

qui est manifestement instable et donc (3.21) est instable. =
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4.1 Introduction

In this paper we deal with the global stabilization of nonlinear control systems of
the form: = fey)
T=J\Ty

{ iy , (4.1)

where z € R®,y € R?,u € R” and f is a smooth vector field such that f(0,0)=0.1It
is well known|[36, 42, 47] that if the subsystem:

& = f(z,y) (4.2)

where y is the input,is globally asymptotically stabilizable (G.A.S) by means of feed-
back law y = k(z), where k is of class C",r > 1, and if there exists a Lyapunov function
V such that

< VV, f(z,k(z) ><0Vze R,z #0 (4.3)

47
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(V is said a strict Lyapunov function for system (4.2) ) then system(4.1) is G.A.S and
the stabilzing feedback u(z,y), which depends on k and V/, is explicitly given. However
it is not easy to find a function V satisfying (4.3) even if one knows that the origin is
a globally asymptotically stable equilibrium point for the closed loop system

& = f(z,k(z)) (4.4)

The goal of this paper is to weaken these hypothesese.Theorem 1 shows that, to
find a stabilizing feedback for system(4.1) , we do not need to have a strict Lyapunov
function for (4.2).Theorem 2 shows how to asymptotically stabilize system(4.1) without
stabilizing system(4.2).

We recall that the relationship between the stabilizability of (4.2) and (4.1) is an
open problem when system (4.2) is stabilizable by means of continuous feedback (not
C! ).This problem was treated in [15] and [17] from the local stabilization point of
view.The authors proved that the local stabilizability of (4.2) is equivalent to the local
stabilizability of (4.1) if n = p =1 and f is a real analytic function.

4.2 Main results

Before given the first theorem we introduce the following notations and definitions:

Definition 1 We shall say that system (4.2) is of LA SALLE-Type (L-T) if there

exist:

1) a function k : R* — R? of class C"(r > 1) with k(0) =0

2) a function V : R" — R of class C1,definite positive and proper such that:
i)X.V(z) < 0Vz € R® where X(z) = f(z,k(z)) and X.V is the Lie-derivative

of V along the trajectories of the vector field X

(here:X.V(z) =< VV, X(z) > where < .,.> is the inner product in R")

ii) The largest invariant set contained in E = {z € R"/X.V(z) = 0} is the origin
of R". .

Definition 2 A scalar function V : R — R is a weak Lyapunov function for
T = X(z)
if V is positive definite proper and
XV(Ez)<0vzeR"
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By a proper function we mean a function
V:R"-= R

such that {z € R"/V(z) < ¢} is compact for each ¢ > 0.

Through this paper || .|| will denote the usual Euclidian norm in R?, X,(.) is the
flow of the vector field X defined on R".

Remarks:

1) System (4.2) is of (L-T) &2 = f(z, k(z)) is globally asymptotically stable (see[38]).
2) It is often easier to find V satisfying (i) and (i) then a function V satisfying (4.3)
(it is typically the case for mechanical systems for example).

Theorem 1 If system (4.2) is of (L-T) then so is system (4.1) and the stabilizing
feedback is
u =~y + k(z) + dk(z).f(z,y) - G(=z,y)".VV(z) (4.5)

(T =transpose)
where

f(z,y) = f(z,k(z)) + G(z,y).(y — k(z)) (4.6)
Remark: One can take for G the matrix:

Gey)= [ g—iu,w + (1 - t)k(z))dt (4.7)

Proof
(4.2) is of L-T so there exist k and V satisfying i and ii of the above definition. Let us
denote ) the largest invariant set by X contained in £ = {z € R"/X.V(z) = 0}. By

hypotheses 2 = {0}
Let ; fe0)
_ T,y

Z(:L',y) - ( u(m,y) )

where

u(z,y) = —y + k(z) + dk(z).f(z,y) — G(z,y)".VV(z)
and define (see[47])
W(z,y) = V(2) + 5lly ~ k@)

W is of class C?! , definite positive and proper

W(z,y) = ZW(z,y) = X.V(z) - |ly — k(z)|> <0
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Note that all trajectories of the closed-loop system are bounded because W is proper
and its derivative is nonpositive.

Let . ;
E ={(z,y) eR™ [ZW(z,y) =0}

= {(z,y) € R™" [y = k(z) and X.V(z) = 0}

According to Lasalle’s theorem (see [38] pp66-67) all solutions tend to §) the largest
invariant set by Z contained in E.To prove theorem 1 we show that (2 is the origin of
R,

On () the vector field Z is given by :

X(z
Z(z,k(z)) = (Y((a:)) )

where Y (z) = dk(z).f(z, k(z)) — G(z, k(z))T . VV(z) and X(z) = f(z, k(z))
{ i = f(z,k(2)) = X(2)
g = dk(z).f(z, k(z)) — G(z, k(z))T.VV(z)
Let (z(t),y(t)) be a solution of the above system with (z(0),y(0)) = (z,k(z)) € Q.
Since §) is Z-invariant we have (z(t), y(t)) € § for all ¢ > 0 but we have

d

2 (2(t)) = X(=(1)
so z(t) = X,(x) where X,(.) is the flow of the vector field X defined on R".
Consider,now,the following set :

M = {z € R"/(=z, k(z)) € 0}

If z € M then (z,k(z)) € € and (z(t),y(t)) € Q since  is invariant, this implies
(Xi(2),y(t)) € Q but y(t) = k(Xi(2)).
So we have shown : z € M = (X(z), k(X:(2))) € & = Xi(z) € M.

This proves that M is X-invariant and since M is contained in E we have M = {0}
and then § = {(0,0)} which completes the proof of theorem 1. O

Example 1. Consier the following system which evolves in R*:
& = 223+ by
I = —T123 + bay
.2 173 + 02 (4.8)
&3 = bay

y=u
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where b3 # 0 and (by, b;) # (0, 0)
The subsystem
Ty = 2223 + by
T3 = —z123 + by (4.9)
I3 = byy
is the "famous” system of the angular velocity of a symmetric rigid body . In [41, 47] it
is shown that (4.9) is smoothly globally asymptotically stabilizable.Furthermore,in [41]
the stabilizing feedback k is explicitly given ,as well as, a weak Lyapunov function V
such that all the assumptions of theorem 1 are satisfied so our result can be applied to
construct the stabilizing feedback for system (4.8).Note that a strict Lyapunov function

for system (4.9) has never been found and may be difficult to construct so the results
of [36, 42, 47] can not be applied to stabilize system (4.8).

For the following result we suppose that f is a smooth (i.e. C*®) vector field.

Theorem 2 If there exist a smooth feedback k (not necessarily a stabilizing one) for
system (4.2) and a smooth function V ,which is definite positive and proper,such that :

1)X.V(z) < 0z € R™ where X(z) = f(z, k(z))
i) The set

S={z e R"/X*" V(z)=X"Y,..V(z)=0,seN,i= 1..p}

where Y; = g—i(z,k(z)), is reduced to the set {0)
then system (4.1) is G.A.S and the stabilizing feedback :

u = —y +k(z) + dk(z).f(2,y) — G(z,y)T.VV(z)
where G is defined by the formula (7).

Proof
We take u = dk(z). f(x,y) — G(z,y)T.VV(z) + v where v is a new input so system(4.1)
can be written :

( ; ) = Z(z,y) + B(z,y)v = Z(a:,y)-{-gv'.B‘

where
Z(.’L‘ y) = ( f(:l:,k(-‘l:)) + G(m’ y)'(y - k(z)) )
, dk(z).f(z,y) — G(z,y)".VV(z)
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and B;(z,y) = enyi

Introduce ]
W(z,y) = V(z) + 3lly - k(z)||?

W is smooth,definite positive and proper
ZW(z,y)=XV(z) <0

According to [41], the above system is globally asymptotically stabilizable by the feed-
back
v=—B.W(z,y)

if the set
A= {(z,y) e R"?/Z°V W(z,y) = Z°.B;.W(z,y)=0,s € N,i = 1..p}

is reduced to the origin of R™7.
Since Z.W(z,y) = X.V(z) and BW =y — k(z) we can write :

A={(z,y) € R"*" [y = k(z) and z € C}
where:

C={z e R"/X.V(z)=Z'.W(z,k(z)) = Z°.B;W(z,k(z))=0,5 > 1,i = 1..p}

We shall show that C = S.
we have

BW =y —k(z)
Z.Bi.W = Z.(y; - ki(z)) =< Z,V(y; — ki(z)) >
For (z,y) € A the vector field Z is (since y = k(z)) :

( X(z) )
Z =
dk(z). f(z, k(z)) — G(z, k(z))T.VV(z)

SO

< Z,V(yi — ki(z)) >=
— < X,Vki(z) > + < dk(z). f(z, k(z)) - G(z, k(2))T.VV(z), enyi >

But
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< dk(z).f(z,k(z)) ~ G(z, k(a:))T VV(:::), Enti >=

> e, (e, be) - 3 e k) 2 o

=1 i=1

= < Vk.(:v),X(z) >+ < VV(-T), 'BZ(:”, k(:l:)) >

Thus
Z.B.W(z,y) = ~Y,.V()
where
Y= 5L (2, k(z))
Now

Z:.B;.W(z,y) = Z2(2.BiW)(z,y) = —Z.(Y;.V(z))
Since Y;.V/(z) is independent of y we have :

Z(Y:.V(z)) = X.Y.V(z)

SO

Z*.B.W(z,y) = -X.Y..V(z)

and by induction we prove that for any integer s > 1 and any (z,y) € A :
Z°.BiW(z,y) = -X*"1Y.V(z),i=1.p (4.10)

A similar computation shows that we have also for any integer s and any (z,y) € A :

Z*M' W(z,y) = X**.V(z) (4.11)

The equalities (4.10) and (4.11) show that C = S so theorem 2 is proved. O
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Example 2. Consider the following system :

z = sin(zy) = f(z,y)
i (4.12)
(®y) €R’, ueR

To stabilize this system we can try to stabilize first the system
- & =sin(zy)

where y is considered as the control. This system is obviously asymptotically stabiliz-
able by a smooth function y = k(z) and after we can use theorem 1 to stabilize system
(4.12) but the feedback resulting is complicated.

Alternatively we can stabilize system (4.12) by a simpler smooth feedback if we apply
theorem 2 as follow :

Introduce : 1
V(z) = 5:):2 and k(z) =0
we have
XV(z)=0
_of _
Y= a—y(z, k(z))==

YV(i)=0& z2=0
This shows that V and k satisfy the hypotheses of theorem 2 so system (4.12) is (G.A.S)
by means of the feedback law:

U(:D,y) =-y- xs_um
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Abstract In this paper,we investigate the C'-stabilizability of affine control non-
linear systems in the plane. The feedback laws are given by means of Center Manifold
machinery.
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5.1 Introduction

This paper is a contribution to the local stabilization problem of two dimensional
nonlinear systems.

The classical approach is to consider the linearized system at the origin. Bacciotti
and Boieri [4] studied the critical case when the linearized system has a simple zero
uncontrollable eigenvalue. Here we consider control affine systems of the form:

z = f(z) + ug(z) (5.1)

where z € U is a neighborhood of the origin in R?, u is a scalar input and f,g are
smooth vector fields such that f(0) = 0. Several authors ([7],[6],{16],[17],[27],[32],[34])
investigate the stabilizability problem when g(0) # 0. However few results are known
([5),(12],{13],[14]) in the case where g(0) = 0. The principal difficulties arise from the
fact that the linearized system is independent of the control and the vector field g is not
locally rectifiable. To investigate the stabilizability properties (negative or positive) of

55
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such systems a bilinear approach were introduced by Chabour, Sallet and Vivalda in
[12], they define the bilinear approximating system of (5.1):

z = Az + uBz (5.2)
of Og
where A = 92 (0) and B = . (0).

The goal of this paper is to investigate the C-stabilizability of system (5.1) when
its bilinear approximating system (5.2) cannot be used to achieve Clocal stabilization
of system (5.1). As an example consider the following system defined in R?:

& =8z + 2y — 3(2? + zy — 2y?) + 2uz
(5.3)

y=2—6y—3(z? + 7y —2y*) —uy

One can remark that this system is not linear stabilizable and that its bilinear approx-
imating system is not asymptotically controllable to the origin (see [12]). However, we
shall show that it can be stabilized thanks to the following feedback law:

u=-5+ %—(z + 2y) (5.4)

In the second section an algebraic classification from the C? stabilization point of view
is given and the critical cases are identified. In the third section, center manifold’s
techniques are used to study some critical cases.

5.2 (Clstabilizability: Bilinear approach

For any C! feedback u : R° — R the linear approximation of the closed-loop
system

¢ = f(z) + u(z) g(z)
ist=(A+u(0)B)z.

It follows from theorems of stability in the first approximation that :

i) If system (5.1) is C" stabilizable, then there exists A € IR such that the eigenvalues
of the matrix A + A B have non positive real parts.

ii) If there exists A € R such that all the characteristic roots of the matrix A + \ B
have negative real parts, then system (5.1) is localy stabilizable by constant feedback.

Definition 1 A system is said critical if it satisfies condition (i) but not condition

(ii).
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The study of the sign of det (A + A B) and Tr (A + A B) permits to characterize the
critical cases. Here attention is restricted to the two dimensional systems for which
A # a B for any « € R.

det(A+ AB) = \detB + A\(Tr ATt B— Tr AB) + det A
and Tr(A+ AB) = Tr A+ ATr B so we get the following classification:

a) Case when B has no real eigenvalues

TrB #0:(5.1) is stabilizable by constant feedback
TrB=0TrA<0:(51) is stabilizable by constant feedback
TrB=0TrA>0:(5.1) is not C? stabilizable

Tr B = 0: Critical case (a;)

b) Case where the eigenvalues of B are real without B being diagonalizable

TrB #0: (5.1) is stabilizable by constant feedback

TrB=0TrA>0:(51)is not C* stabilizable

TtB=0TrA<0TrAB#0: (5.1) is stabilizable by constant feedback
TrB=0TrA<0TrAB=0 det A>0:(5.1) is stabilizable by constant feedback
TrB=0TrA<0TrAB=0 det A< 0: (5.1) is not C* stabilizable -
TrB=0TrA<0TrAB =0 det A=0: Critical case (b;)
TtB=0TrA=0TrAB # 0: Critical case (b;)

TrB=0TrA=0TrAB=0: (5.1) is not C* stabilizable

c) B diagonalizable T*B > 0 B # 0
We set:

I =(TrATt B~ Tr AB)? — 4det Adet B

J =Tr AB Tr B — Tr ATr (B?)

K=J+TeBVI

L=TrATrB-TrAB

A = 2Tr ATr BTr AB — Tr (A?)(Tr B)? — (Tr A)*Tr (B?)

and we get:

det B > 0:(5.1) is stabilizable by constant feedback

det B<0I<0:(5.1)is not C?! stabilizable

det B<0I=0J<0:(51)is stabilizable by constant feedback
det B<0I=0J2>0: Critical case (c;)

det B<0I>0K >0:(51) is stabilizable by constant feedback
det B<0I>0K <0:(5.1) is not C* stabilizable

det B<01>0 K =0:Critical case (c;)

det B=0 L < 0:(5.1) is stabilizable by constant feedback
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det B=0L2>0A>0:(51) is stabilizable by constant feedback
det B=0L2>0A<0:(51) is not C! stabilizable
det B=0L >0A =0: Critical case (c3)

From this classification, it appears that we have six critical cases.We denote them
(@1), (b1), (82), (1), (€z), (cs). The critical cases are interesting because one cannot
say anything about the stabilizability problem directly from the linear or the bilinear
approximation.

* the cases (a1), (bz) can be indirectly solved by the results of [12].Indeed there
exists A\g € R such that for a suitable choice of coordinates

(A+28)= (2 &)

-—a 0

so det(A+XoB) > 0 and Tr(A+AoB) = 0.With these hypothesis CHABOUR, SALLET
and VIVALDA [12] proved that system (5.1) can be locally stabilized by homogeneous
feedback of degree zero. For the convenience of the reader, we recall their results. Let
P be a symetric positive definite matrix such that

<z,P(A+XB)z>= 0 Vz e R?
the stabilizing feedback is :

~ (z, PBz) .
u(z) = { (z, Pz) o ifz# 0
otherwise

*For the subcases (c;,J = 0),(¢z), (c3, L > 0) there exists Ag € R such that for a
suitable choice of coordinates

rm)= (3 )

The bilinear approximation (5.2) is not asymptotically controllable to the origine
[13].For the moment we are not able to say anything about the stabilizability of these
systems.

* To summarize,it remains three subcases not considered: (5;), (e1,J > 0),(cs, L =
0) For these subcases there exists Ao € IR such that for a suitable choice of coordinates

(A+ XoB) = (g 3) (0

The goal of the third section is to address the C? stabilizability of such systems.
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5.3 (Cl-stabilization of some critical cases

Here we consider the cases:

0 0 0
Casea) A= (0 B 1) and B = (b101 ‘;:111) where ag11b101 > 0

0 0

Caseb)A:(0 1

)andB:O

Case a : One can remark that the bilinear approximating system doesn’t permit to
conclude about stabilization of system (5.1), so we rewrite it using Taylor expansion
of f and g, in the neighborhood of the origin as follows:

(& = @007 + agoy? + anory-+

a3002> + agsoy® + azioyz? + a120zy> + ayzory® + ...
J +u(aony + aznz? + aony? + amzy+...)
=yt boeg? . (5.5)
Yy = —y+ byoz® + bozoy? + byiozy+
baooz® + bosoy® + baroyz? + byoozy? + ...

{ +u(bio1z + bon1y + ba012? + boy? + biizy + .. )

Let us introduce the polynomial expression:

P(l) = byoraonl® + (bro1@110 + az01 + ao011b200)! + @300 + b200a110

with its discriminant
A(P) = (bio18110 + az01 + ao11b200)? — 4b101a011( @300 + b200a110)
In the case where ag;1b;07 > 0 we have the following result:

Proposition 1 A necessary condition for C' stabilizability of system (5.5) is that:
Q00 = 0 andA(P) 2 0.
If a200 = 0 and A(P) > 0 then (5.5) is stabilizable with u(z,y) = .z where P(h<o

Proof
First we have to choose u such that u(0) = 0 because if u(0) # 0 then the linearized
system of (5.5) admits two eigenvalues with real parts of opposite sign so (5.5) cannot be
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asymptotically C! stabilizable. Since we are interested in C* stabilization, we replace
u by the expression

u = lz + my + higher order terms (5.6)

After this substitution,we call the right-hand side of (5.5) respectively ¢ (z,y) and
¥ (z,y). According to the results of J. Carr [10], system (5.5) admits a center manifold,
which can be identified in a neighborhood of the origin with a graph of a function A
such that h(0) = (Dh)(0) = 0. This function has an asymptotic expansion

y=h(z) = oz’ + csx® + cqzt ... (5.7)
and satifies, locally, the equation:

(Dk) (z) ¢ (z, h(z)) — ¢ (2, h(z)) = 0 (5.8)

The flow on the center manifold is governed by the one-dimensional equation:

z

¢(z, h(z)

= a002? + [l(az01 + @o11¢2) + 1102 + az00)23 + . ..

(5.9)

It is well known [10] that asymptotic stability of (5.9) is necessary and sufficient for
asymptotic stability of (5.5). If aze0 # 0 then system (5.9) is unstable and so is system
(5.5).

Now suppose a3z = 0; taking into account (5.7) and (5.8) an easy computation shows
that ¢; = bago + Ib101 and system (5.9) becomes:
z ={b101001112 + (b101@110 + @201 + Go110200)! + @300 + allobzoo]$3 +...

.10

If A(P) < 0 then P(I) > 0 for all I € R (since bjo1ao11 > 0) so system(5.10) is

obviously unstable.
If A (P) > 0 then one can choose [ such thatP (i) < 0. The corresponding system is

=Pz +...

which is asymptotically stable. This shows that the feedback u = [ z stabilizes system
(5.5). . n
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For system (5.3), one has :

8 2 2 0
a=(1 Ze) 2= )
By applying the feedback law : u = —5+v with v as a new input, system (5.3) becomes:

:z':=2(—:c+y)—%(m2+zy—2y2)+2vz

(5.11)
. 1
g=s-y-g(a"+oy—2") vy
. -2 2 .
Matrix C = (1 _ 1) has two eigenvalues: 0 and -3.
In the proper basis of C, system (5.11) is given by:
X =3XY - 20Y
. (5.12)
Y=-3Y+v(-X+Y)

with : ) i

X=§(z+2y) Y=§(—:c+y)
System (5.12) has the same form as system (5.5) with P(I)=1? -3/;P())=-1<0
hence one can apply proposition 1 : v = X is a stabilizing feedback for system (5.12)

and this shows that the feedback law u = =5 + -:li(a: + 2y) stabilizes system (5.3).

When ag;10110 = 0 and azg = 0 the flow on the center manifold is governed by the
equation:

& = ((bro1110 + @201 + Gor1b200) )! + G300 + G110b200 ) 2 + . ... (5.13)

A similar analysis as above permits to establish the following result:
Proposition 2 i) If big1a110 + @201 + @o11b200 7 O then system (5.5) is stabilizable by
means of feedback u = Iz where (bio1a110 + @201 + Go11b200) | + @300 + 1100200 < 0

i) If bio1a110 + @201 + Go11b200 = 0 and azgo + @110b200 < 0 then system (5.5) is
stabilizable by v = 0

i11) If bio1a110 + @201 + Go11b200 = 0 and azo + G110b200 > 0 then system (5.5) is not
C! stabilizable.
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Case b

0 0
A=(3 2) B=0

System (5.1) can be written:

(&= az00%? + ao20y® + a110%Y + a3002> + @030y + azioyz?® + +a10zy® + ...
+u(azz® + aony? + azy + a1 22 + aony® + ainzy? +aauziy +...)

‘ §=—y + baoox? + bo2oy? + br10zy + baooz® + bosoy® + baroyz?® + bizozy® + ...

+u(byorz? + bony? + binzy + bsnnz® + boay® + bizizy? + bannzly + .. )

(5.14)

\

and
u=Il+pr+qy+..

If we introduce the polynomial

Q (1) = bymarnn® + (asor + @111b200 + @110b201) I + a110b200 + G300

we establish:

Proposition 3 i) Ifazo; = 0 and aze0 # 0 then system (5.14) is not C* stabilizable
i1) If azoy = aze0 = 0 then system (5.14) is C? stabilizable if there ezists lo € R such
that @ (Ip) < 0 . In this case the stabilizing feedback is u = lpz

i1i) Ifazer # 0 then system (5.14) is stabilizable by u = I+ pr where I= —Z—:Z% and

P satisfies Q (i) + paze < 0

Proof
Since u = I+ pz+qy+ higher order terms, system (5.14) has a center manifold y = h(z).
On this manifold the flow is governed by:

T= (10201 + 0200)232 + [Q(l) + pazoﬂ 23 +... (515)

Remark: When the three propositions of this section do not give an answerto the
C? stabilizability problem one has to compute higher order terms of h and to use a
similar analysis as above.The algorithm has to be repeated until an answer (negative
or positive) is obtained.
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6.1 Introduction
We consider a nonlinear system of the form :
& = Az + Bu + f(z,u)
{ zs€R", u€R™, A€ M (R), B€M,n(R) ©)

where M, ,.(R) is the set of the matrix with n rows and m columns and the map
f=(f, )T :R*xR™ > R"

is Lipschitz continuous such that f(0,0) = 0. We assume that the pair (/i,B) is
controllable.

Lemma 1 [46] If (A, B) is controllable, then there ezist T € GL(n),F € Mu.(R)
and V € GL(m) such that T-(A+ BF)T = A and T-'BV = B where

Ak, bi, 0 ... 0
Az(o .0 ) andB=(0 .0 ) (6.2)
A, b0 ... O

where each Aj, has size k; x k; and is of the form

o 1 0 ... 0
0 0 1 0
Ag=1%t . = :
: ., ., .. 1
6 ... ... 0 0

and each by, is a column of length k; and is of the form
0
b, = 0
1

According to this lemma, system (6.1) can be written :
¢ = Az + Bu + g(z,u) (6.3)
where A and B are of the form (6.2) and g(z,u) = T f(Tz, FTz + u)
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Taking into account the form of B we can suppose that u € R™ and

by O ... 0
B= 0o - ) :
ST |
0 ... 0 b

In this paper, we study nonlinear systems 6f the form (6.3) which have the following
property :

(H) There exists a positive constant K such that for any : = 1,...,n the following
holds :
lg:(z,u)] < K|lpi(z)]] VzeR*, Vue R’ (6.4)

where p; : R® — IR’ is the canonical projection and | || is the usual Euclidean norm
on R".

In section 2, we shall see that if condition (H) is satisfied , then system (6.3) is
globaly exponentially stabilizable (G.E.S.) at the origin by means of a linear feedback.
This is a generalization of a result of Tsinias [49] who studied the single input systems,
our proof is different from its one and it is based on an idea from [24].

In section 3, we suppose in addition that g;(z,u) = gi(zy,...,%:,0,...,0,u) so we
can construct an observer for system (6.3) with the output

y=Cz } (6.5)
where
C,, 0 ... O
C _ 9 . . E
: R |
0 ... 0 Gy,

Cr,=(1 0 ... 0)

This observer is of the form :
% = A2 + Bu+ g(2,u) — E(C% —y) (6.6)

We show that the error will tend to zero with an exponential rate of convergence and we
construct a dynamic feedback which globally exponentially stabilizes system (6.3-6.5).
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6.2 Stabilization

Let a € R, a > 1 and consider the following matrix :

! 0 ... 0 ¢, 0 ... 0
&= 0 a? ‘- : _ 0 & ° :
. . . 0 E . 0
0 0 o™ 0 0 &
where
o~ (k-141) 0
0 . . :
Qki = E ., . LN . 0
0 ceo 0 g (kmatk)
and ko =0

Using the above decomposition, a simple computation can prove the following:
Lemma 2 Matrices A, B and ® defined above satisfy :
i)adTAD=A
ii) VF € M, ,(R) there ezists F € M, (R) such that
| BF =a®'BF ¢
and F is given by the following formula :
F=aBT®'BF &

i) Vz € R® : o™ |z|| < ||®z] < o7 ||z

We can now prove the main result of this section.

Theorem 1 If the assumption (H) holds then the system (6.3) is G.E.S. at the origin
by means of a linear feedback

u=Fz

where F is defined by (ii) and F is such that (A + BF) has all its eigenvalues with
negative real part.
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Proof

Since the pair (A, B) is controllable there exists F' € M, ,(IR) such that (A+ BF) has
all its eigenvalues with negative real part. Let M = A + BF, there exists a symmetric
positive definite matrix S such that M7S + SM = —Q, @ symmetric positive definite

Now consider the function :

V(z)=2T @5 bz

V is positive definite and proper (V is a quadratic Lyapunov function). Let us evaluate
its derivative along the trajectories of the closed-loop system

& =(A+ BF)z+g(z, Fz) = Mz + g(z, Fz) (6.7)

V(z)=2T(®S®M +MT259)z+2:T @S g(z,Fa)
where M = A+ BF

Tacking into account (i) and (ii) we have
M=A+BF=00"1A4%+ a®'BF®
M=a®'(A+ BF)® = a®'M®
Therefore :
V(z)=azT(®SMO+OdMT S®)z +2270S bg(z, Fz)
V(z)=—-azT® Q®z +22T®S ®g(z,Fz)

The matrix @) is symmetyric definite positive so there exists a positive constant a such
that :

T ®Qdz > a || Oz |

where a = inf {zTQz / z € §™7! the unit sphere in ]R"}

And then :
V(z) < —aa [|0z| +2[|82]| S]] |29z, Fa)|

According to (H) we have

~ n 1 - n 1
||<I>g(:c,F:c)||2 =Y oo, Fo) SK*Y (el + -+ 2d)
i=1 ’

=1
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n A\ 2

=1 o’ a2(ﬂ‘j)

So
V(z) < (~aa+2v/n K ||S|)) ||®=?

If we choose a > Maz (1 , M) then V < —c||®z||* where c is a positive

constant.

Since ||®z|| > ?:—n llz]] it follows that :

V(z) < = |le))*

where ¢ is a positive constant , and this completes the proof of theorem 1. o

6.3 Construction of the observer and stabilization
using a state estimation

Theorem 2 If the condition (H) is satisfied then there ezists E € M, ,(R) such that
the system (6.6) is an ezponential observer for (6.3-6.5).

Proof
The error e = & — z satisfies the following equation :

é=(A— EC)e+g(#,u) - g(z,u) (6.8)
since (A,C) is observable, there exists E € M, ,(IR) such that (A — EC) has all its

eigenvalues with negative real part.
Remark that :

|gi(z,u) — gi(£,u)] < K ||lpi(z — 2)|| = K ||(e1, .., €3)l
So if we take

E=ad'EC ®CT

then , according to the proof of theorem 1, there exists a quadraticLyapunov function
W such that for a large enough :
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W(e) < —b |lell” 56> 0 .

Now we use the above results to achieve the stabilization of system (6.3) with the
state estimation given by the observer (6.6). Consider the following system defined on

R" x R" :

{i:AHBﬁHg(w,F@)‘ 69)
6.9

é = (A— EC)e+ g(&,F2) — g(z, Fz)

Theorem 3 If the assumption (H) holds then (6.9) is globally exponentially stable i.e!
the closed- loop system (6.8-6.5), with the state estimation given by the observer (6.6)
is G.E.S.

Proof

Since e = £ — z, system (6.9) becomes :
{a’: =(A+ BF)z + BFe + g(z, F3)

. . . (6.10)
¢ = (A— EC)e + g(3, Fz) - g(x, F3)

According to the proofs of theorem 1 and theorem 2, there exist two quadratic Lya-
punov functions V and W such that :

(VV(z),(A+ BF)z+g(z,F3)) < ~¢ |z’
(VW(e), (A~ EC)e +g(2,F2) — g(=,F5)) < —bllelf’
where (.,.) is the usual Euclidean inner product on R".
Let U be the function defined on R™ x R" by :
U(z,e)=pV(z)+W(e), >0
U is positive definite and proper and we have :
U(z,e) = B(VV(z),(A+ BF)z + g(z, F2)) + B(VV(z), BFe)
+(VW(e),(A— EC)e + g(2, F2) — g(x, F1))

So

U(z,e) < —B¢ ||’ +2 B K’ |zl llell = b |lel*
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where K’ is a positive constant defined by :

(VV(z), BFe) <2 K'||z]| el

cb .
If we choose 8 such that 0 < 8 < ' then U(z,e) is negative definite on R® x R"
and so theorem 3 is proved. ‘
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Summary The aim of this paper is to study the stabilizability for a class of multi-
inputs nonlinear stochastic systems. We prove under general assumptions the existence
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Introduction

The aim of this paper is to study the existence of stabilizing control laws for multi-
inputs control nonlinear stochastic differential systems.

The case of single-input deterministic systems of the form

71
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1 .. 0
° ° 0 g1(z1)
- 92(z1,$2)
T = Sl 4 . +u
0
o1 0 :
. o . . ..0 ¢((L‘) gﬂ(mlau,xu)

where the functionals g; , 1 < ¢ < n, are Lipschitz continuous has received considerable
attention in the literature.

The practical importance of single—output systems of this type is due to the fact that
they are observable for any input and that a lot of concrete systems like mechanical
systems or bioreactors are of this form (see {22], [24], [18]).

This kind of single-input deterministic systems has been studied from the point of view
of the stabilization by means of a linear feedback law (see [49], [18]).

Our contribution in this paper, is to study multi-inputs systems of this type the state
of which is corrupted by noise.

Actually, only few results on the stabilization by means of feedback laws of control
stochastic differential equations can be found in the literature (see [20], [50], [19]).
Our approach in this paper is based on the stochastic Lyapunov Theorem which gives
stability in probability.

This paper is divided in four sections organized as follows. In section 1, we recall
some definitions and results on the Lyapunov stability in probability of the solution
of a stochastic differential equation proved by Haz’minskii [26]. In section 2, we in-
troduce the class of control stochastic differential systems we are dealing with in this
paper. In section 3, we state and prove the main result of this paper on the feedback
stabilization of the class of control stochastic differential equations introduced in the
previous section. In section 4, we discuss the relations beetween our work and the
related literature.

7.1 Stochastic stability

The aim of this section is to recall the main definitions and results proved by
Has’minskii [26] (chapter V) for the zero state of a stochastic differential equation to
be stable in probability.

Let (2, F, P) be an usual probability space and denote by w a standard R™-valued
Wiener process defined on this space.
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Denote by (F:)i>o0 the complete right-continuous filtration generated by the standard
Wiener process w.

Let z; € R" be the stochastic process solution of the stochastic differential equation
written in the sense of Ito,

t m oot :
Ty =/ b(z,)ds+ ) /0 ox(z,) dwt (7.1)
o k=1
where b and o}, 1 < k < m, are Lipschitz functions mapping R" into R" such that

1. (0) =0, 0x(0)=0, 1 <k <m.
2. There exists a non-negative constant K such that
lb(z)| + > low()] < K(1 + |=)
k=1

for every x in R".

Furthermore, for any s > 0 and z € R", denote by z;"*, s < ¢, the solution at time t
of equation (7.1) starting form the state x at times.

Then, the main notions of stochastic stability we are dealing with in this paper may
be defined by

Definition 7.1.1 The solution z; = 0 of the stochastic differential equation (7.1) is
said to be stable in probability if for any s > 0 and e > 0

z—0 s<t

lim P (sup |zg®| > e) = 0.
Moreover, if for any s 2 0,
lim P ( lim |20 = o) =1
z—0 t—+00

the solution z, = 0 of the stochastic differential equation (7.1) is said to be asymptot-
ically stable in probability. It is globally asymptotically stable in probability (G.A.S.P)
if

P (: lim [a°| = 0) —1Vz€eR"

Definition 7.1.2 The solution z; = 0 of the stochastic differential equation (7.1) is
said to be exponentially stable in mean square if for some positive constants A and a

Elz,|* < A|zo|®exp(—at) , Vzo € R"
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Therefore, denoting by L the infinitesimal generator associated with the stochastic
differential equation (7.1) defined for any function ¥ in C?(R") by

LY(z) = f; b‘(z)g—z(z) + % fj a*(z) 62.- ;’z ,- (z) (7.2)

=1 ig=1

where a*(z) = £, oi(z)oi(z), 1 < i,j < n, one can prove the following stochastic
Lyapunov Theorem (see [2], [26]),

Theorem 7.1.83 Let D be a neighbourhood of the point z = 0 which is contained in
R" together with its boundary and, assume there ezists a Lyapunov function V defined
in D (i.e. a proper function V positive definite mapping D into R) such that

LV(z) <0 (respectively LV(z) <0)Vzr€ D,z #0

Then, the solution z, = 0 of the stochastic differential equation (7.1) is stable (respec-
tively asymptotically stable) in probability. It is G.A.S.P if

LV(z) <0 VzeR", =2#0

The solution z, = 0 of the stochastic differential equation (7.1) is exponentially stable
in mean square if there exists a Lyapunov function V such that

kz)? < V(z) < kslz)?
LV(z) < —kj|z|?
for certain positive constants ky, ka, ks.

In this paper, we shall make use of the latter Theorem in order to prove that the
class of nonlinear stochastic differential equation introduced in the following section is
exponentially stabilizable in mean square by means of a linear feedback law.

7.2 Setting of the problem

In this section, we introduce the class of control stochastic nonlinear systems we
are dealing with in this paper.

Denote by (2, F, P) an usual probability space and by w a standard Wiener process
defined on this space with values in R".

Let (F¢)t>0 be the complete right-continuous filtration generated by the Wiener process
w.
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In this paper, we consider the stochastic process z; € R" solution of the following
multi-inputs stochastic differential equation written in the sense of Ito,

T = /ot (Az, + Bu + f(z,,u)) ds + _/: g(zs,u) dw, (7.3)

where

1. uis a R -valued control law.

2. A and B are matrices in M,(IR) and M,x,(R) in Brunovsky canonical
form, i.e. ’

— A is a block—-diagonal matrice of the form

A, 0 . . . 0
0o . .
A=
. .. 0
0 . . . 0 A

where Aj,, 1 <i < r,is a matrice in My, (R) given by

010 ..0)
A= %
0 .01
0 0 )

— B is a block-diagonal matrice of the form

by O . . . 0)

o . . .
B =

: .0

0 . . .0 b

where by, 1 <i <r, is a column-vector in R¥ given by
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3. f and g are Lipschitz—continuous functionnals mapping R™ x R" into R”
such that

- f(0,0) = g(0,0) = 0.
— There exits A > 0 such that for anyi,1 <i<n,z€R"and u € R",

[fi(z, u)] + lgi(z, u)| < Allmi()l]

where 7; denotes the canonical projection of R" onto R’ and, ||.|| de-
notes the usual Euclidian norm in IR".

On the other hand, introduce the following definition of a stabilizing feedback law for
the system (7.3),

Definition 7.2.1 A control law u mapping R™ into R" is said to be a stabilizing
feedback law for the control stochastic system (7.8) if the zero state of the closed-loop
system

o= [ (A2, + Bu(z) + flewu(z) do+ [ olenula))do, (14

is exponentially stable in mean square.

7.3 Stabilization

In this section, we prove the main result of this paper on the stabilization by means
of linear feedback laws of the class of nonlinear systems introduced in the previously.

The main result of this paper is the following,

Theorem 7.3.1 The control stochastic differential equation (7.3) is exponentially sta-
bilizable in mean square (so it is G.A.S.P) by means of a linear feedback law.

Proof of Theorem 7.3.1 Let a be a real number, a > 1, and denote by & the
diagonal matrice in M,(IR) given by
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al 0. . . 0
0
é =
.0
0 0 a™

Note that the matrice ® can be written as the block—diagonal matrice

@ 0 ... 0
0

o=
. .. 0
0 . .. 0 &,

where ®;., 1 < i < r, is the matrice in My, (IR) defined by

okt 0 L . 0
0
&, =
. . 0
0 ... 0 arlkrtk)

with ko = 0.

Moreover, for our proof, we need the following auxiliary result which can be proved by
an easy computation,

Lemma 7.8.2 The following three properties hold,

1. a®1A® = A.
2. For any matrice K in Mxn(R), there ezists a matrice K in M xa(R) such
that

BK = a® 'BK®
and, K is defined by _
K = aB*®"'BK9. (7.5)

(Here % denotes the transposition of matrices)
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8. For any z in R™,
o "|lzl] < [|@zf] < o7 l]|.

Turning back to the proof of Theorem 7.3.1, we know, since the pair of matrices (A,B) is
completely controllable, that there exists a matrice K in M,(IR) such that the matrice
A 4+ BK is asymptotically stable.

Setting M = A + BK, one can deduce easily from properties 1 and 2 in Lemma 7.3.2
that there exists a matrice K in M,x,(IR) given by (7.5) (see [28]) such that

A+ BK = oa® ' M. (7.6)
In the following, we prove that the linear control law u defined for any « € R" by
u(z) = Kz (7.7)

is a stabilizing feedback law for the system (7.3).

Therefore, according with Definition 7.2.1, we need to prove that the zero state of the
closed-loop system

2 = /ot ((A+BR)z,+ f(z,, K2.) ds + [ ‘gen Ka)dw,  (18)

deduced from (7.3) when the control law u is given by (7.7) is asymptotically stable in
probability.

Let Q; be a symmetric and positive definite matrice in M,(R). Since the matrice M
is asymptotically stable, it is well-known that the Lyapunov equation

M*P1+P1M= _Ql (79)

admits a unique symmetric positive definite solution P;.

Therefore, the function V mapping R" into R defined for any z in R"™ by
V(z) =< P, ®z,z > (7.10)

is a Lyapunov function.

Furthermore, denoting by L the infinitesimal generator associated with the closed-loop
system (7.8), yields

LV(z) = <(A+BK)z+ f(z,Kz),DV(z) > (7.11)
+%Tr (g(z, Kz)g(z, I?z)*D’V(z)) .



7.3. Stabilization

Taking into account the expression of V into (7.11) gives,

LV(z) = <((A+BK)"®P®+®P&(A+BK))z,z>
+2 < OP,®f(z, Kz),z > +g(z, Kz)*®P ®g(z, Kz).

Then, according with (7.6), it holds,

LV(z) = a<®M'P,+PM)®z,z>

+2 < P,®f(z,Kz), 8z > + < P,®g(z, Kz),g(z,Kz) > .

Moreover, since P, solves the Lyapunov equation (7.9), yields

LV(z) = —a<@®zr,®z>+2< P ®f(z,Kz),®z >
+ < Plég(z,I_{x),(Dg(x,I_(x) > .

Hence,

LV(z) = —a< @Q0z,0z >
+HIP I (21185 (z, K2)|| ||@2]| + [|g(=, K=)I) -

79

(7.12)

(7.13)

(7.14)

(7.15)

Furthermore, to conclude the proof of Theorem 7.3.1, one needs the following result,

Lemma 7.3.3 Under the hypothesis on functions f and g stated in section 2, for any

z € R" yields,

o ||¢f(z, Kz)|| < VrAllge|l,
o |lg(z, Kz)|| < vnAl|4z]|.

Proof of Lemma 7.3.3 For any z € R" yields,
_ LI | _
ll¢f(z, K2)lI* < 30 —5lfil=, Kz)f.
=1
Therefore, according with the hypothesis stated in section 2, it holds

_ n 1
ll¢f (2, K=)||* < Az;;;(zf + ..+ 7).
Then, one has
7 2 (zi\? 1 1
165z, K2)]I sng(;) (14 25+ -+ )

which implies
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ll6f(z, Kz)|[* < nA?||g2]|".

Hence, the proof of the first inequality in Lemma 7.3.3 is complete.
The second inequality is proved by similar computations.

This concludes the proof of Lemma 7.3.3.

On the other hand, since @), is a symmetric and positive definite matrice, there exists
a positive constant v, (11 = inf{< @12,z > [z € R",||z|| = 1}) such that

1||Pz|| £ < 1%z, > . (7.16)
Then, according with (7.15), (7.16) and Lemma 7.3.3 yields,
LV(2) < (—am + (2VAA + n2A?)| By} || @a . (7.07)
Thus, choosing a > maz {1, 24@-“‘;':'ﬂHPlH} one has,
LV(z) € =\||®z]||? (7.18)
where A; is a positive constant.

Moreover, by means of the left hand side of property 3 in Lemma 7.3.2, yields
A 2
LV(z) < ~2|le]l” (7.19)

Therefore, LV is negative definite and, according with Theorem 7.1.3, the zero state of
the closed-loop system (7.8) is asymptotically stable in probability.

This completes the proof of Theorem 7.3.1.

7.4 Related results

The aim of this section is to situate our work with respect to related results already
published in the literature.

The stabilization of the deterministic part of the class of systems considered in this
paper (i.e. assuming that ¢ = 0) has been investigated when the number of blocks
in the Brunovsky form of the matrices in the linear part of the system equals 1 by
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Tsinias [49] and Deza, Busvelle, Gauthier and Rakotopara [18] and, for general indices
by Iggidr and Sallet [28].

The existence of stabilizing feedback laws for control linear stochastic systems deduced
from (7.3) (i.e. f = 0 and g(z) = Dz where D is a lower-triangular matrice in
Mxn(IR)) has been studied by Gao and Ahmed [20] in the case of matrices D of the
form M,\ € R (the condition on matrice D given in [20] leads to matrices of such
form). A more general condition on the matrice D which would allow to consider more
general matrices than lower-triangular ones in our application is provided in [21] but,
the proof of Lemma 3.3 leading to the stabilization result contains an error which seems
to be untractable.

Note that by using a different method of proof, one can allow the matrice D to be more
general than lower-triangular (see for exemple [50]). In these latter work, the proof is
based on the existence of a solution to a stochastic Lyapunov equation which contains
a nonlinear term involving the matrice D and do not allow to rescale the solution as
we are doing in this paper.
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