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est dédiée au développement langages de spécification formels, de leur sé-
!J''-'~C''''''''<.i''''J''''''''.L'...........,-, sous de réécriture décorés et des outils de preuves

définissons logiques et , qui sont des logiques à clauses de Horn égalitaires
avec prédicat d'appartenance, adaptées à la spécification et à la programmation polymorphique

supérieur avec dynamique et paramétrique, des fonctions strictes et par-
et une sémantique initiale basée sur théorie ensembles. Puis, nous introduisons les

termes une structure données adaptée aux spécifications et pro-
Ie raisonnement égalitaire, les fonctions

1 ... -.·· ... ,.'.... ~ ..l .. C'"T'.,("'r"l,r'r"~irlr... -r·.. C' formelles, logique équationelle, théorie ensembliste, sortes ordonnées,
et fonctions strictes, réécriture, contraintes, com

automatiques.
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1

se situe dans le cadre général techniques formelles de développement de
~'J>-'. .J."'-'.J.,,-,.J.U,\ en utilisant des sur la théorie des ensembles. Un problème clé
pour la spécification et la programmation est la conception d'outils de preuve établissant un

entre spécifications et programmes ou plus précisément entre les théories sous-jacentes .. Le
contexte dans nous plaçons travail est développé dans ce qui suit .. Nous

paradigmes de langages spécification et de programmation que nous
et formulons les défendues dans ce document ..

problèmes typiques que pose

sûrs. Le développement de logiciels dans
des cas dans des cycles de spécification (mise

en charges ou d'un plan développement), codage (programmation)
et test ( de donner des garanties de correction du logiciel, la recherche en
informa.tique à produire des techniques vérification formelle des programmes par rapport
à spécifications. Ces techniques remplacent ou complétent en général la phase de test.

est nécessaire, en particulier dans les domaines d'application critiques pour la
auto-pilotes pour l'aviation ou la technologie des centrales nucléaires. On
un effort au niveau de la standardisation internationale afin de donner des

sécurité aux logiciels le cadre de la série ISO 9000. Cela nous fait croire qu'il
un futur des labels attachés aux logiciels estimant leur sûreté

.J ................. "-'""'... '-.., ..... v être dans domaines d'application comme
t.J"~"'''-'I'U d'aviation.

termine.

- prog est

OU\).lO.lU.lll spec.
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où son axiomatisation
suivant:

-L"-'.L.i.vVJl"-'.LL peut être dans le sens
.;.;... ......L.LL'-' ....LVIV .. comme le montre l'exemple

commun.

Tas, Pile et Liste. L'opérateur taille,
structures ces types, rend un nombre

Il est c profils suioanis
op taille: Tas -) Nat
op taille: Pile -) Nat
op taille: Liste -) Nat

que Tas, Pile et Liste sont ne pas

))

Liste est un constructeur
Baal et cons un constructeur n'l'Tltrl'1'J"p

suivants:

)U:Dl)()SG~ns que X est un1.1.2
1 une constante

j\TOUS pouvons
ax nil E Liste
ax cons(1 E Liste

cons ,nil) E Liste(Bool)
cons(cons(l E Liste(Liste
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de tous
fois la multiplication sur les

Nat pour tous nombres entiers x, mais la
à un terme du Errt , A vec le typage
s x) est de type Nat, car il est égal à un

de travailler manière consistante avec
"-'.Ll,iU"-'.L.L..L"-I'.L'V ..... pour les : des termes égaux appartiennent
u'V...... <AJ...... vv aux en~3en(lOl.es.

Dans le domaine de la programmation, nous
......... "' v ,./IJ pour certaines valeurs, ce qu'on appelle des

nous un exemple:

div l'opération division
pas défini, c'est-à-dire

fonctions partielles dans notre cadre formeL
des fonctions partielles dans le domaine

.J.".J.LI,'VU..L'-'iJL ..... non-strictes (qui permettent d'ignorer
est la fonction à trois argu

égalités conditionnelles,

Ent), racine la fonction qui
grand dont

entiers négatifs.
'YI 1lt4n'l rvr-a C' entiers. nous V()'1U(J'ns

si x ~ 0 et racine(-x) si x
où si-alors-sinon est une

si vv alors sinon y
si ff alors

= (si

pas le car
'V'V~'f,I.... r u tr le terme si vv alors racine sinon

ernuit.uvn pour si-alors-sinon
on ne pas

à racine la
remarquer que racine(

insuuicier y avec ce ternie.
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n'l"4:J'YlJ''Y'l''O comme

x ~ 0
si x < 0

OÙ «si»
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Clauses

Prouveurs Théorèmes à Clauses Égalitaires

l

FIG. 1.1 la

par le test d'une propriété appelée
terme ne peut appartenir simultanément

que existe un inclus dans tous ces
l'unification de variables typées . Au

mène à un infini buts à résoudre
"-·U ....... .LLL·'-' .. nous pouvons formuler la

aaautees pour
/t>,..,...,f'i">rfinr>.v> le raisonnement eaanunre
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modèles très riche de
au milieu des années soixante

à la spécification
rYlr"rtn.If"C' initiaux, dont

permet de
et la possi-

~ rl>"~'T r, rl'r. LL~U""'V.LtJ... ,-, dans

à sortes
sortes

eauauons suivantes:
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comme

7

montre très sémantique initiale: il n'y a pas besoin
... ..., .........LUL... "-'U contenant distinguer entre 0 et s (x). Cet absence

de efficace par rapport aux théories
avec la des la raison pour l<:LlIUt~ile

sémantique initiale. Pourtant, quand nous arrivons aux types et aux fonctions
nous obtenons un moins agréable sémantique initiale:

TfI'P'Yn!JlrlOQ a E B et a E C. utilisant la sémantique initiale

Il remarquer que ceci n'est pas voulu lorsque B,C sont des types non inclus l'un dans
Quand un programmeur donne les mêmes pour deux types incomparables, alors

par erreur soit son intention est soit d'ajouter d'autres éléments en réutilisant la même
un autre contexte. Donc, il ne devrait pas être possible d'utiliser B = C comme

le contexte de d'ordre supérieur, nous pourrions avoir
même fonctionnalité que nous voulons distinguer. Cette distinction est

'-- ..... '-' ......... tJ ... '-' pour donner une sémantique aux pointeurs de fonction dans des langages
le contexte de la de programmes écrits dans ce langage.

....LL'-'''-'-'-' .........,u non-standards pour les spécifications d'ordre supé-
rieur. des individus ou des ensembles non représentés par des

formules. implique que B = C n'est plus vrai
C, car il peut y avoir d'autres éléments que a dans B ainsi

LLLV.'..... '-'.L'-' est une adaptation celle de l'algèbre universelle

traditionnelle.
ancré dans le que les sortes ont une

sont utilisés principalement comme un
que théorie des modèles des À-calculs

des basés sur la T n ,-..,...,...... "

1~r1"t"1:T1f1.,·'1C' est



8

sortes sont

U.l.l.JL.1l.""'-AJv.i.'-J.l.... avec
a.,\'C~1.1'ja.,~.Ç !l'J '"' "'''"''' est l'analogie avec tra-

ainsi qu'une concision et

sans sortes

où on distingue entre
avec des inclusions ensemnustes

'\.A.'J.L ........ ' ..... .....,...., correspondants dans les langages impératifs
avec des conversions automatiques d'une

a pas de raison pour restreindre les inclusions sortes
abstraits données suppose qu'on puisse définir

à
«règle de sortes
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2

FIG. 1.2 - algèbres G

'--'.-'JL '--'LJ''--'"'-.'-!~ le choix naturel pour une opérationnelle pour les
'-'''-L\.L''-'V..l'''-'.L..l du ou le langage OBJ en sont des exemples.

~'-''',..l.L..l'-''-''J., comme en réécriture présente des difficultés spécifiques,
principale notre travail au début de la deuxième partie de la thèse.

consiste en l'application orientée des équations et correspond au prin
'f"F'I.'l"Yl-r'\I ..... r·r\'Y)"lr\'l""lT d'égal par égal sans retour en arrière. Évidemment, la congruence sur les

par l'égalité des formes irréductibles supposant la terminaison) peut ne pas
tous modèles spécification, comme l'illustre l'exemple

suivant:

nu '1" r» [,1 s» il

1-f-,hN>/\~__+"": b ou C,

égalités la spécification. L'orientation des
prouver b == c, a être évalué en
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seuiement. et d'essayer
............~L .......LJLVLV en que

simultanées possibles
même d'équations orientées.
et le théorème qui prouve qu'un ensemble

v"-'~.J.i..L'A.viLvv locale est appelé lemme
.... ......, ....... L.L ...... '-'L... V et terminant, alors il est non-

règles autant que
vU'-'lLiVll..VV unique. Ceci est la propriété

,11 ...·,rt .... ·............ ces notions:

que nous avons
nous avons

et Bendix:
ceci ne change

être prouvée en
nous donne la

de spécifications équationnelles,
compliquée en présence



2. Présentation Détaillée de la Il

graphes de fonction comme ensembles de paires argument/valeur est une tech-
classique pour donner une sémantique aux fonctions, venant de la théorie des ensembles.
quand fonctions doivent être applicables à elles-mêmes, comme dans le À-calcul non-

~\j'-'l;\)~'--f.L!.U naïves, sur la théorie simple de types, ne sont pas assez puissantes
'-"' .. L .......... V .. " ........... de graphes de fonction. Notre théorie inclura des références aux en-

des pour traiter ce problème.
est une logique clauses de Horn avec une relation d'appartenance E. Le

n, qui est un nombre naturel 2: 0, donne une borne sur la profondeur d'imbrication
'-"'L .....J~ ....... ...., ... '-· .... utilisés dans les interprétations. Par analogie avec [Whitehead et Russell,

ordres i E [O ..n] aux variables et termes, de telle sorte qu'un terme
comme valeur individuelle, et un terme d'ordre 1 ou plus grand soit un

les formules sont restreintes à des formules stratifiées: t E t' est une formule
.... '-''-'LL''' ....... '-"'ALV si test d'un ordre plus que t' et t = t' est une égalité admissible seulement

si toutes ses instances préservent l'ordre (membre gauche et membre droit sont de même ordre).
r'\r-.~.-r-.r'r>~..... le de Russell. De plus, tous les ensembles, représentés par des termes,

être non vides, afin négation dans ce fragment de clauses de Horn.
différence avec théorie des types de Russell [Whitehead et Russell, 1925] est la prise en

modèles non-standards. Dans notre cas, ces modèles non-standards sont des modèles
ne sont pas générés par des termes. s'accompagne de l'extension de la signature par des

.L"-fiL"-'V.J.'Ji,LU de choix, qui sont déterministes dans notre approche. Afin de distinguer des ensembles
ne sont pas déclarés égaux, nous ajoutons I'axiome de choix pour des ensembles non vides

L'utilisation essentielle des choix dans notre cadre formel est la
peut y avoir que ceux par des termes dans

étant donné un d'individus, nous définissons ensembles,
comme suit: un choix d'ordre 0 est un terme représentant un

"-'iLIJ'-..-.I..LLIJ.L"-' d'ordre 1 est un ensemble choix 0 et
- 1) est un terme un ensemble
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'L, .... '-...'-'.'LdLL'-''LJIJ aux en-
lU- ..... \.J..l\J..l.J.. .. nous ajoutons des

référencé soit représenté par
références sont des noms pour les
entre références et objets

construction graphes de fonction.
paires composées

ens ensens resoecuvemeru



2.

FIG. 1.3 - la ...,...,....,'



oliste: ens ens -> ens, ocreer: ens -> ens,
ocons: elem elem -> elem, tordres: ens -> ensens,

: elem elem -> elem

la .f>fl·1"'lf1,·n.f>T'1rll'n

6 1\ '<.J~,"",'.1.Lt.J1

et s , ord
x E s 1\ y E s Â l

axiomes sont

ens.
et

ocreer(ord) E oliste(s,ord) {= ord E tordres(s) ,
ocons ,ocreer(ord)) E oliste(s,ord) {:: ord E tordres(s) 1\ x E s,

ocons ,ocons , ) E oliste(s,ord) {:: (x, E ord 1\

insert(x,l) E oliste(s,ord) {::

insert(x,ocons , ) = ocons ,ocons(y,l)) {:: ,y) E ord 1\ d/, ,
insert(x,ocons ,1») = ocons(y,insert(x, ) {:: paire(y,x) E ord 1\ <P

nous p07..lVOnS n
comme suit:

E s {= x E s n s } ), (x Es} {= x E s n s t ).

E s n s' {:: x E s 1\ x Es')

on constantes nat ,ent, liste ens et 0
onCO't'YlflIO avec les axiomes 0 E nat, 0 E errt , que ent n nat soit
ent n liste.
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... ...., ............ '-'L ......... d'appartenance qui que l'argument
Eil-rl"n-r,nnr"n entre la déduction pour

repose sur les deux Pr'-.....-",..r-.""TC'

a déjà été mentionné dans la section concernant réécriture, il une tech-
récemment pour preuves par réfutation, donnant des systèmes réécriture

termes clos. technique s'appelle saturation d'ensembles clauses de
..,'J....I..LV..L'''-I'.J.l.. Puisque les logiques Rn et en sont des théories basées sur des clauses de

V'-'''--'Ll...Ll..A.'-fUL''--' peut facilement être reconnue comme une bonne procédure pour construire
'-';';"',L~.J.LA.L.L.L"--'U à présentations dans ces langages formels. Par conséquence, une pre-

vers d'une méthode de construction est de considérer une extension de la saturation
clauses incluant un prédicat d'appartenance prédéfini. sa-

avec contraintes, utilisant superposition basique, comme proposée par
et Rubio dans [Nieuwenhuis et Rubio, 1992a] et [Nieuwenhuis et Rubio,

est une technique de preuve très puissante. Néanmoins, ce calcul peut-être optimisé
le contexte preuves typage, qui sont très uniformes et fréquemment répétées.

de s'approcher la technique de saturation classique, nous prouvons premièrement
que règles de déduction supplémentaires (l'extensionalité, l'axiome du choix, la bijectivité

opérateurs référence et déréférence et, pour la logique en, l'axiome d'existence), qui
sont pour les logiques et en par rapport à la logique équationnelle ordo-sortée
de (abrégée OSE-logique, voir section 2.2) peuvent être remplacées par des

sans changer le modèle initial (voir section 4.2.1, théorèmes 4.2.1 et 4.2.2):
respectivement les systèmes de déduction pour les logiques Rn et en. Soit

clauses Horn ces logiques. Les règles de déduction, provenant de la
être remplacées dans ces deux systèmes par des clauses de Horn,

façon que pour tout atome clos L, nous pouvons prouver L à partir de P en utilisant
ou si et seulement si nous pouvons prouver L à partir de sans

de déduction, où est P avec clauses de Horn représentant ces règles.
La prochaine est l'élimination de la relation d'existence supplémentaire, qui distingue

la logique . Heureusement, ceci est possible par une transformation de clauses
section théorème Soient P un ensemble de clauses de Horn en, GNL

",-"--''-JVULV. et OSGL notre système de déduction pour la OSE-logique avec une règle de
'-' ..... ,..<J.L .. ;. .... '-''-' (voir Il existe une transformation =: d'ensembles de clauses de

J"IT"""")I le que pour tout atome clos nous pouvons prouver L
•./'-''-'L..L''-' ......... '-'.L... v si nous pouvons prouver 3(L) à partir de 3(P)

uuernreuuions aux

pas
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1 et et

est retutation-

triee
Les

sont entourées

nous sert

à contraintes et
assertion et d'une contrainte

Il faut remarquer, que nous avons
et Rubio,

comparaison avec un calcul
TAT"rY\L:lllfl pour la réduction

'-'u,....... v'......v'l nous ajoutons encore
nous clauses

qui des
V_LL'J'-J.L'-J.L.L.L'-JLJ sont par des règles
reuresentent une extension conserva-

clauses car elles
la syntaxe suivante:

la direction la flèche d'implication
lecture d'une clause casée plus

'--''-''-'L.... V'"-'>v''' prouvé dans la section 4.3.3

saturation par SU1)erVO..suion lUl.":'lII'IIP pour la UJl}UJ'/j',f::

.2.8

ce

avec f >- a "'lr1'11I..'L7 1..' suivants:

commençons la saturation avec une assertion pour la
t)IT-"I"n~'t>Y'>T la est:

être

E E

]Jouvons superposer la rtO'J" 'Y' ? 0 ,n--l t:)

E {:::xE

p que nous venons

saustaisani la
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Les

suivante est souvent rencontrée: soient ..:4 une sous-sorte la sorte f un
, .....,,' ........ '1Ar'>"'A'r"lT sur il et retournant un a une constante dans A et b

a == b est déduire
"-'''"'' .... ''-4' ...........'v .... '-" ..... ..., ci-dessus seulement

une congruence.
.--.."r['\~'V'o·Y''\''--'' dans [Goguen et Meseguer , 1992], où

'-'_'V~A.""'V''-''-J à prouver, ou bien en considérant

sortes et déclarations d'opé-
rvr» .. ,'Y\"..-. ....,"'''"' standards de la réécriture se

sorte
sous-sorte <
op

op

f: -r
: B-r

a:

: -+B
-rb

j

f

entre



Il
il
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ci-dessus, notre approche dans ce travail
aussi peu restrictions sur les présentations ordo-sortées que

1J'--' ...I'-.>.1. .../.L"". ue:u)\]e]m€~InlelrL.. nous essayons comprendre pourquoi quelques-unes de ces restrictions
réaliser un processus déduction complet, et troisièmement, nous

restrictions supplémentaires, pourraient être introduites d'obtenir une

être égalités (t = t') ou des déclarations termes
et le processus de déduction incorpore l'interaction

cette mène à l'indêcidabilité du typage, pré-
.1..L1.\jv.1.'L.\JvV.1. ...... '.1..L entre le concernant respectivement sortes et égalités,

non-triviales de termes. Ceci a deux conséquences
.I..U.v,ll"..,\.....LUU;UJ.';.ü en algèbre G. Donc, il est impossible d'ap

......., .... ,........ ""L'-' équationnelle par la logique de réécriture
réécriture (utilisant le filtrage), ainsi que que
sont indécidables.

iJ.L\...l.v"l..-·i\...l.(,AJUJ.J.ilJ'l....- .. nous proposons une sémantique opération
dans figure 2.1) basée sur une
et sur une traduction des formules

avec est pris en
sont des ensembles de sortes,

pour un terme. sont distribuées dans le terme
pendant la déduction. Manier l'information

terme une définition adéquate du filtrage
termes décorés permet de définir la réécriture

réécriture. premier type règles correspond
........, ... L ....... -...'.4. ......... .... en règles décorées, qui réécrivent des

Le second type de règles correspond
'-'I ....... v ........' .............. """_'J en conditionnelles, qui

structure des termes.
semi-décision de formules égalitaires

est résolu par une généralisation
s'applique aux termes décorés, en

\..1. ... 1..L.l1. .....·'-4:V..l,'--'.1.1. mentionnées ci-dessus. bien

LJ""--'u ..... ,~v~ que l'information
(i) contient toutes les égalités



" SI t être
sortes ont une sous-sorte commune ..

presentatron est et
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sort

op
op
op
op

B
A~B

f:A--*A
f:B--*
a: -+ A
b: ---tB
a-+b

x·· y:: B
x: B

:A

f(y) : B
a: ..4
b : B
a=b

rule -+x =x.

formules
ri "'"1"1 'T"1r\?"Y"1o '" colonne:

nrClTi'"l10rO colonne sont traduites en formules à termes décorés dans la

) :
:B

Cl : il
b: B
a=b

) = a~

-+ f(x:{A}ysU{A} if {il} r;l S

-+ f(y:{B}rsU{B} if {B} >b s

a:" -+ a:sU{A} if {A} Cl s
-+ b:sU{B} if {B} r;l s.

'--·'J'-/"'Lt:~\i"''J'''.L est >.J'LA>~jL&."''-''-'k en utilisant le processus de complétion, en la présentation
suivante:

if Cl s
l1V

if {B} !l s
if Cl s

l1V

if {.4,B} ~s
a:" -+
b" -+

a:{A} -+
-+ x:{A}

'-·>.J'-''''L~i~~'V''''-'''''''' saturée, le terme f( a:0y0 est d'abord décoré (en utilisant des règles de
il est réécrit en utilisant les deux dernières règles de décoration

remarquer que ce nouveau cadre formel, les restrictions de régularité, de cohérence
sortes ne sont nécessaires pour obtenir résultats mentionnés.

cette
en

avec Termes



22

une

est de donner une sé
transformant en clauses

) == ~r E ?

mène

le



2. Présentation Détaillée de la Thèse 23

3. Finalement, nous établissons une correspondance entre un test sur la présentation décorée
saturée et la consistance de dans le calcul casé nous garantit d'héritage
des sortes. test que la présentation décorée saturée soit finie.

TI faut remarquer que cette formulation des théorèmes est simplifiée, car elle ne décrit pas
comment se fait le transfert dans le résolveur de contraintes d'une partie du calcul sur les
inclusions des ensembles au niveau des clauses casées. Les détails, concernant ce sujet

être trouvés dans la formulation des lemmes et théorèmes du chapitre 10. Nous pouvons
déduire en le schéma de preuve donné ci-dessus:

saturation décoré incluant le test d'héritage de sortes, est réfutation-
'(J'--'l!lI'--"'t/,-_,til.' f9n"rn'1l~ICJl sous restrictions mentionnées en logique plus, si l'ensemble de

"'t1,lliJv'UliJl! une restriction supplémentaire syntaxique concernant les occurrences de
nous pouvons construire un système de réécriture terminant et confluent sur les

'zniaZ'L'ZatlS clos, complet pour la déduction de formules équationnelles, existentielles et
lesquelles tout terme d'individus est clos.

une technique de construction de programmes, incluant le sous-typage pa
ramétrique, Il faut remarquer, que le résultat admet des termes d'ensemble non-clos, tel que

x). correspond aux types polymorphiques dans des langages de programmation fonc-
tionnelle. Nous terminons cette section avec deux exemples. Le premier illustre l'utilisation de
cette procédure avec des règles typage conditionnelles, comme dans le cas des contraintes de
sortes.

P la '''''cv>/,n.r,,,,--TroTIl

19B1},
r.r.',.r·lI,rJ et

nombres ,,,,,",r<·r:'I<""T<.n

arbres binaires {Adelson-
>Ylro'1'nf9/~'nnlCJ est que la différence de profondeur

est au maximum 1. trait sépare les
sur les arbres.

<

yE



) s;

+8(0)
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.'...... 111 1·L.:iI·1 KI le casavec des polymorphiques.
.J.J-'--"--"CA'\.A.V'l mais pas dans les feuilles:

la partie des fonctions auxiliaires est
y en majuscules sont des variables

z E --,Y,

pr0 f (y )) ::; s(0),

+s(O)
), y E Arbre(~Y), z E

la monotonie des opérateurs AVL et Arbre. P

+ s(O)

utilisant

arbre_v'ide, O) la manière suivante
Y introduites par le filtrage:

termes
tonctunuiet polymorphique la

ezisteniteueïneni quantifiée. contrainte

c

ùU(.,'lJù/j~UUbL pour inaunaus. ou pour



ne sont pas
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........"',,"' ...................._ .......... Quelques théories types pas les définitions récursives de fonc-
raisons de prédicativité, ce qui est un très lourd handicap pour programmation.

poursuivre une autre approche, où les problèmes mentionnés ci-dessus
sont contournés. Nous utilisons des modèles facilement compréhensibles de la théorie des en

tYIJage dynamique est adopté pour la spécification et la programmation. Toutes les
formules ont à satisfaire conditions de typage statique simple. Notre travail prouve l'exis-
tence modèle initiaL représentations différentes pour les données et la distinction entre
spécifications et implantations sont développées pour ce genre de modèles. Ceci est très

adapté à l'utilisation de prouveurs de théorèmes par récurrence automatisés, qui aident à
prouver théorèmes correspondance. terminaison ne restreint a priori pas la classe des
U.J'...-'-'.1. ..l1.'-'~.Â'V.1.·""'.l.i.IJ, mais la construction de programmes inclut la preuve de terminaison, où l'ordre

pas une fois pour toute. Nous avons évité la À-abstraction afin de
terminaison plus simples que dans le cas d'un espace de fonctions

""-' ....,JL"-'V. même si on des fonctions d'ordre supérieur. Les modèles initiaux nous donne
"-' '...., "-./ ......... ,-'''- ... v une sémantique naturelle pour la restriction des espaces de fonction au fragment ac-

une présentation. Finalement, les définitions récursives sont admises et la
car nous prouvons la terminaison des fonctions construites.

Sous-Typage Types Dynamiques Programmation Fonctionnelle

Dans cette .J'\.~'\.j<J'''''J.LLa nous discutons le système de types F5: de Curien et Ghelli [Curien et
1990J 1 une extension F de Girard par le sous- typage, et les types

Cardelli, Curien, Plotkin et Rémy. Nous terminons en revenant
des qu'on ne trouve pas dans la programmation

Ghelli est un À-calcul avec les types et expressions suivantes:

..- t·l.. - ..

a ::= x 1

1 ..4-till <
1 Àx: 1 1 <

d'ordre supérieur (ou de fonction) A ---t B et des types
il contient l'abstraction ::; ..4..a) et l'application (a( A» de

LL.'"I .. I'-' .....,U""-'UJ........n et application termes et a(a)). Comme l'abstraction
F des jugements de sous-typage A ::;

inclut tous les types et top est une

jugements) : a : sous- typage A ::; A
La sémantique est proche de la sémantique .... '-4...I.'-'.L... 'lAJ.L}>... '-''-'

ordo-sortée par Goguen et Meseguer [Goguen et
dénotations différentes

par "-'..... ,-'.L........ p.L"-'

et expressions de
'-4...LU''v'U.UU.l.'OJ'.LL comme pour montrer

1. aurions pu choisir aussi bien le système de et al. et est très similaire
choix est arbitraire ne pas les arguments

contient extension conservatrice décidable du système de sous-typage de F'5.'
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'-N.LLV.L.LLL"-'.LL'JV'-'.LL ..I.'-' dans et Gn, nous avons remarqué qu'une restriction à la mo-
notonie simplifie beaucoup travaux techniques au des preuves. Nous proposons donc

l'antimonotonie des restrictions de fonction explicites comme proposé dans
[Qian, 1991], afin d'arriver au même effet, comme illustré dans l'exemple

1.3.1 f : A -+ prenant des arguments de type A et retournant
dans B, c une constante de type Ct, qui est un sous-type de

-+ le argument vient de l'utilisation de variables
il C -+ alors x(c) est bien-typé (de type B). De

nous pouvons utiliser f comme de x sans perdre ce résultat (appelé «type safety»
en d'admettre le remplacement de x par f.

sous-typage très complexe si nousadmettons l'antimo-
'tï't~L.)'rY}''JP'P argument. Par nous ne pouvons plus utiliser des ordres de

terminaison monotones comme récursifs 'sur les chemins afin de prouver la terminai-
·n'P,.,.p,rf'11'l"'O I.(;CJC;(J(j'è-'vv pour tester le sous-typage.

définir restrictions de domaine explicites en donnant les
et où z", yO sont des variables de sorte SO, F l est

fonction et Lyl, }r l et Zl sont des variables

E ) E

atniartenance du résultat à l'ensemble indiqué dans
le deuxième argument, le troisième définit le

rt a r-rv o a r: le nouveau d graphe de fonction restreint.
Donc, il est possible d'utiliser restreinii]; C)

c) serait par y avec < c, y >E x
conlme ~Vl(,U,ftV(,V/{;

'-l..l"-',,"-,U.J"-'i\J.1.L .. nous pouvons dire que F'5.: a été conçu comme
une version décidable du sous-typage) et

d 'opérationalisation comme ceci est le cas



un x et retourne x+1 si x une

x of
Ci: i+l
else 0

end

la ·""iY, ... <1 il' ""'Y' est -> Nat.

typecase.
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ensembles peuvent être utilisés comme tout autre objet. Comme nous
pouvons des graphes de fonction comme ensemble d'individus dans les logiques et an,
il est possible spécifier des ensembles d'individus dépendant d'une fonction (de son graphe) et
d'lun individu. Un exemple pratique pour un tel ensemble est celui des listes ordonnées bornées,
où l'ensemble dépend de l'ordre utilisé et de la longueur maximale d'une liste. L'exploitation de
ces au niveau de la réécriture a malheureusement dépassé le cadre de cette thèse. TI
\..,'-JJ,l..:Jli.1lJUL'I..- néanmoins une direction prometteuse.

et Structures/Classes dans la Programmation Logique

cette section, nous discutons les relations de notre travail avec les langages de pro-
U'J..L.L.L.L.L'-AJ\J..l.'J..L.L logique avec sous-typage et avec structures données (<<records») employées dans

orientés-objet avec héritage multiple. Nous esquissons le codage de telles structures
logiques Rn et . Afin limiter cette discussion délibérément, nous nous concentrons

sur l'approche de Hanus pour le typage polymorphique, les travaux de Weidenbach pour le ty
page dynamique défini plus haut, et sur les logiques de traits (<<feature logics» ) de Smolka et

pour les structures des langages orientés-objets.
Dans le domaine des langages de programmation logiques avec sous-typage, on peut citer

outre travaux historiques de la section 1.2.1.0, des travaux plus récents visant à intégrer
polymorphiques et le sous-typage dans les systèmes PROLOG, comme par exemple

[Hanus, 1989]. La différence principale avec nos travaux est la restriction au typage syn
et l'absence d'égalités dans les clauses. Comme Abadi et al., Hanus garde un typage

et propose un calcul de sous-typage algébrique, où le fait que A soit un sous-type
B est codé par B(.4) = La théorie des types est donc une théorie algébrique séparée

\,:>ü,;.ll\;Ul>J.'-JJ..l logique. Mis à part cette différence, nous avons adopté la même approche
concernant la séparation du calcul d'inclusion de types.

deuxième approche de la programmation logique avec sous-typage est celle de Welden-
[Weidenbach , 1991], qui est principalement un calcul de résolution avec prédicat d'appar

tenance. La différence avec nos logiques est l'absence d'égalités et la considération de clauses
restreintes aux clauses de Horn positives), mais le typage est dynamique. Les

'-_"'~'--4.'..." .... v:» avec une conclusion cl 'appartenance sont pris en compte au niveau de l'unification, qui
à la fois sur des termes et des conditions exprimant que l'intersection des types des va

'"--4. ............. '-''-~v est non-vide. Les deux approches mentionnées ciblent clairement la résolution et
non déduction équationnelle comme réécriture. L'application des procédures de saturation

Horn de ces calculs devrait donner des systèmes de premier ordre
.L"' ... ..L ...........' ..... u un fragment notre

autre approche est par logiques de traits («feature logics» ), qui sont des
ordo-sortées où termes sont principalement des structures, comme les objets dans les

champ une structure a un sélecteur, qui
informellement, la structure du terme

U,"--,..l''-'''-'V,"--,\.4.J,U mais sans le contenu champs. sous-typage provient de la subsomption
..." .... .L •......, .... .l.JL.-.U aux positions correspondantes: si l'ensemble des sélecteurs d'un est contenu

.............."" ...........L ... ....,.L'-" des à dans un autre type, alors le deuxième type
est un du Par à deux dimensions pourrait être

,y] où x, y sont des sélecteurs. et [couleur, y]] est un sous-type de
,y]. La logique que nous venons de et al. [Ait-Kaci et al., 1994}. Elle

a aussi été aux
nous orthogonale.



< LlltlkllfJUùt ... »>,

, x,

< CflA:LlTl,1JS\

<= x E xi
<= y E
<= Tït E

""" »»

avec

E{::: '111 1-' '1 Il J' l '1" P

E
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fonctions permet de aussi
des graphes fonction comme valeur d'un champ.

struct(nom_de_basei,sels_de_basei), i E [l ..m],
être réalisé en déclarant nom ç nom.de.base.,
deux Ceci peut être spécifié par:

5

seis.debase, pour i E [l ..m] appartiennent
raffinement dans le style de [Cardelli, 1992]

sélecteurs par sel_et_type(seli' que sel_et_type
le deuxième argument (spécifié par sel_et_type(x, YI) ç sel_et_type( x, Y2) -<=

.....,.L ...'-N..... ; ..... "-" .... .L.L'V ..... v'\ on associe un avec un sélecteur, comme pour les structures
afin des confusions entre structures anonymes avec les

La monotonie sel.ei.isjpe permet en plus d'exploiter le sous-typage pour
....., ............'........ ,_.., ....... dans sous-types.

que les et ne disposent pas d'un mécanisme
L"-"--',JL"- .... '-'''-' .. mais que nous pouvons assez facilement définir des

avec [Cardelli, 1992], où le système F<: (une extension
et al., 1991]) est utilisé comme base pour une telle

UtJ·vv.l..l.L'-"UlV.J.\.J.LL et de développement cl 'applications industrielles ont
...., ... u'"-''-.. ' ..... v durant les cinq dernières années. Elles représentent les méthodologies

clés pour sécurité, la modularisation, la réutilisation et les aspects légaux des
variété de formalismes et d'outils associés est déjà utilisée dans le milieu

'--".I~'~""LLlJ"''V OBJ, COQ, et industriel (par exemple SDL, VDM,

principales pour obtenir des programmes réellement
iJtJ'~'--''''.I..l.V'''''''V''''J'''.l.''''. Des logiques équationnelles premier ordre (cf. OBl,

'-'<J ... .L'J .... 'J'jL ............ '~'V"-' par une procédure de complétion qui oriente les équations, ce
réécriture exécutables. Dans les approches d'ordre supérieur basées

la spécification fonction est représentée comme
pour un témoin d 'habitation est recherché

du un À-terme exécutable
être vue comme une sorte de compilation sûre,

au que
.LLV',"-,,,,-"'-'U.I.\,IV le raffinement



Introduction

un
'-'.LJ..U'-'Jl• .L.1. ..... .L"-'.Jot comme

~~'-'.L~~V.1.'J.LL.LJ..v.L~ et d'ordre
sont plus opérationnels.

Uv.1........ J.J ... "-' ... LV moins intuitifs pour raisons

contenant respectivement les fondements théoriques
la partie, nous commençons par des

'-L.I..I.L'L.<.I.'-' .... LV'L.<"-' V .... L'--'''-'' .... .I.'-'''-' utilisées par la suite, à savoir l'algèbre
nous les techniques déduc-

des
de procé-

'-'\.1'-,""1..''''\..4.'--''-' par des assertions

calculs la construction
termes décorés. commençons le

termes décorés, incluant les notions
nous définissons le chapitre 6

déduction équationnelle et la
comment on peut obtenir

"-'U"-'.LJ.\)~lJ\J.1V'.1.'" '-A.'...., .........I. ..... '--'''-' en algèbre

le 7.
v~Jl.L... .L,,A.'-'.LJ.vv du système
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four different equational which give the cornmon formal lan-
programs considered in thesis. For each logic a model notion

a central l'ole in the development a deduction system. Hence, we
survey on model theory explaining l'ole of models from a historie point of

we come ta Abstract motivating initial models as our main goal ta
of the considered and finally ta an outline of this chapter.

a formaI language and a set of formulas built symbols from this
a is an of these symbols, s.t. all formulas in

set models are defined in a way, i.e, induction on structure
formulas, and a ... ....." ............ ,........ '-A' holds it an interpretation) ta true, but there are

rnodel definitions e.g. non-structural models for À-calculi and
a simplified sense that it ignores
it may give already an idea of what a model
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spec LIST IS

op nil : -) LIST
cons : E LIST -) LIST

op delete: E LIST -)
var x,y ·

1 : LIST
delete
delete

ax delete
x y

= nil
)

)
delete
cons delete )
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set of formulas are up ta isomorphism, up ta 'Pnr'~'Y'll"'I'Y'llœ

just initial model in the following. Note that this model T"f'"'-'I·nro'l.nne>

minimal Herbrand 'H. by the congruence by equality predicate in 1l .
.l.1..L.L.l.J..L"-__'L.4..I. •..NVv consequence is that any sound and complete deduction system classical

equational logics is complete for the set of valid ground formulas. However,
"' ..... 'V ....... ...,,'V .......' .... &. to initial models, inductive theorems have ta be considered order to be

non-ground ones included. In a deduction system, such an inference
typically has the following shape:

rules is an interesting research tepic on its own and goes beyond
already the deduction system without an w-rule is powerful

model in the case of first-order, equational Horn logics, since this
ground formulas. Therefore, sound and complete deduction systems for ail

initial ones, can he seen as a first step necessary to approach the initial model
is a conservative extension of complete theory by an additional (w-)

In Example 2.0.1 one may observe that LIST actually depends on since the axioms of
delete on inequality predicate for E. LIST shauld be a parametric ADT,

written LIST[E] if is at compile-tinte, is called gene-
or LISTeE) if is resalved at run-time, then called dynamic typing in the

context of object-oriented programming languages. usual semantics for the first is based
in category theory. For second, we may give a set theoretic semantics

r'L).r'l.T'lLll...' introduced towards end of this chapter. that the first is clearly
.......·.1.Li.VJ.'-, ..... v. at least at run-time, but nevertheless the second gets more and more popular due

'-" ...... "-" ...... "...,~ philosophies in programming.
sernantics is close to the intuition one might have from type de-

.. L LV in imperative programming languages like C and especially MODULA: new

.l ... ~•.L.lJ.J.J.-1.' U of data are created by type definitions together with record/variant (PASCAL,

or ( definitions. Something missing, however, is function types,
first-order nature of and pointers, are closely related to subterm sharing.

following theories and show as basic result,
model for any set of in formaI

J\.. lS partial

a sort structure
......,..... " .... -1.......,." ....... '-'1. to a "rOnC'T'I-rl,rr
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is 'U...LA.,..... V.J.'''''.LA.U may

,. ........."""'Y· ..1n1'i'"' over sets of arbi
1-.l' .... ""i'"'I"l11 in 1908

reformu-
.L.LA.UV'-'UJ"-A. of sets.

a set theoretic ..... "' ...~ .... 11'>?" .. rti'"' as a

correspon
""' ......... '-' .......,J'-' logic.

on deduction
and results in a more

ln

knowledge ln

...-...,.',." ...... T .. "".,,-,. of the various

are as a (~1

sufficient to understand

ta have

Stack
NeStack ~ Stack

-) Stack
Stack -) NeStack
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sort Stack
NeStack ::; Stack

var x::E
var y::Stack
op empty_stack Stack
op NeStack

in 1990). just give below the formal
sound and complete deduction system from there.

push ex, y) is a term '-4.'-' ......1."'..... 'lNVjl>..J.1.L corresponding to the rank of push in old syntax,
ta the old syntax, allows us now to express facts like i*i :

Int complex arithmetic,
Furthermore, functions are to he strict and partial, This feature is

..I.l.'l.,v.J..L'--.Li'-... '--.L by a predicate a value has to he defined. So, e ..g .. 1/0
well-definedness cannot be proved in the standard axiomatisation

can be proven to be well-defined and equal in the standard way

1

containing always universal sort symbol n. For a set of
..... ..L ....'"''' .... '-J .... L Lti•.Ju'Jv..l.'-k'\I..I...I.J...... to any variable a unique sort in denoted sort(x).

also F he a finite set of function symbols with
.... L LlL-l.LL OJ .......... to each element of F. ~ == (S, F) is

a variable x E or of the form , ..... , in)
set of all (2j, X)-terms is denoted by

arity condition, there is no
result from an (arbitrarily

..I.1.\iUli'L-\l..l'L-'UJ..I.. one. A formula in a

a term t.

ta ln sort """ ........ """OJ ........ declaration if

Ct == an t',

1. E is

2. E is a
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E

E

f' , =

p



2. OSE -Logics

t

t :

t = t'

t :

t = t'
t

U = 'l)

1L= v=w

==> t:f!
==> x:A
==> u
==> t
==> t

==>
==>
==>
==>
==> : A
==>
==> t=t
==> v=u
==> U=1V

47

2.1: rules for G-algebra

autornated theorem proving (cf.
as in form of specification and program-

,-rI'"'.~"Y\~'I.-r et et

~rr)1{:l'lTPrnP11T was a reduction in search space, due to sorted va
principal advantages are analogy mathematical

or reals and enhanced readability.
"-'L'-N'J.J.'\J..I,1.'-AJ.L Horn logics, a of one '-4.'--'.J.1..L1.'-''UL

to prove sorne basic results that can reused for meta-logical
[Whitehead et Russell, 1925]. Instead

we preferred for convenience to take
presented [Hanus,

s'S:.ss

u u
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an miernretation

E

E Z8 a s.i.:

E \

., ... , c if

a

r>r.~"\+ .... ~",.rt ln sorne Le. fA- has to he

Note furtherrnore
not play any role for

It rnay as well

A h : -+ V3a

c

E c

E c

E

if E

other words: must contain a greatest lower bound.



2.

two
a ~-homomorphism. composition is associative and there is a identity ho-
momorphism for each :E-interpretation and -homomorphisms

a category named Term :E are needed for construction

• = USES

III-' Il'IIIr-'II as Hnl,HIlI."'.

1 sES}. V)-term

E u u , ... , : SI •.. ,Sn -+ s) E ranks(f)
and E [l ..n],ti E SiT},

S. Z8 muumai.

E if : SI .•• , Sn -+ E

x ... X

if

E : SI, · .• Sn) E

= 0 if p is is 111--'11'111--'11 as diagonal on CT.

is 0) - term interpretation, the
in te rpre ta tio ti.

}\ of ~-interpretations to homomorphisms from to A.

Lemma 2.2 .. 4

, ... , ), ... , whenever



come to

JL"J'JLJL ...... , ............. evaluation, \ve prove the following:

), ... if , ... E

ç . Further-
E Dom(fT~ ) by

~-homomorphisms, Le. E

for sorne sES. E by definition

).

induction

o

), ... , )., ... ,

same its

, ... if ) is a ( .. , E
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/\ if are

Ci for ail

fJ \=OSE G.b FOSE L wnenever

i E [l ..n] andif Ci is a

if L f- G is a

{;

i E [l ..n].

.. b

ail {) a

Given a set of X)-clauses also
V.L'-N'-4. ..... ,.-u in Pare valid in and =is interpreted

aIl models ofAX)-goal G
for ail E

as set ofobjects.

Substitutions, Sorts and Deduction

to define substitutions.

~-substitution a is a ~-homomorphism a T(X) into T(X), s.t. its
The set of sucli substitutions is denoted by

is uix, Dom(idx ) = 0.

following Lemma, which is verysubstitutions and ~r~rtnlC'

of the ... ""-,.-r,,",,ro-r

definition
the initiality

notion of ~-homomorphism of variable
Lemma 2.2.4 itis sufficient ta represent a substitution CT by the

T'-.. i ..........·..., ......... mapping E Domio i, since on ail terms in T(X) is uniquely
o is called instance of another object 0'

exists a substitution a E SUBSTE(X),on condition that aIl T'-4J ...... 'l-V ..... ' ......... u

s.t. = o.
Fron1

a X)-goal, a E a

o

8' = boa is a

... ))

... .t; . . . ) E

... )

if every



Ctuuntre 2.

E 18 a

if a E

if

u

if s tf. U , ... ,

2.3.

atmnea a

...L..L.l.J...LJ..L'-_'-4...L~~V'-' consequence o

it or not



53

proof is an induction on
premiss(es) of a rule, we show the one

~f"L-''''''7''7'''"Y\rt.' in the inference

of the rln-r·i,,{Tr.l1"1r"t.'Y'l

the conclusion.

Since lS a model of we have POSE L {::: G therefore
L <= for X)-variable assignments 8.

If 8' is a X)-variable assignment, then
'lAiuu ....J-. ..................'-· .......v~ and due to Lemma 2.2.8, we get 8 POSE G whe-

A, 8 L and once more by Lemma 2.2.8,
8' /==OSE A,8' POSE a(L) {:::

for all X)-variable assignments
condition guarantees the existence of such a 8.
because of A L {::: L' .

............... ......,"-"'L'-' assignment 8 with 8 /==OSE

is trivially sound. Otherwise, we know that
consequently 8 G Â L', which

8 POSE L <= Â G'.

and all X)-variable assignments have
and the interpretation

x 8 POSE x = x for aIl

r.1:rt'"\T'I'·'l.r"lr1Ar1 semantics [Smolka et ,1989;
X)-variable assignments 8 which satisfy

Furthermore, if 8 POSE G,
{; G Â C', we also
X)-variable assignments

o

L<=



Chapitre 2.

o

one

we know that t-OSE

ail u being subterms of
........ "L ...... ""V................ hypothesis. Otherwise, we can

X) -<=, giving us
Gill ç

..., ........JV ...... ' ........... ,L>J U t and respectively,
u contains newly inserted t in

by induction hypothesis and
adding one more

an terni t E ZB set:

E

An
of r» 1 ri» 1 C! ~J C' zn

E s == t

u == v, u==v
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length proofs r-OSE s = t {:::
respectively, are strictly smaller than the one

X) L[t] {::: G 1\ C'. s = t is sort preserving and s, t, urs] E

for all subterms urs] in by the induction hypothesis. Now, Lemma 2.2.16 gives
L[t].

o

s = t}

E U 1 xE
)] 1 E

E .T}E St ,

s.t. w.r.t. ç,

E ... .sn -t E then:

x ... X

, ... if E [1 E

E : Sl, ... ) E

X ... X

E 1 ( .. ,

more ...., _J

For
E

E ET atom s.t. is a u

Lemma a E u = t; Le. 0. 0
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but those terms
prooiematrc term occurs

free
quasi-equivalence

1_'1'tl'T''1nnlt::J assi-

sorts P be a

prove that all clauses in
fJ is a (T~,p(X), X)-variable
there is a (T~(X))-variable

OSE and V~L'~~~~~~

defined by fJ(x) = [x] for

IGI-times
definitian of

any b for an application of Lemma
.... h ..... +·1iI+"'8+ .. ~r?..1iI+~r after arder

we have ta

L a (

zs
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defined E

the shorthand
,...
in this proof.

, Le. C

if (tf, ... , E Vom(fT) by
since the deduction are sound and we

\,vnpniPVf1l" we can find a assignment
4> whenever (:E, and

versa.

remaining condition :E-homomorphisms, Le. V[t] E

induction on term t, t = ,... ,) ft] E

are SI .. 'Sn, sES, s.t. : SI,'" ,Sn -+ S) E ranks(f) and ÂiE[I ..n][td E SiTe

induction hypothesis, we E and therefore fA(h([tl])' . . . ,h([tn ]» E
must map ., ... ,

is another ~-homomorphism

on [t] E

h = 9 can he shown by
, ... ,tn ) . Hence:

in)}) = f;\-(g([t 1] ) , · • • ,g((tn])
= fÀ(h([t l ) , . . . ,h([tn ]»)

· · · ,[tn ) ) ,

....... .L"-'L'-A"-'V ... ..., ...... hypothesis, which provides

o

3

....... '-.&.'\.." ..........L ....... '-4. membership
nesting depth up to n, sets
G-algebras, or can used

.1.U.1.1.vV.1.'V.1.J.U as higher-order .......... ,............. Jl .............JLV .....

set valued



n < b

n < b

n < b

18

Op : set indiv' -) set
bstack : set indiv indiv -) set

op create : set indiv -) indiv
indiv indiv -) indiv

pop : indiv -) indiv
op : indiv -) Lndiv
var : indiv
var E · set
var x,y : indiv
ax x E bounded_stack(E,

x E bstack ,n)
ax E bstack(E,b,
ax E ,b,s)

b,n E nat
y E bstack ,b

ax pop(push ,y)) =
x E E b,n E nat

y E bstack ,b,
(push Cx, ) = x

x E E b,n E nat
y E bstack

on

x)) E f
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r : ref
cl : d eref
c : choie

Rn -signatures

reason
t.erms.

sort structure is to start Russell's theory of types up ta
.. .:Luu ...... ,........ "-' {so, ... ,sn} is the set of sorts. Then, So stand

if i E [1..nJ, then Si is the sort for terms
Therefore, sets Si are called sets of

respectively, sueh that s~ stands for ail
, i E , for ail sets of sets of etc. (i

a term, This allows us for example ta
"-A.i.LVLL .................. .LL it is impossible ta represent ail of them as

references ta abjects (Le. individuals, sets of
sorts so, ... ,Sn. The intuition for referenees

ta. Renee, references are in bijection with these

nurnoer 2: o. :E is an 0,-'>[ -siqnature
snr} U ... ,s~}, and S;s is minimal, s. t. for

if n > 0, F contains following [unciions:

• i E
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n:

1 sa),

: so--+
ones of the oreaetinea

) == {(E: S1)} andranks(==) ==
, ) 1 1

SA , S1' S1

: sa --+ (suce : so--+
sirice it is no more reqular sorts( s( 0))).

E nat Ç=, E nat Ç= x O E is an

restrictions are because of clear separation of sets
sort preservation of in static typing many-

functions are in or der to get a characteristic for
a term. They also a role in constructing initial modeL

treatment of these choice functions, which classically have a
ta deterministic for technical reasons

ta handle non-deterministic functions). restrictions on
it impossible ta define a choice. the non-determinism

U..LJ.\~V.L'-J..LJ.tJ correspond f.
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k E is
sets and choices of

term renresentmz a set
k -1.

k - 1. set

S-sorted variables and P an R n _

A pzs a

zn sense of [lVhitehead et .L{,u..a~::n....lf1C1.

.,.'."_1-/",.·•• "·11 sets

a

i represenied by a terni,

i E is a set of stnuuocu: names L-UI{;(;UlJ/l;r:.~u zn

'lS set aIL fIIh"'I)flltOC' order i + 1 uinenener

a any set in as argument (choice function)

over E a set order i and 'Y'tO'tI)I'Y''lnl)'t1ln ils

is ils inverse 't't";Y' <r!, ,r,. ...... on

sets in

<p means <p is true in
~-homomorphisms.

Rn-illodeis

kE

and respecti-

ln
1S one
axiom



if m E

if m E [1

if E

if E

2..5: ta

version as

E

E

/\

)

{:::: Cfiooses ) E

it not

are



3. 63

p an c is l

and

E u

is muutiuu w. r. t.

, ... ,tq ) ] 1 (j. /1
, .•• ,Sq --t

E [1

E if , ... , E

E

)== IX ... x q

if E

)==

, ... ,

LelTI1TIa 2.3.8 P

Instead of and IR,p(X), we will
start with sorne more technical results about the latter

shows that result of chaice functions
applying choice function to an

can he proved equal.

('Il E iff 'V E

to be sort-preserving
sa

E



kE E

E

E

for k - 1.

-rr'l'''''''YY\,''~T holds if vve use the ......A-"........ ""v ... '-" .....

holds for k.

consequence

Now .. assume k > o.

lerm

u )] 1
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o

for prove by induction on that for ail [t) E
0, then this is trivial since sk' = . Otherwise, consider
E7rs (6 k- l ), lemma fol1ows induction hypothesis, or

are t~ E 'I',» s.t. [ti] = [t~], for i E [l ..q]. the latter case,
.......-e- ..... .n.,,",~,,", guarantees us that ti EtE by definition of T s •

2.3.11 Let V < ofor m E [O ..n), then is an Rn -model of

for any ft] E sfn and m E [l ..n].
X) choose(t) E

E [t) definition of [t], and
=-equivalence elass.

Rn-interpretations.

rank. conditions, sinee if f has the rank
III III k b d fi · · fSIX ... x s q' we mow y e nition 0

Lemma implies, f(t l , ... , E

s.t.
-t and ([tl ], . . . ,

[f(t 1 , ... ,tq ) ] E S"l.

is defined.

foilowing. The fol1owing statements are easy to verify:
as terms sÔ, set of individuals renresented

a terme terms E for m E are interpreted as sets of elements of
nL-l' Le. choices of order m and sets of arder m - 1 if m > 1 or individuals if m = O.

tm r E for m E .n] and ail t'O E T'o(V) \ (TO(V) UmE[O..n] Tmr(v)) are
i.e. finite, symbolic names. Final1y, those in \ Tm(V) for m E [I..n - 1] are

as terms representing choices of order m + 1.

T Sm guarantees that is non-empty for ail sES by Choice,
relation. Choice also guarantees that (tm)l is non-empty for

subsort relation is respected by 'definition.

C ,if s' ::;s S. Furthermore, ref( tm)I = )] is
{t m ] E , tm E i.e. rej! is total on sfn by
is total on derejI([ref(tm

) ] ) = [tm ) and
and Lemma for all m E (O ..n], refl is

corresponding
ta be used in this

o

L a



fact is an

show

.JJ-6'V 'UlJ 2.3.9.

.. ,h'([tnJ))
... ,tn )])

, ·i E [1 to , ... , o

............. '-.- ......... il'-' ... - 2 .. 3 .. 14 UJ\--,t>l(J\.,l.(1 as toiunus:

to

c c
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Figure Calculus

to

E

But

E v E

clause.

from to we may define

sm ç
tm ç

ç 'Um {::: sm ç 'Um 1\ t m ç «-,

lJlJ''''''''-' .... ,AJ.... ~\-l.~.\.,...,\J..I.'V~.\.lÙ .. corresponding sorts and axioms saying

four additional deduc
type

happens.

is an
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{:::,

Tt == 0 and:

n

o
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are added
can also seen as

respect to the use of

,1A.L'-'LA.\JJ,"-JLI.'\...F"-L'I simple Rn-logics stem from naive set theory
valid formulas cannot lead to Russell's paradox,

1988]. These observations make us optimistic
in specification domain.

an algebraic point of simple Rn-Iogics compare best with many- order-
1000nnT'':lC' [Goguen et Meseguer, 1992], already implernented via rewriting, for instance in
[Kirchner al., 1988a]. However, simple Rn-Iogics provide arbitrary terms as sorts and

l'lA"'ATf,",'l'A surpass these approaches by far expressivity. Polymorphie order-sorted algebras can
seen as a fragment of simple R1-Iogics. Simple Rn-Iogics are also very close to power algebras,

i.e. unified algebras with set interpretations [Mosses, 1989). A slight extension of simple H":
logics by explicit singletons provides initial models a fragment of power algebras (although
weakening unions and excluding the empty set). One may say that Rn-Iogics unify ETL [Manca
et 1990] and unified algebras, while preserving models from total G-algebras [Mégrelis, 1990],
which are actually a fragment of G1-logics.

untyped, simply-typed and second-order polymorphically-typed À-calculi have already
been successfully specified [Hintermeier et 1995b] in full R3-logics. The resulting set-theoretic
models provide function graphs containing reference pairs. References can be seen as analogous
ta the projection functions used in A-calculus models like Pw [Scott, 1976]. There, continuous
functions over domain of finite sets of natural numbers, are converted into elements
of Pw and in order to obtain refiexivity of Pw as domain. Reflexivity of domain
then allows giving a consistent semantics to untyped À-calculus, where functions are self
applicable.

Universal algebra with higher-order types was developed by Meinke [Meinke, 1992], based
on general models introduced by Henkin [Henkin, 19.50]. Meinke proves the existence of initial,
extensional models in equational theories following Henkin's observation that many-sorted first
order predicate logic deduction is complete for finite type theory with respect to general models.
Our differ from in [Meinke, 1992] in that our formaI basis is set-theoretic rather
than purely algebraic, and a uniform treatment of typing and higher-order functions is presented,
going beyond Church's simple used approach.

Polymorphically-typed À-calculi like Fd have shown that provide interesting features
for functional programming. Martin-Lôf theory and AUTOMATH deal with types as with
values, provide a amount of uniforrnity and hence formaI simplicity, Constructive type

can development verification. of
type theories
been investi-

~'l'nrr'l''\·'t''''''rY1''T'\r'l'[Odersky,



a

functions in
to

r>r-.?"Y"\~IATAI"(T defined over individuals.

to he an individual. an-logics seem
utJ,..,\...r.1jl.L'-,C-,lIV.1'-J.1.LU than Rn-logics.. are

of a term t using an additional

set intersections. our
together with of functions

non-empty (partial) intersection n

x E s Ç= x E s n s' x E 5' Ç= x E 5 n 5'

x E s n Si <= x E 5 1\ x E 5'

No,v we can constants nat, Irrt , list
axioms 0 E nat 0 E int
.. '< r ... '"' ~ ,"> ...... n int n 1 i st is Ilot rT rT ,., ~T rT r-.

can also he seen as
et where strictness, as

to a simplified definition of equa
we may use one equality relation only instead

more:

p not

E c



4·

s' E c if s ~s s',

s~ ts a 'fJ.tJ'IJ.-t"'TfI.'Tnn set of uuiinunuu.s.

i E contauis only 'IltJ~IJ,-"~lJ1,'JfJt,'1l sets , s.t. t E

• E is a set ;;'U1ftO(nZC nomes conunnea

• zs

x ... x is a partial

a any set in as function),

, i E and 'Y'oj-'1I'r~n'1,yln ils

E

E lS as on sets zn

...:.. lS as

niteroretauons is written -Interp(~). A be a Gn-~-interpreta-

'-.\J-L-L"-AlJJJL"--' assignment is a function fJ : -+ CÀ, s.t. b(x) E if x E X s '

A Gn-~-homomorphism is a function h -+
,nr-ll)')I)'I"I)/'),1Y) 2.2.2

m ranges over 1..n k over O..n.



if is a t

if m E

if k E

if k E

if {:= EPis a (~,

if a E

if m E

aE (j is
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s.t.

ofP and

all x E If x ~ Do'm((J ), then this is
Otherwise, we know fJ( (J( x)) E CA,

E , since a(x) E Tsort(x) and the range
'-'v ....VV.1.'--'.1.I.V of function symbols. 0

sorne kind of G-Iogics as a starting point for Gn-Iogics, i.e, a slightly
"·.l.L'lAi.1.L\..~'-''-A. version of OSE-logics, including WellDef, and SubstConform instead

Substitutivity in its meta-Iogical axiomatisation. However, we started with
Rn-Iogics, because we wanted to provide a basis for comparisons and
new components, keeping changes as small as possible. Now that

this should be no more necessary and we can give immediately a new
slight changes w.r.t. the rules in Figure 2.2. As usual,we

'-''-''-......... ''-'c ...... ''-','-''-' for Gn-deduction. write == for meta-Iogical

ui. Î. t.

2.4 .. 5 Lei P Cl in are sound

premiss a clause is satisfied
induction on the deduction

i.e. that '\Ix E
deduction tree.

.............L'1 '-' name
................ ....,VJ" A .. on
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.LL1.'J'U-'-'.LU A 18 eiement

-. ...... ,.'r .. "'.,.-,. 2.2:

Gap
a tHFlr.r>?Fl/"l/o assumment

... ))

o
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2.9: .I...J.1..L'-'.J.'-'.J.1.',"","-'

current
If n = 0,

tm by the
in and
any sort of a variable

terms.
the

structural induction on t;
E for all subterms u of t, Let t

-+ s) E ranks(f) for sorne s ::;8 s'and

E induction hypothesis.

since A has to fulfil ranks of function symbols,
given arguments.

and choose non-emptiness of A and

sort Sm+l for
stands far ail

ernployed

to terms in set of all I;-ground
terms for which we surely know they have to
semantics of satisfaction in Cn-logics, in particular

us infer ), . . . )) E , is
no more syntactic as this was

is 1 as lIHln111.~·

E .)

E
E



if

E u , ... ct

EE [1... ~ tq )

E E -+ E

E x ... x . ,tq ) }

)= if E

E

)=

and respectively. In
we prove that term inter-

for typability

).

t = t'.

can
.... .L'-' ... L'-"'-' "1 any

=v ( E vE
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o

(

kE

E (

E (2)

E

references to .J1.J'-'.L..L.L.L.LJl'lAJ 2.3.8
to replaced 0

ta

....... ....., JC'-N 2.3.10 in order ta prove that is a model of P.

we can

'-··tA./t/vltt'""v\.", term a not necessarily ioell-sorted term
sorne sES. t E

vee have to replace
operator [1 has to

o

..... ".... .............. ,..... ......,...... 2.4.13 Let c m E [O ..n), is a

our preconditions we get the non-emptiness of
statements are easy to verify: Ali denoting terms

set individuals represented by a terme Ali
nt. E [1 are as sets of elements

m-l if m > 1 or individuals if m = o.
E \



L'<.!'-.A. .L ..........•... .LA-'J to prove coIIIpleteniess

........ "-'.1..1..1..1..1..1. ....... 2.4.12

a L a

.............. ,Af.....'-'J-.'-''-... u ta corresponding '-' ..1'--'.,"-,'-'.1. 'L/ ..LLL

.................... .1..1.-1.. ......., ....... 2.4.13 instead of corresponding

a For
-t A.

references

on

-t E
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bi is either L for one or 0
~C'C'r'\rl':lTl",Tn as usual axiom).

Assuming s ta for

to illustrate we a axiomatisation of the 10-
_ ... A"J ..... V ...Jl.JLJI. ... function ln to natural numbers, i.e, funetion is whenever both argument

result are natural numbers. Clearly, this is a partial funetion, sinee ln is not defined on
zero nor on an numbers that are not a power of two, In arder to simplify task, we represent

natural number E}~R represented by
zero and the dot is just for eoneate-

omit parentheses around binary numbers
suecessor function on binary numbers, we

seo) == L
s(O.b) == L.b

s Cl.) == O.L
s Cl.vb) == O.s(b)

(bl.b2).b3 == bl.(b2.b3)

In(O. b) == sen)
In(L. b) == 0

In(L) == 0

b.b' E zeros
o E zeros

{= Ln Cb) == n
{= b E zeros

{= b E zeros Â b' E zeros

set zeros contains only sequences of zeros. Note difference between saying:

In(O.b) == s(n) {= == n

In(O.b) == s(ln(b))

axiom says ln is on an numbers starting 0, implying fur-
InCO.L.ü.L) is cqual ta s(ln(L.O.L)), which is a non-sense theorem, because

none of t\VO terms are Remark that former axiom eircurnvents this trap by the
.~r.Y~-''''''"\'''~J''''' of Horn allowing for no consequence if the premise is not true in models.

In(O.L.O.L) is nat equal to anything, sinee In(L.O.L) is neither, because O.L rJ. zeros,
sinee L rJ. zeros. also illutrates a way ta effectively with this specification.

and

remains
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•
1

~.L"'\-'.L""""""'UI.'VV~.'\J.L'" ta term rewriting based on universal and order-
notions techniques used in the sequel of this thesis.

term out general algebra, followed by sorne
term an overview over this chapter.

the main of as discussed in introduction
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2.

for decreasing,
which we show a part allowing to

suzzest a
in case of ".,.·..,.r...-.-. Tl, r-. ro,............., .... , .......... r'l""

extra-variables in 1.4.4.&, .... LV''''' ...... '' .... 'V.&·..........

innermost strategy for

2 errn

Terms

occurrences, and generality
are consistent [Dershowitz et Jouannaud, 1990b; Smolka et

Itl for the number of function symbols occurring in a term
t; VOcc(t) for set of all variable occurrences

"-AI.A.-"'-""'-'JL'V ones in t. g, tl, l, r, s, t, u, 91, ,11, rI, SI, t l , Ul, ... stand for
notions concerning unsoried matchinq, unification and term rewriting

those in [Jouannaud et Kirchner, 1991]. Notions on completion, equational
'Y"Crt '111'1''1 il 'YI ,"' are consistent with [Bachmair, 1991].

T'O'1'·l/rt~no'rrÎP"r'/ will also used in an extended way for sets of incomparable

occurrences Let 0,0' be such sets. Therefore, t(u]o stands for t with
occurrences w E 0 and t[u]O[V]OI for (t[u]O)[V]OI. Furthermore, the occurrence orderings
.."'n.,t-.· ..~','('F"\ ta i.e. 0 is incomparable with 0', written 0 X 0', if all

occurrences in 0 are ail occurrences 0'. 0 is smaller than 0', TTT""'1,~~r.......

if E 0 3w' E 0', w.~ w', etc. R.emark that in general, two arbitrary given 0'
incomparable nor greater /smaller. However, this is guaranteed for singleton

occurrence sets. the concatenation of two occurrence sets 0 and 0' denotes
set of occurrences {w.w' 1 w E 0 E O'}. Finally, if for all w,w' E 0, then tlo

for ,w E O.
Let .) set of variables occuring in the syntactic object(s),

For a substitution cr, the domain is de
this is not as usuai function demains},

variables in the image of the variables in
for set {t 1 3x E Do·m(cr) : a(x) == t}. Mo-

terms occurring in an arbitrary structure p and subterm_set(p)
of terms in briefiy recall the most basic

signature which is usually as



'.0.

, ... ,

, ... ,
===>

/\

===>If
if

/\x

===>
if x E

/\

===>JF
if x E

/\

===>If
if EX

/\t

===>
/\

3.1:

ordering, 18

are surveys on
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Le.
'..--(JUl!«tVI«t if R is by context substitution,
.. t' . e • ) for any substitution (J any function

is is and if
>- on terms containing R, is

>-}. l\ reduction relation R is locally (ground)
implies (t1,t2 are ground and) tlR*(R-1)*t2. R

terms t, t1 (R- l ,t2 are ground and)
.a.J,,-, •• t/.fl:i1.AJ ensures all locally confluent (ground)

hand-sides are linear and whenever
'-''-'f-J...., ..... 'VL.A. ..... _ instantiated hand sides are identical,

"-''-' .............. '-'1.'-' ....... " .. even without

A.LVll.."'"",, '-1.1.""" Sorts

short) one may distinguish between
Meseguer, 1992; Smolka et al., 1989;

nrm-rnvert.aa.aen C'Jé)'T:nn'rï7'1i
C

' Q in the following. is in fact a spe-
an order-sorted algebra with non-overloaded

symbol as relation.
same way as in unsorted case,

.......... "'"'-' v "-"' ............... _, L,LLLJL..lLv'-AJV..l.'J ....... equations over well-forrned terms.
for the existence of a most general

we additional restrictions,

for any unification problem
.... ...., .............. '-' ........ of sort 81 and also well-formed of sort 82,

8 :::; 81,82, s.t. t is also well-formed
and minimality 8 are given

r>_T"Y\~In.T.nITT to in second-arder

tree automata can ta decide
L.L ....... Cl.L L v""" ".L.'JJL.L of classical

< f:



.-t b:-t

{
-tb

zs sort is not

is

iEI
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wereGU IJllC;U ifwerewas not applicable.
principle:

the definition of square andtimes of Exemple 1.1.4. Clearly, the equa-
t imes (x, x) is not sort-decreasinq if oriented lejt-to-riqht, solution sug-

1991 bl is to the rule by:zn

(square(x) ~ {= times(x, x)

is function of Nat into Int and z is of sort Nat. Remark that
C'.tÎIY~"'_rl'Y'O'2o<r1"'intn if we discard the subsort-orderinq.

technique is interesting, in practice the injection functions disturb the
of equations. A better way would he the consideration of order-sorted conditional

One 1110re thing to mention is the difference to (quasi- )reductive CTRSs [Ganzinger,
Jouannaud et Waldmann, 1986], since these variables are in general not predetermined

existentially quantified. This would, in general, force us to use narrowing in order
test satisfiability of a condition. A sufficient restriction that allows us to circumvent narrowing

18 use of strongly deterministic [Avenhaus et Lorfa-Saenz, 1994} conditions, where one side
is irreducible.

2 Strongly Rewriting Systems

vve a class of 3 CTRSs which is particularly interesting for us
t--.r.,"r.",,,,,", it may occur as the result of a program construction using the techniques described in

intuition for definition of quasi-reductive, deterministic term
below from [Ganzinger, 1991b; Avenhaus et Lorfa-Saenz, 1994] is that

1..4.(..4J~)i'-'.LLU in conditions 111ay be evaluated by reducing one side only and finally matching the
forrn side the other side, which gives the instantiation for ail extra-variables

latter side. However , there is sorne non-determinism left that avoids a critical pair
.l.'-'.L.1. ... .L ... ~.•lAi .. due to reducibility of the non-reduced side. Remark that in general DTRSs variable

top self-overlaps of rewrite rules may lead to divergence. This is the motivation for
"-'L)"Ji"'~V"''''''._ to strongly deterministic DTR,Ss.

a slight weakening of the definitions restricting the orientation
............ .l.L"-L.... lJ ... '--'.LLU to those equations defining extra variables ..

unconditional oriented equation is an oriented pair of ierms, l ~
unconditiotuil equations, possibly

1\ . .. . ,Um' == . It is operational

1. >- S: j S: i imuues

oriental
set of

A deterministic
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2. a(Uj) !: a( uj) for 1 ~ j ~ m implies a(l) >- a(1'), a( Ui), a(ui) for i E [m + Lm'].

A term v is strongly irreducible if a(v) is irreducible for every irreducible substitution a. R is
called strongly deterministic if for every rule (l-t 1') <= ÂiE[l..m](Ui ~ ui)AÂiE[m+l..m/](Ui = ui)
in R, wch ui fori E [Lm] is stl'Ongly irTeducible w.r.t. R. A DTRS R is called strongly
deterministic term rewrite system (SDTRS), if all its rules are stl'Ongly deterministic.

ClearJy, strong determinism is undecidable in general. However, there are sufficient condi
tions that are easily decidable.

Definition 3.2.5 Let R be a DTRS. A termu is called absolutely irreducible w.r.t. R if for
al! non-variable occurrences p of u and each 7'1tle (1 -t 1') <= r, 1 and 111 do not overlap. R is. p

absolutely deterministic if for every ruie (l -t 1') <= ÂiE[l..m]( Ui ~ 'ui) A ÂiE[m+l..m/](Ui =ui) in
R eoch ui for i E [Lm] is absolutely irreducible tv.r.t. R.

Absolute determinism implies strong determinism [Avenhaus et Lorfa-Saenz, 1994]. Now, we
can define a term rewriting relation giving an operational semantics for quasi-reductive SDTRS:

Definition 3.2.6 Let the set P of decorated clauses be a qtwsi-reductive SDTRS, t be a ~

ground term and C = ((l -t r) <= ÂiE[l..mj)(Ui ~ ui) A ÂiE[m+l..rn/j( 1li = ui)) be a rule fron?
P.

TI . , b C' .. /') (" pue' , f' h f. 'len. t rewrites ta t y" at pos/tlOn pEL cc t), tOntten t ~ j;' t,la 105 a mate el' a
t l agoinst l. s.t.:

l'

• fol' i E [Lm]. Œ,(U,)---"l' ui' and if tau is a matcher ofui'~? ai(ui), then ai+l is Toai,
and

Let us finish this section with an illustrating example for a strongly deterministic term
rewriting system realising quick-sort (cf. [Avenhaus et Lorfa-Saenz, 1994]):

Example 3.2.7 Let ft be a constant for truth, ff for falsehood, natuml numbers be constructed
via s (successor) and 0 (::ero), as usual, lists of rwtuml numbers be constructed via nil and cons
and pair be a constructor for pairs of lists of natuml nwnbers. Then, a naive untyped version
of quick-sort for lists of natuml nwnbers can. be formulated thl'Ough SDTRSs as follows:



3. Terni Rewriting

{= split(y, x) ==
qsort(Yl) == Zl,

== Z2,
'( / '\ '\appena zl,conS~X,Z2)) == Z

== tt,
X2) == pair(Yt Y2)

{= leq(xt, X2) == ff,
X2) ==

-tZ

-t

-+

-ty

-+
-+ tt

-+ ff
-t

3 Rewriting

In section vve illustrate how order-sorted can used to restrict evaluation strategies
to into TRSs. First , vve show how the evaluation strategy

an unconditional, ground confiuent, terminating term rewrite system R may he implicitely
"'-""-'v ....... '"-''U'-'-L to innerrnost evaluation, This is in fact a simplified version of the transformation of

ground confiuent, decreasing CTRSs from [Hintermeier, 1994J. Finally, we discuss the expressi
veness of SDTRSs and outline ground confiuent may he transformed in a similar
way as ground confluent, decreasing CTRSs. These transformations have two purposes: they

us ta reuse proofs from the unconditional term rewriting theory for the conditional
e.g. for completeness proofs narrowing procedures, and they show in a constructive

way that mentioned do not give more computational power than un-
conditional independently from although they allow us to express things
nl0re ....... >J ''.J .........J.......

1

using ordered
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\.A..$...L"~V"""-".$...L C''t·''"YY'>r''\f"'l<IC'' of n.

'--'.-"' ..........~V .... ,J ...... '\ since it can always

, ....

"'-'L. ... ..,v .......... _ .......... .., ..... rules. A rewrite derivation

sorne terrn t in

at t in w ta
can partitioned into sets Fn

are not which is not an
renarning of syrnbols.

<
1/ars S; Terme

show now ta construct
ta he (S', F') F'
Er)}, Firr is a

sarne Additionally,
narnes do not occur

Tf"'l<II~'t1[T1rlrf' ordered sorts:

( .



3. zoressroeness of Term

term:

i E [I ..n]:

is a match, otherwise in
...." ~ that the size of n'y is linear

'J >-.......... ,......,... set of rules and this set of unconditional
......, ...... 'VV.J~, ..., .. i.e, the function Jean only he if

sort to contain all
for any operation 9 with

in the following

, ... , ... ,

r. :
\1 :

==/==:

-t
-t Bool
-t

-t

-t
Terms -t

x ..

1\ -+ -+
V -+ -t



s.t. =1= f we can use

--+
--+
--+
--+

1\( ... 1\== .. ),

if T y --+ x if x y--+y

as

sitions

merqe :

<
<:

none:

--+
--+
--+
--+

'L/'J '-'U'L/'L/'L/'J'J --+
--+
--+
--+
--+
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-t Z,

-t none,

-+ 'none,
-+ none,

-+

WI,W2 .. Lrr'I'erms,

assumed to be
always

steps

right hand sides of equations for solve can
since we are only in ground confluence R'.

returns a problem of sort second step consists in
necessary to decide if there is an ambiguity in image for a variable.

Consequently, match and merge assurning VI, v2 ::
Zl .: and Z2 .: Failure:

nil))

~ WI,

VI == V2 1\ 'Wl ==
if (VI = / =

), match(z2) -+ Z2,

merge(none) -+ none,

-+
~ WI,

~ W2, 'merge(soZ,ve(vI ::; WI, z)))

r esuccess or
'--'~.J',L~v,,'-A, by constants:

variables.

~/max times application of nierqe on z, Therefore, we

to Bool X -+ Rernark that as long as tnerqe
tncrqe has disappeared, the result is of sort

definition of merqe is also the reason why variables need to he
ta decide difference VI = / = V2, which is not possible with

match and
4JL'-' ... ' .... ..LA.~• .L ... .L_ f E F, x ::

second



x

axioms are as T_II_"<1ITrt·

Zl Z2 -+
Zl Z2 -+ Z2,

(t

a bottom-up evaluation
decreasing, ground-confluent CTRSs,

ù.ll~::::::.lç.u0'l one Inay notice the transformation
a way,

2

'-".......,'"""""' ... """ ..... may seem ta "-' .. ~'J"-' ... L.'-"-

but at least s: .....,...................", .......

it is
cannot express more easier to

express a function in a confluent increased
So vve have to distinguish t\VO points every may he

provided it is a programmer's
........ v"' ... 'J>JV"L .......... ta have the right to express using or something

it in a ground-confluent term system.

'-'''-''JL..L''-''JV'--''-"- a of arguments
in following. way to a

construction of a Turing ............"'''-J...........L'--''l



3. Formai Expressiveness of Term Rewriting 95

compilation may the one of an ma-
numerous implementations integrating functional and logic programming para-

et Warren abstract machine -rt."f"1nr-'I-rt. ....",C"

impractical, since abstract machines typically use static memory and we not know of
the corresponding code in form of an unconditional term rewriting system.

orthogonal, Le. left-linear and non-overlapping necessarily terminating) an
f\·'f1"""' r» T',.Yf\ transformation was in et Klop, 1986]. case of a easily safely

a non-linear generalisation of orthogonal CTRSs for rules containing at
rnost one a similar transformation can be found in [Giovannetti et 1987).

J. Goguen and J. Meseguer proposed a transformation non-linear canonical CTRSs
et 1990] using additional arguments and explicit strategy restrictions, but without

detailed proofs, contains a transformation of arbitrary ground-confluent,
decreasing into canonical TRSs.

functional-logic programming domain, [Dershowitz et Plaisted, 1988] and [Dershowitz
et Okada, 1990] discuss use of transformations of conditional into unconditional equational

In Dershowitz, 1989], a transformation of conditional equations into
in context of narrowing, Le. it is possible to backtrack when a

contrast ta work presented in this paper. [Sivakumar, 1989]
a for the purpose handling non-decreasing equations and for the

detection of infeasible conditions during completion of CTRSs.
transformation of first-order logics into discrirninator varieties, Le. algebras containing an

'-''-'''' ''v 1S in on work by McKenzie and Acker-
Burris Jeong also proved linear reducibility of first-order logic to

.......... '''' v '-A' equational (unpublished) transformations ,vere used by Chtou-
termination domain, however, without

OS-term rewrite systems in
we have to add an additional sort

as in [Hintermeier, 1994], which contains terms
reducible after instantiation with a substitution

prevents us from evaluating subterms of the right hand
sure are smaller the termination

than the instantiated left hand

with another different label:
"-''-' ......v ............... additionally Fiz = {!i z

1 f E F}
-t any f E Fn .

on

)-+

assume are since any '-''J.l.L~'''V..a.'J"l.L
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<

'-''-'...................... V ............ L .. additionally

< x FrozenTerms

ta '-4. ... .L.c .... '-"'"' .... ~

_""" ..... -e- .......,"" 3.3.1:
u ...... ,'-Ju ..'.A.v ...... v ... ''J ...... '-' .. \ve need another axiom scheme

Cl
1

assuming Xi ::
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it in a term of sort Presuccess,
to merge obtained matcher with the currentone in the first argument

which might result in a term of sort Failure, if the current substitution
.............. 'VV...,'L""-'~ image than one computed the unfrozen matching problem.

vve can return last argument of try-cond-then-else, sinee the condition of
is not Otherwise, i.e. when merging was successful (result of
)., we can perform a recursion defrosting the next matehing equation in the

is none vve may return third argument, Le. the right hand
fol1owing operator profiles:

18

next next : -t
is a new sort standing intuitively for a of pro-

Le. as a consequence subsorting, the empty match pro-
nil is also of sort M atchPbList. auxiliary functions may be reused entirely as they are

has to be changed is axiomatisation of try - cond - then - el se,
the version in Section since there were no conditions, and [Hin-

conditions were syntactical equalities instead matching equations.
The axiomatisation of try-cond-then-else is by on of

......... "''"''''"-' _ problems condition. that applying a substitution to a member of the
in a the form t ~ t', where t is of sort and t'of sort 1rr'I'erms.

normalisation t, term of sort and the matehing equation

y

x --+

y' ..
l' ..

-+ x.
-+

-+ Z2·

following:

terminating, ground

(t

ClrlY Cl territ a UU{/ltUIIC,-UIJ eoanuuion in R.
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In theorem proyers based on sequent calculi and paramodulation using
techniques and constraints. therefore start with an overview over the origins of these

proyers in proof before \ve come to a brief overview over similar provers and finally an
overview over contents of

as origin of clausal theorem proving,

rlTn,O'lï''lrfT-f}r°C' is a collection

Takeuti, Introduction of

we can also observe that proof
consistency proofs. former are useful to prove

proofs. latter are interesting for

standpoint underlying proof theory. following this point of view, farmalising
investigating the structure of proofs should help to find properties of mathematical

origins of proof theory go back to the beginning of the century. D. Hilbert and
'''T.-.. r .. -.~.' program [Sieg, 1988J are the roots proof theory, but one might also see axiomatic

[Jech, especially Principia Mathematica [Whitehead et Russell, 1925], as a
to theory, in that were the first global attempts to formalise proofs in

extremis one can say that geometry as developed by the ancient Greeks is the real
Hilbert 's approach was further developed who was first to prove

Peano and led to a branch of Gentzen-type proof

.LJ.'J.'-"." ............. -. at most well-known results
concerned with eut-elimination

allowing to restrict
mathematics,



term rewriting, going
but not least , to sequent

is a consequence of a
generating a congruence,

.Ll..L'-JU'--,..LO .. if a is CO]lSl~3tent ..
first-order intuitionistic logic,

succedent. In our framework, this formula,
to be a positive equational literai.

semantics implication, as defined in
the implication

use also a
separates in a clean way deduction rules from side-conditions

a The satisfiability of constraints in our calculi is
distinguishing between deduction rules and constraint solving rules

a computational part from a semi-computational ealculus. This .......... ,-''-A.,A. ... 'UlI

us one case to reuse of a ealeulus
constraint solution is more

a constraint may be post-poned
1...,,,-t-.-..-n,0'V"'0 ...,.-t-1 ..... ~ is available.

"-"-'-'.IL " ....... of Clausal Theorem Proving
.L-'''-" '-''- J '-·v '-" for conditional equations [Kounalis et

paramodulation caleuli, which go
examples for ease

to
tool to

deerease
following

>-

w.r.t , >-

~ v is >-,



1.

>- v,

s not occur

it is a strict superposition 1n"ta-rL::\nroa

paramodulation and
.................... ""'... s......... et Rusinowitch,

superposition is known to incomplete [Bachmair et Ganzinger, 1990].
[Bachmair et Ganzinger, 1991; Bachmair et Ganzinger, from where adopted

of a superposition calculus with selection functions on negative ........ v,....... ......,..l.....

\..-.ùLJVJ.,1.U.1,..l1.l::.. redundancy notion are introduced. main difference to the calculi pre-
...... ..-.,."' ...... rt" et Rusinowitch, 1991] and [Rusinowitch, 1988] is that superpositions are also

performed into the antecedent of a clause. these additional superpositions are also only
necessary if the literaI into which superposition is performed is maximal in the corresponding
clause. This is nothing else than a restricted kind of narrowing during Knuth-Bendix
completion of conditional equational theories. unfailing completion [Hsiang et Rusino-

1987J were developed the unconditional case in order to get
'-''-JJlLLt-J' ....'-'~IV theorem proyers.

A further improvement is now to use cornmon restrictions of narrowing procedures in the
context of superposition calculi, in particular the strategy [Hul1ot, Basicness means

occurrences of as for a superposition step are no more
to further steps. completeness for basic superposition or

iJ\.A'.Il~.IlJlJl'J'\...Il\.4..Il~\J',J,""""-l,1. .. depending on authors, was proven independently by NieuwenhuisjRubio
in et Rubio, 1992a] and [Bachmair et al.,

1992}.

a brief overview over the basic definitions and results together with
et Rubio, 1992b}. The framework

equational constraints in the [Kirchner al.,
complementary constraint solvers, e.g. for ordering

et Rubio, and to to syntactical sort structures, like
very well-structured proofs in [Nieuwenhuis et Rubio, 1992a;

we focus in Section 4.1 on this calculus, which
et Nieuwenhuis, 1993]. In analogy,

t..J"-N,J'-L.L""'v ...,'-".L ... of a set clauses up to redundancy

V-LL"-,'-"-L ''-'-I..&..&. proving for
to closer to

close to .... ~"..."" ............. .rlI

Nieuwenhuis et Rubio,
is furthermore implemented
we call superposition

.,. ......" .... r'......~ calculi.
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,...""y..-...,..,("\-t-.",..,... lS one of [Nieuwenhuis et Rubio, 1992a}. this logic called
clause logic. interpretation 1 is a on ground terms. It satisfies a ground

denoted 1 FHCL L {= if I -;. r or else 1 n r =j:. 0. arbitrary constrained
is satisfied by 1 if all its ground instances are satisfied by l , a ground

insuirice.ciause of a constrained clause C is a ground instance Ca s.t. (J satisfies 1
U~'J.LU.ll.'-"..J a set if it every clause of S. A clause C is entailed by a set clauses
., if every model of 51 also Remark this represents a restriction to reachable
( called term models.

includes initial semantics for Horn clauses, since if a set of ground clauses is
ULI.J\i.lU.1.Lv'-'l. by all reachable models, then it is also satisfied the initial model (being a reachable

direction (from the initial model to all reachable models) is trivial by

1.2

following definitions stem from [Nieuwenhuis et Rubio, 1992b] and are only slightly changed
in order to allow a parameterisation for the used satisfaction relation. Let tt be the smallest

in the simplification ordering >- and (>-mul n ) denote its (n-fold) multiset
R.ecall >- has to be total on ground ternis.

Dft'1lftT'1/)'l'ï t c:::: t f a clause L {= r is {{t, z},{t', t'}} if t ~ t'
if t c:::: t' is The ordering on ground equations in clauses is by

on their multiset expressions. The ordering >-c on ground clauses
on the multisets containing the multiset expressions of their

equation is called maximal (resp. strictly maximal) in a ground clause C
if e ?::-E e' >- E for every other equation el in

As usual, we assume initial set ofaxioms contains only clauses C [T] with empty
constraints, written C continue with the definitions of [Nieuwenhuis et

1992b], indicating dependencies on the satisfaction relation FLog of a logic Log with
'A"""'-.I'"o<L<.>U'--..'"-'I. inference J( and prefixes, respectively:

..J'Pfl'll'l"l·Il suostituuon a is irreducible w.r. t. a set of ground rewrite rules R if
'1'nr,~'1r'nIO X zn domain of a. A normal form of a ui.r.t. R

s.i. ) is a normal form ui.r.t. of a(x),

r'T,.",,,,,r1 instance c:::: s {= r of a

t -t s if
Then D

1. D

zn t >- s

4. a

considered here,



zs

R a set

c E v~,w~vv~v tv.r.t.

a sequence sets

of it
E

~4

"''''f''I'T'fOf' v(;"~)U!'JvV4 .5. t.:

u
\

is a sequence , ... sets

of a
'-''J ..._... ''-'.L'U. ......~,'J.L ... can

'v ....... '-' ......... '-'.L.L. ... proving derivation, if in
~""'.A.'U."'-,'-''-4. from irreducible .. T ...... ~·..,.n,"'ro

1r an

f>,(î,)'Îf>II)'C''1',(î'Y} C (j sorne Fl'T"rl'1I'llIr1

zn
l'J ....... 'V ......A. "-A.','''' ...... if every

prove sorne consequences et

c is



1.

o

as .i..L.LL.LLL'-__'-4..L ....... "'''"-' conclusion:

a clause C
s',T}.

definition of generation, vee know B( x) is Rc-irreducible for ail x E Dom(0).
......... LJcL.L .............. \ve know that sB is Rp-irreducibIe.

B( x) for x E Var(s', is reducible a rule generated hy sorne clause instance
similar to lemma, the left hand side l of the rule l -t r

C' cr cannet he or equal to sB, since otherwise B(x) t sB and therefore
x E Vares')) or similarly ro r c ~ s'O) (if x E Var(f) - recall that

'count contradiction to the definition of Log-generation.
well-foundedness of . 0

\== Log C

derivation .
instances Di for i E),

.................................. J ......... 4.1.10 Let
instance C in

'-''Ji.1.v.l.~:.A!''-l.i.vvi.·'-'.l.1. .. assume the clause C is minimal w.r.t. r c
are no such instances Di irredRpoo(Poo). The cor-

1t.J .......... ...., ... ...,' v '"-' ...,... v , since otherwise C were in irredRpoo
k ~ i, there exist instances D~, · · · ,D'm,

C with C r c Dj for j E (I ..m']. Since C
therefore the Lemma holds C.

o

o

Lemma .12 zs



sorne

sinee
.,.rdl ......-,;'rl'~."..",.... sections. This ealculus

1.A.'-tI,J.J.'J ....A.'-tI.J. constraints, are UI.A. .... \I~1IJ..I..'-'

a solutiona,s.t.:

ta >- .sa >-

(c) ta c:::::

strict

a a, s.t.:

ta >-

ta c:::::

?
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if f =1 9 or m =1

::; 1tl! 1·if 0 <

if x, y E

; A constraint for unsorted unification

use orde-
1990J

may state

zs l-a,eatlC~j~On from any set of un-

o

_f,r'"r'"T\ 4.1.2 we start model

Lemma
cotiiain

s.t. not

is a minimal
distinguish



we can an .L.JLJL.L,'-"' .... ,-'.LJI. ...''-"'

15 is maximal in Ca:

since we may equality resolution to
ln"tCJ.'f'L:lnr'CJ. leading as before ta a contradiction"

Ca. l==HCL ta ~

implying reducibility

'l.4JtJtJ~""'~"V.J.'--' rule is --1- .s'(}

tal u =
superposition into

u



1. Introduction

u

of a clause [true]
Rpoo U {DB'}

IS \....VJ,HHi~lJc:.UlJ. o

However, to extra-variables
not head of clauses, we cannot use as

1991b; Jouannaud et 1 6J in general, since
not predetermined and therefore existentially quantified. Renee,

us ta an evaluation order that avoids narrowing steps.

ihté)nr-,o,rYl "1"'11,'11'1"11' derivation, ichere is a set of clauses

not belonq to Poo.
instances clauses and is an SDTRS, then no

goal {= t = X for any çroutul term t in Nli.

conditions in SDTRSs guarantees we
restrictions variable occurrences

proving derivation, Po is a set of
not belong to

rt o m o r-rt r o m rt !)'Y1DTrt<Yl,n,OCl of clauses PR is an SDTRS, then PR is

'--'..L"'~..L '-A.'u ... ..LJ.1,;.. instance of a quasi-reductive conditional equation
.'lA'..L..L......,"J' .... ~....., are instantiated with minimal ternis, s.t. the condition

U(AI\i.1V..lU.> in conditions can be done reducing only ground
are matched against the non-ground member and the resul-

L'L''''I IU'~LL'-,'-'" ta equations in condition and the right
next or, if ail are solved, returning
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'extra'-deduction
'-4."-" .... '-A.',.,... ...,'L"-' 1V·'"~.. ',~r. atoms

following set

) E ) E
}

replaced t\VO

other rules

p



2. neaucuon of Rn-/Gn-to OSE-Logics

• the premises and L[t] {::
hence P t-RNL 7(L[8], 8 = t)

4I.A.JL~'-4.&JI..Il.'lU'''''''\ULAL'-A.'''JI.,",''".a.~ we get

o

2

if P is a en_presentation,
LJ''''' /''' 2.4 without Choice,

Gn-Logics

defined as for Rn-presentations and GNL
and Ext.

l"rô""".,I"IT to Theorem

substitution in
to left direction is triviaL Let T he a ground

{:: r a ~-clause. From left to right, we prove as
ml and t-GNL- in m2 steps, using

induction on m = ml + m2. We
applied deduction rule" in p+ t-GNL- {=

induction hypothesis and hence

• induction hypothesis and

has ta he replaced

t-GNL-

....." that
that

r( a(L')) .
the conclusion.

""'''" ..... ,... ............. r< ....... that P

composition.

eut, nÛr'>T'Û1rTî 4.2.1.

o

... ,,"' ........ <.4' .....'" that Axioms case m =



112

a

: ~ Si+l

consisting

x .. ).

new constants

assuming

... ,

atoms L.

3. {:::

and x does not occur in r
E plus

u E 1 C E urt <

atorns L

should he immernaterv subsumed ones from memoersrun rules.
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only a clause L {= r {=

clause may additional conditions variables x
occur in L but not in conditions are always fulfilled, since X)-variable

assignments fJ for Gn-Iogics are functions fJ : -t CA-, where is carrier of A and
x to be interpreted as E lemma now follows from the fact that

for ail for Gn-clauses A Fcn C is just a shorthand for fJ Fcn C ail variable
c ,....,

"-NV"-'~>-,.J.L.LLL"""'LL'''U o. u

We come to theorem of this section.

L a qrourul I;-atom p a G'<presentation:

order to number of different cases ta be considered, we prove t-CNL- L
) t-OSGL 3(L), which implies this theorem by Theorem 4 .. 2 .. 2. T be a ground

substitution in P-5fU B5T2:(V) and <= r a ~-clause.

From to right, we prove that p+ t-C1VL- L' <= r in ml steps and t-GNL- T(r)
using only variables V, implies that 2(P+) t-OSGL B(T(L')) and
E n for any subterml l t of L' by induction on m = ml + m2 + m3,

number of steps needed for the conformity proof of T. distinguish the
last applied deduction rule l 2 in p+ t-GNL- <= I':

least sort of t, This neaugence is harmless intouowm Q' - ceoencnnz on

know 3(P+) l-oS GL E ft by the induction hypothesis. Hence
r(t)) since S(EX is r(t) E fl.

know that 1-0SGL r(t)), where =(EX T(t)) is
E D, induction hypothesis and hence we get t-OSGL S(r(t = t))
PartialReflex). result for subterms of t is subsumed by the induction

. Furthermore, I-GN L - T(r) holds
Hence, by induction hypothesis we get

) E fl)xE'Dom(r)). Now, we can apply foIlowed by
Substit utivity in order to get S(P+) t-OSGL S(T(L')) and E fl by definition

Rernark additional premises in S(L' <= w.r.t. L' <= r are of
~r E n are covered by proofs of T(x) E n for ail x E 1Jom(T), since T

for x E Remark these proofs justify
rt~-r.~ .. T·.r.. ..... of

•
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we

E
...... L ............. """V..L ...... '..LL hypothesis

3( r( L[tJ)).

T'-N..L.Il'UlJ"",L'-' occurs

t-G1VL

t E n has no premise and
the conclusion of a clause without

atoms. 0

e :=: on

base case = 1.



2.

superposition calculi is
=tt. prove this is

if we put the propositional .L\..4..L.Lv\i.L'-'.LLU

P be a b-Rn-or
codomain

- or -signature with n' = n +1.
ts by an equation the shape

p= Pt-GNLLiff U{tt=
oouunea from L by replacing non-equaiional atoms

=tt,

'--' ........-'_.......... -'_'-"-""'.1-'-'-"'-'1 \ve reuse previous transformations for the replacement of set
'-"-'-',.... '-"-"-'V.&."·..LL rules, case of we know by Theorem 4.2.1 that P t-RNL L

..IlL"' ....'-""'--''' it is sufficient to show t-OSL L (p+)= t-OSL

size of deduction tree. From left to right, we prove
implies that t-OSL {= I'". The proof is by

rttroT1-n,n'.,.,10y\ the cases for the last applied deduction rule!" in

is nothing to change.

same rule to the induction hypo-

{= in m implies that t-OSL

forgetting aIl literals of the form tt = tt
=tt , ".. , except

t-OSL tt = tt reflexivity.
..-1 .. +<1- ........................ + cases for last ..... 'Y'1.... I'ir.rI

• same for tt.
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\vas '-.4.'-' ........... "--'''-4.



3. Clausel Theorem Proving for Rn-and G't-Loqic

,-c;\.t U<'l>li.H..Jl.l.ü as .A...t. .........'JL '-'V..LU .. we come Im:meUl(Jl,teJlV to

Rn -iheorem proving derivation, where Po = p+ is a set
is consistent if and only if the empty clause belonqs

does not belong to then l=Rn

same as for (cf. .JL.,l ...... ..L..L..L..L..L~l'-'V 4.1.14 and Theorem 4.1.15). 0

......uv .........'-'·V.L~· ... .L to sort-preserving is necessary, consider the following

we do not a weakening rule as in [Walther, 1983], sinee ail equations are
furthermore that multiset expressions for equations are defined literally in

Section 4.1.2. associated constraint solver is shown in Figure 4.2, which
unification in regular from [Jouannaud et Kirchner,

u.....,~.. .L .. '-4...... .L'-' • .J'-' and completeness follows from work ofM. Schmidt-Schauss [Schmidt-
[Waldmann, 1989b] for a similar system for order-sorted unification).

is a function assigning a unique index for each variablc'" s.t. index(x) <
x) < sort(y). furthermore that the Abstract-rule can be deterministic if

signature is also coregular [Goguen et Meseguer, 1988; Goguen et Meseguer, 1992], but in
it is note Renee, there may be a disjunction of constraints, corresponding with different

solutions equational constraints. In order to keep the framework simple we do not extend
purpose but simply assume that such a constraint is normalised into its

............. Jc ..... .L ........, ... form and then several copies of same clause, each one with a different
normal forrn, are

nrooiems of order-ncmetnoer the example from introduction illusiraiinq
non-sort-decreasinç eouauons:

s.i. A :; , arity(b)

B-+
{b : -+ B},

(a = b)}

= f( a) = a = b, which is in contradiction
is no superposition possible and hence, P
Theorem 4.3.1 if we forget about the sort

-+ (a ---t b)} and therejore

sirice Ri> ~HCL ({::

a +--Rp f(a) and
C01~njUe11Ce for correspotulinq

superposition inio
principal problem

case is f(b)
is analoqous

if non-
n'r&.)Cp~"'1Ul'T'II1~n implies sort

'Yl'Y"I'''lhl,t:>n1r C are completely avoided

nememner that X is denumerable.
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=1- or m =1-

< xE

0< <

sort

SB.

if

or
Il
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ta cope
following

defined as follows:

p={ y)) : ~ tt -<= x :
: E ~ tt -<= x : E ~

y: St ~
y: St ~ }

y:
y:

y)) : ~ tt is than x : E ~ tt
y)) : E ~ tt is qreater than x : E ~ tt

case, we >- E and in the second >-
using muliisets: {pop(push(x, y)), St} and {top(push(x, y)),

than both {x, E} and {y, St}, using the same, total precedence top >-
since set ternis and E are then subsumed by pop(push(x, y) )

Hence, consiste in considering equations of the
~ t l

, S. t. fp is a function introduced by .=, as the multiset
we implicitely think of A(t) instead of t : Remark that this allows us

use set in membership conditions, as this is sometimes necessary for
Elnnr"y)!)!}')r, 'TJFl'T'Fl'irnpj!',",,' sets - E as a replace St in the exemple by St(E).

con

motivates following definition:

maximai nesting depth of a set after eliminating
L-fJU,lJltt.J'lltù p by propositional fp using .=.

fi i, t}, if t is a terni of sort lourer than s~ with

top symbol is a propositional function fp, e(fp(tl,." ,tn» be
t l,· .. , fp, ii.. · · ,tn}, except for terms of the

t, t}.
then the (Gn-)multiset expression of an

it is {e2(t),e2(t')}.

the saturation calculus for Rn-logic, once
E for i E [I ..n}. one might

extension by
it is easier to find a

c~on onecan
"","1""\.'''',",,''''~'Y'\rr in the multiset

colon

way:
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concatenation consiructor.

p

>- s >- 0 >- tt

ç 18 an

rtememoer the remarks on intuitionistic set in the introduction.
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a U'J.L'-4.VJl'JJl&. (J, s.t.:

ta >- sa >- and ta ~ sa ~

{:= I"a andsa ~ is ""T-.n~""'''''''''''' maximal in sa ~

is "...,...,.. ........... "..... maximal in ta ~ t ' a {:=

2.

ta >- ser >- s'a ,

s] has a ground .., .... À ....... ..,~, .... .L ... a, s.t.:

sa ~ s'a is maximal in sa ~ {:= rIa and

(c) ta ~ La {:= ter ~ tl a.

:3.

sort t is or to si, 'i E .n +
J'JJ.\..l.UJl'J..Ll. a, s.t. ta ~ maximal in ta ~ {:=

4. C':H.lbUf.;LUlt zn

sort t Is
18 ..L.Ll.Uul....L.Ll..L\.A;.L

, t =? t '] has a ground

u
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a c.onsequenc.e

ç

SU1JeïVO~,'lt2;on inio prove together
ordering '-'....., ...... ...,v ..........~, ...... v ...... proves the same ground atoms as

therefore more has following shape:

if a is unifier sand tlu

L is any ground L;-atom.

V a set of T'-"J.L.L'-"JlU'.'-'-'tJ'l

C

r(r=) in m2 steps, both
L-i.'-"-L'--"-'VVJI.'JLL on rn = ml + m'2.
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<= (t
t' , conclusion, a
induction hypothesis that

= t', , which us induction hypothesis over (s = s')= <=
that p= r-OSGL= r(u(s = s'))= and therefore Paramodulation r(u(s =
into r(a(t[s'Ju = also p= r-OSGL = t'))=. Now we can apply eut in
ta r-OSGL= r(u(L'»)=.

o

.L.J,"-'.LLLLLJC'-'J 4.1.14 for 1lCL:-logics and the NR-calculus.
LLL'-".I.-LLV'-"LlJ of investigated equation are equal.

HPF}'Y'p'rn proving derivation, where = 2(P+)= U

l=Gn irredRp oo (Poo).

In order ta
(\v.r. t. >-0) instance

cases

Cu E irredRp oo is a minimal
s.t. Ca. We distinguish the

1. lS s.t. ta c::: t'a is maximal in Ca:

ta is tt and en -tautology resolution
'-' ....... ~-' ........... "~'-' a strictly smaller clause w.r. t. >- c
= tt <= I=Gn (ta ~ t'a) <= r and the
using en-equality resolution in conclusion.

w.r. t. >-c since ta : ni >- tt and therefore

2. s.t. ta ~ t'a is maximal in C1a :

o

ta >
Lemrna

'-"'-O."........... ,....C"-A.' ....... ""l since either ta is tt and therefare en-tautology
which generates a strictly smaller clause

<= ta: ni = tt} (L <= ta c:::
smaller w.r.t. >-c, can be derived
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sortover OIO''rnJl:;l'YlT

usean ....,........"'.....LJLv .... ....,

to

us

moment.

an

pop



3. Clausel Theorem Proving for Rn-and G'r-Loçic

our v ....""· '4 V '\,....v

Nieuwenhuis and Rubio, a Re(lnf~nI

comma in succedents, whereas

as in 4.2 give

t) a solution a, s.t.:

sa >- >-E sa ~

sa ~

(c) ta ~ <= I'.

2. strict basic

LI'J.J:."-4.VJl'J ...... a, s.t.:

ta >-
) sa ~

(c) ta ~ ta ~

3.

1], ?
a

?

a
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cache basically
r"i.Tr....... ..-v'\ {"'l of a or its

in cache.
in write cache,

are consequences strictly smaller premises.
a clause that have disappeared due

E S in [5] L {:: rare redundant since
ignoring them in

that the application of cache
\ve chose in our

the conclusion,
presentation. Consequently, the

nrl:lnîlCn can replaced conclusion.

1. write

a
s.t.:

, .. .,

2.

E a-



3. Clausal Theorem

U {tt ~ tt}, P is a en -preseniation. A
en-theorem proving derivation if for all

asertions Sare validlcased clauses.

umeneoer P ,. ft

, ... ,

soundnesswe start
~'t",'J'F'\""'(""F'\ transformation of r'\-rr""cAnr ..\'i'"'lf....nc

ÇC3, recall also the definition
from Section 4.2.4.

and its

-uresenuuion; Any sequence of cased clauses Po, , ... obtained
is a cased G'r-theorem proving derivation .

........LV .. ''-' ....J''-A. of the expressions given in Definition 4.3.10, \ve may prove the ones below,
hA,("'\.TOf'\."YY"\C 4.2.4 and 4.2.5, together with soundness and completeness of GNL

tîf'\f'"J"f'\"YY"\C 2.4 ..5 and For all E S and ail ground substitutions (J' satisfying
are instances E s.t.:

.. 0'

induction on
since all assertions

applied inference rule:

inference steps from using OC3. base
Po are ernpty. the induction step, we distinguish

strict
a a ground solution s. Cn-deducibility of

consequence of Paramodulation, eut and the induction hypothesis. For
is induction hypothesis.

is a direct
E suSI

,

ground a satisfying s, assume
-"--"-'-' ...... '-'.'-'"'1 by induction hypothesis on the first premise

Consequently, by we also
......,..'-'1. ..... """ ... _ ...... hypothesis

by



-tauiotoau resoiuuon zn C01'1CtuSl~on

Ethe claim is f'r'\'UL:\"t'nrt

~OSGL f'a follows frorn induction hypothesis.
is satisfied through the conditions of the inferenee rule.

.1.,LI.'\.,L V·V..i. 'i.1. hypothesis, we know that whenever Po ~OSGL (L', f')a for sorne ground
u ....... JUU.1.u V.1. ·i..l. a satisfying T', then ~OSGL La. Furthermore, we know by the indue-

1J'-J·U,Ll.'-,V.1.1J on the premise of that are instances , ... , E r'a,
whenever ~OSGL and L'a >-c (L 1 , .•• ,Lk)' From

E f'a \ {L'a}, sinee >-c is well-founded and total on
Consequently, assuming ~OSGL I"a, \ve get by induction hypo-

S Po ~OSGL L'a and therefore once again by .1. ..........A.'-A.'-'v ........• .....

on L {= ~OSGL 51 does not pn"''''T'\€'i'F"'

1J'-J'lJ.U.\.."U.lU on the premise.

o

one on

out
R*Poo

derivation, i.e. ignoring assertions.

o
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------~------- if x =? t] is satisfiable

szrniJUrtca;tzon rule, if , .. , is a
by replacinq a cased clause

is a cased G'r-theorem

~ ...... r .......... ·""""',,,,,'-' of the two clauses are the same and hence clause is a
consequence subsuming initial clause. new derivation is a cased
proving .derivation, since ,ve only specialised assertions and hence the set of ground
instances for we have prove the implication from strictly smaller instances of

...-O.....,A.I.'-A..AV ... .....,' ...... has decreased. Consequently, requirements for Po, , ...... ,Pk, Pk+l to
are same as for Po, , ..... , 0

we may use fnrH~'innIO «utruruu.urn for saturation without influencing
13.
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of thesis is ta operationalisation of G-algebra
on decorated terms, an extension of the usual term structure by membership information in the
term nodes, plus(p(O), may become plus(p(o:Nat):Int, o:Nat):Int the application of

where plus is addition, p is the predecessor function, 0 is zero and Nat, I nt are
sets natural numbers and integers, respectively.

basic idea for using decorations is ta reuse typing proofs during a computation. When
a has accomplished, the result is stored in the decoration and whenever this

information is needed again, is no need to recompute the same typing proof once more.
is sense of static typing techniques, such proofs are done once the term

to evaluated is parsed. such typing is not possible in this context, since
of terms may in order-sorted equational deduction (see Example 1.1.4).

of automata. This idea is underlying
1991], who suggested to use tree automata

....,"-' ...-...., ....... "-4. order monadic logic in order to formalize typing issues. automata
similar to usual automata in are state based. A bottom-up tree automata rule has

f --------....,;;;.~ qs

sorts S correspond
'-4.''-4. \J 'J .... LJ..'-A'V ''-'''''1 if

a term is accepted to be of sort s by such
a bottom-up strategy results in qs. The rule
sI, ... ,Sm --t s. The idea is now to combine

proofs as an independent task but as a
grammars. Indeed, the above
term reducing to state

.A. .... ,L ... 'v .........lJ"-'-. \ve suggest now ta keep term
of a term. above rule

sort information and xl, ... ,Xm are variables for

••• X m :sm

comnieterv LV'L""V' " "'-J.", but state ~vnnh,",ll~ are mixed



a is

, ... ,xm :Sm ~

.lVl.l.l.l.4Q.,U..:,a,lJl.V.ll'l decorations may play a restrictive and an assuring role: decoration
side rule represent a requirement, Le. a proof

variable image, decoration {s} added on on
an assertion, the instantiated term belongs s

application of the rule. careful may recognise constraints and assertions
and assuring decorations, respectively.

this by equational side-conditions
such extensions is illustrated the following example:

It is defined by square Cx)
tree automata side-conditions
terni sort Nat naturel numbers],

i.e. by of times as
sort information by euaiuauon,

without

the same
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construct an algorithm for the decision of membership. This is analogy to
a procedure in case of unsorted equational theories the corresponding word "", ...."""'11 __"'·

t\VO terms in such theories is general but successful 1""""''9,.".''''''"...... '''''_

vve have a decision procedure for equational problems. If the completion is not successful,
course, we do not know if the equational theory is decidable or note

main problem this approach is obviously unification, which is needed for the computation
of superpositions Knuth-Bendix completion algorithms. It still depends on the decidability
of intersection, which is unknown until the end of completion. This interdependence, which
seems contradictory at first glance, can be broken using a restriction of signatures sort

which is a slight generalisation of regularity (cf. Section 2.2, p. 48). Sort inheritance
means that whenever a term t belongs to ail sorts A in a set S of sorts, then there is a common
subsort B of all sorts AE S. Intuitively, it may be rephrased into '(non- )emptiness of sort
intersections is implicitly given by sort structure'.

lJnder assumption of sort-inheritance, it is possible to compute unifiers. Fortunately, the
structure of typing rules and the requirement of a total ordering on ground formulas allows us
to post-pone a test of sort-inheritance ta the end of complétion. Hence, we may do completion
using the assumption and test it only after the completion has eventually terminated.

Sort-inheritance is therefore a restriction w.r.t. a tree automata approach, similar to regu
larity, But vve argue that it is not an essential restriction, since our sort-inheritance test is
constructive in that vve may use it suggest signature extensions when a counter-example for
sort-inheritance is found. Furthermore, vve think usual specifications are sort-inheriting or
111ay easily be extended to sort-inheriting ones.

Similar results can be achieved for a saturation calculus using decorated ternis, for which
refutationai completeness can be proven with the help of the cased clause calculus of Sec-

tion difference between this calculus and the Knuth-Bendix completion described
is the possibility to use conditional rules, especiaily conditional decoration rules, which

are written -+ (VU{s}) ~ These rules clearly cover theories where the membership in
sorts is decidable. Furthermore, sorts may parametric.

Impact

both calculi, completion and saturation, vve emphasize
partial functions through decorations.
rules, yielding new decoration rules.

into membership theorems
support typing



'-"-'-"V""".i.""V'-''UL terms compare variables
unsorted variables. This may result in considerable

the example of Schubert's Steamroller, which
'-''''~IIJ''''''''''''''''''-' in search space, behaved reasonably with

the order-sorted terms schematising large sets



tJ' "-'~ ~."-''-A. first, a dltter~ent

simplification decoration ruIes
case, the precompIetion gets more compIex, as

and set of applicable deduction rules excIudes
test detecting a counter-exampIe for sort-
Furthermore, a particular has to

of cases
"-'..n IJ"-'..LI.U..L'"-"..L1. technique that can be in case the

.L.L ...... 'L"-' .L,V"-",I;, ... """-' is applicable. argue again that
inessentiaL

related work on completion of order-sorted presentations,
'-' ........, ... '-" ... ~U'.., ............ from A comparison of sort-inheritance with

.................... v ... """'v ............... how retracts can he completely elimina
our procedure is a conservative extension of the
1990J. focus then on three other approaches,

,"-,''"-'JL..LL'-JJLI. .. 1992], the signature extension approach [Chen
1993], underlining differences with
discussion of other approaches and a

\ve develop in Chapter 10 a superposi
development of the decorated complétion

show how to relate decorated calculus
sort inheritance restriction, which is no more

us decrease number of clauses during
condition infeasible under the assumption

expressed at undecorated levelas a possibly
to be added to presentation. the definition of the initial

corresponding unsorted one, we define the saturation calculus
Refutational completeness is then proved by re

LJ"-'""V.L'-" ..... 4.3.3 and it is shown how decorated rewriting
to results of Chapter 7, a completeness theo-

'Av'l,v"_'v ..L.,'- "-''--''LLL',VV.L "'-./.J ,...., ,,-''-' for sort-inheritance, which can be post-poned
saturation in the general case. Before we

"""-"...""'-4 ......... '-' .. we discuss sorne examples.
encountered problems and





we issues concerning sorts and terms. start in Section 5.1
an extraction of a sort structure a G-algebra presentation, list assumptions on

v'-J..L..l..J.lJ.L'..JVJL'J .... .L -rl.-p'..... rv r ...r1ll"~'*'A and discuss how to achieve them next. In Sec-
'-4'-./'.-,-/",,- '''''''''-''-4 ternis, the property of sort-inheritance for sets of such terms and a

'-./..."""v ...«:» ..... on them. same is done suhsequently for decorated substitutions.
................,v""-'"c ............. .- and on decorated terms are designed Sections 5.3 and 5.4.

assume all terms input problems of the algorithms to he
~.J..LJl.LLv\A'V.L.'J.l.L are called hecause require to take into account at each node

and of decorations modulo sort inheritance
>-J'--'~.J..L'-4.Jll........ UIJ .. C()n1PH~tene~)s and termination are shown for both algorithms, assuming that

............ JL"-' ... ~.V ... ..L •• ;-.. for unification. Section 5.5 finally introduces the notion of
and proofs the above mentioned matching

Ul ... JL ............. J''' ...LV .. which will he usefull for the completeness
completion.

.1 over

is extracted from
simplifies notations

UlJLA-JL ... A-"-'o..AIV..Il>Jf.l. ... process will

written zs

c



set

is transitive

B if EP -p x:

c nat

5.1.2 p=

p x: B X" E

is not true.

p

\ve

z ::

B

one can

an

=t'
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unification two variables \ve restrict the used signatures to
.i..i.L..L.I.'-'..L.J,V.i. ..... ,.... ones, This is a more semantical notion than classical regularity, Le.. the existence

of a unique sort for each term. Sort inheritance just means that if a term can be proved
(semantically) to be of multiple sorts, then these sorts have a cornmon subsort:

F) a sumature if

E P'rt: E E C<synA)-s

if
a specification is sort inheriting

P is complete w.r.t. semantic sort membership.
general assumptions in this thesis.

5.1.6.1 not coniain

boutuls of any subset of sortsset5 .. 1 .. 6.2 The set
51 ç S is LLI'IIl,Lf!l,{II.h4L.1tL.•

5.1.6.3

.1.6.4

5 .. 1 .. 6.5
t E

1 P 'r t zs

the points .5.1 5.1.6.2 5.1.6.5 are obviously deci-
[Schmidt-Schauû, 1987]). if parametric sorts are used, more sophisticated

to he introduced (see [Smolka, 1989J). Point 5.. 1.6.3 is undeci-
enforced the stricter but decidable requirement sorts are

is in general but a constructive test
.LI.1...LJL'-..'.i..i.,\J'-4J.J.,1.vv is developed in Chapter 8. Of course all specifi

.LLL'"-',"'L.L~J'-'.L""-LL'.'" property. For parametric sort
W~(:lJ!\,C;1111J,~ could be reached demanding

all these sorts.
regularity and sort

the '11'n'l'1'P'PC:P

structure.
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nil

nil

~5.1 :

nil

~ ;1'
" /" /" /" /..... /

..... /
..... /

..... /
..... /

..... /
.l' .....

/ "/ .....
/ .....

sort '-' v >-, sort structures

nil

nil

nil

are not nor'DC'C"':lI'rlln as the second ",.,.·... ...,.... ....... 1"
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Xi : } ç ail inclusions of sort rtr.1~d'),"..."C' in a cycle cause equality
sort interpretations for ail sorts occurring in variables different sorts in

same range over the same subdomains We start with the formalization

5.1.9 A G-olçebra presentation P is called cyclic, if ihere is a finite chain of decla-
.. S·} r: P C - {S· 1 ,: r: ri n11 is then ri cycle.. t+l ·iE[I ..n]:::=: - t 1 il C L.l.. JI tu\.; "

afinite presentation can easily found with one of the various algorithms
easiest one is surely the bounded depth first search with /SI as

transformation we finda minimal set containing ail cycles included
the eurrent presentation.

5.1.10

çc

LLflljl,fl,blbi"fl, in a G-algebra presentation P" Then

in P,

(completeness)

(soundness)

(minimality)

of not necessarily existe think
number of disjoint cycles. But if

a complete set of cycles in P"

two different .L.LL.LiL.L.L.LL<.N.L'I r"#... 'YY"t'Y'\IJ"r rv sets of cycles in P and let c be in C~

is complete is a C2 E ,such that c ç C2. But c1 is
vve C2 ç Cl. Furthermore, C1 is minimal,

in P allows us to replace ail sorts in a

comutete set of csjcles in and
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BE

to sorts

ln 1"-/"-.- '-4 \ve

since t : EP t :

s==

-Y"..

E

p

t :

t :

,y::

t :

x: ,y : z : t .

U 1-J',-,"-'J..ll"-"UJlJJ.'J'.Ll ln

view, it is
....r.,.,-'''' ....... ro 2.2.2 and

for non-empty sort
a syntactical test

this condition on

a
*

A sort A E S is

non-empty.



1_",.fI""".,..,.,.1!"'lI_"'" 1S ta t : A we take

M tj} as substitution cr application ta t : A as
.L.L.L '..L.L.L.J"-' ..., proof implying the any sequence

applications corresponds with a ground term membership

completeness is obvions, a ground term t ba-
sed on the rules and can be transformed ta a sequence of

1Ll.",.I .... ',.. .... 1r'll_1n_-r"11In applications, where Globality applied ta t' : A is replaced by
applied ta x : n sorne x with x:: in such a variable x

must exist in any presentation taken under consideration here, since any sort is a subsort
of n - MeSubstitutivity is simply replaced by the equivalent
application. Starting from the leaves the proof with upwards, it can happen

MarkByDeclaration applicable anyrnore, because the sort A used a mem-
bership declaration is already in or membership declaration is not in P. But in this

was already a ground term membership proof for because of the soundness,
A is in if and only if is a ground term membership proof using

o

.5

unifier of t\VO variables in a sort inheriting presentation, we need an extended sort
containing new sorts representing sort intersections. The transformation

one in [Schmidt-Schauû, which performs the conversion of arbitrary
linear term declarations into regular ones. However, we do not have a

'-''--''-I ... .1'-./'-' ... ......, ... JL to term declarations, do ,ve have syntactical sorts. Since typing in G
tn?AhY'''"\C' does not only depend on term declarations, but also on equalities, \ve cannat precompute

exact contents of sorts representing intersection.
In arder ta avoid problems related ta sorts, as stated in [Goguen et Meseguer, 1992]
[Smolka et we only add new sorts, which surely are non-empty. This non-emptiness

can guaranteed condition is at least one sort in S below the new sort, since
sorts in Sare non-empty general assumption ,5.1 we want the number of new

sorts ta may exponential, the construction

881.lm1Jl'lOn 5.1.6 we cati comtneu: (s <syn)
'-8

1.

),

for any A E S
resoectivetu. of

... }, we

'V......, ......... ,..... ...'-''''''-' ....... sort

in extension i.e. S =



we do not want to
E to

Rot

sort

construction
Sf E

since S

iLL'-\J.llo....li.LL(.AIi cornillon for a set
t . S t <syn

............................c ... "-A.' ... sor .S III \V.f.. -50 '

s.t. S1 ç
set:

zn

ES: ')) <syn
-50

c

D c



2. Decorated

(B,

If 5Y = we Â instead of S.
S Si and Cl for its negation. If S c

dV f"',.,J

sort sets
C \ve
f"',.,J

notation S c
S ~ S'. rv

stands

2

t\VO sources

undecidability
term structure

typing dynamic behavior lead us to a specifie
a kind of memorizing for intermediate results of membership

equality terms and the membership of a term to a sort are
information that should maintained in a parallel way, because the

, .."..} ..» »;» .............. ,I..&.;...,. formulas have a proper separated status G-algebras, but with similar deduction
and replacement. is taken into account by the particular data

terms. a matter of the reader familiar with deduction with
decorations are actually membership constraints spread in the

constraints.

1

completed sort structure, a So-sorted
, we define as follows the decorated

Definition 5.2.1 Ji decoration is
Cl decoration Cl fnrt~rlJrtfllCJ

)-term, or decorated term

qround decoration, or union of
reoresenuno a ground decoration. Then, a decorated

[rom context, is:

S = {sort(x)}

••• 'l are decoraied

A-I _ .... 44&,.. "" .... '"-" ....... 5.2.2



term

1 W E

reuuson over occur-

}.

also extends

we

}. t is
-t T(~,

, is generating a
Remark

of and
canonically to sets of

'lNu , LL.'vL .. V for a variable set

.. ......, .........."""" "'''-' of sorts in So \ in order
'''''''1"''''''7''''- ,....t... .J.v•.J.'J ..... of of

are

...) E



2.

is

loronrA'J10'rJ Tertns

to all sorts A E S .-..nnll't'?'c.... ·'t ..... r€'

which may

149

term t in T(~, is identified term with an set of sorts
except the variable positions, where the decoration is equal to the singleton of

variable. Notice that the definition of terms allows empty decorations in non-
E Td(SO, is valid. if t: s E Td(So,

T:~0 1 t E for any T ç 'Td(So, Xo).
notions concerning terms are defined the same way as for classical

top occurrence decorated terms is A. equality over decorated
-=d, is conjunction of classical equality over variables and function symbols

set identity modulo sort over decorations. negation
-=nd stands

,.." ................... '9- ............ n may seem to be in conflict when \ve write for instance: Vw E Occ(t:s ) :
<s t' in case where w -= A. Then actual decoration of t' is always the outermost

in this case and not only exception is of course the replacement of
decoration of at occurrence w is clearly S'and not the one of rS Iw •

to the notion sort inheritance on decorated terms. The
'L.L'L-J ............ VL'-" ...... given no\v is to a subset of valid decorated terms.

seme tertn zn
to S;,

F, ;\:'0), s.t. no variable of V occurs in a decoration of
~4 specification F), P) is T-sort inheriting

...) ET' C S;

is equivalent definition of
for each valid decorated term t, s.t. x

Val-ïdTd(So, F, Xo)-sort inheritance with
specification. Consequently, we can write

inheritance w.r.t. s;~yn". an immediate
ç S;sem , the following implication holds:

Lemma 5.2.5
ui.r.t.

synw.r.t. S;s , it is also T -sori inheri-

zn

-=nd ).



),

E

E

E

to a unique term modulo
fS ?:!.d t':s' modulo variable

...., ....... I--''-J ... '.......... '-' variable ~d n ~d is not always equivalent to
;Sd without ~d n ~d.

substitutians.
existing

Ea
y~

\
), ...

suosutuuons a, 7, a 0

any ierm

c
zs



2. lfiI-ll'I'A""#' 1 iI-lll Terme

t is a valid rlP,"'fl'Y"nTt)rI

OP,"'flT'OTI-)O terni.
suoeinuuon. then a(t) is a valid

can Pt
for an! is a consequence of the conditions for variable images
o

the of
decorated substitutions.

comoosuion a 0 T two decorated substitutions a, T is a decorated sub-

orderings over decorated ..... \A.V ..... V.l.VULV.I. .... .l..L ..... are essentially
case.

same as in the classical

"-' " _ 5.2.12 Let a 1 tUJO substitutions, V ç Xo a finite variable set.
lover uiritten a ~~ r , if Vt E ValidTd(So, F, Xo) with Var(t) ç
uie say a is equal to T over a ~y T, if <1'( x:-1-0) ~d T( x:-1-0)

Of course, we matching and term subsumption:

~~~JuA~A~AA 5.2.13
couuxuesu to t ~d t'.

E :3a E ~d t ' is

=} :

{::: :

.r, == x :-1-0) for
t-+ :Tx . 0

expected, it is sufficient to find a complementary substitution in order to prove subsump-
as in the universal algebra, this is not a necessary condition

'-4) ......... ''-4. s: ''u.>-. "-'L'V""''''''''"-"" ..,......,..... .., does not change in respect.

two rt or-rvr-a r ar» suostuuuons and V ç

T.

c v.
a

r-:»
=d

......LL ......... ~' .............'~v~ consequence of



0" poo" T.

"...".·t'lT"' .... ,...'" for

us to construct sorne terrn t containing
~d i.e. ail x E

p== :Tx } .

.r, is a valid terrn, since ail terms
t and t x :Tx we get all x E

is a p p 0 ~ d for all

il
m f:. ti,

or

n == 0,



3. A """1-I1~1"·'j"·'Il-JII Version of Semantical Order-Sorted tvuucmna

==>
if t ~d t l

1\ /\ <7==> i=l,... ""d
if S ~ S'

f
if f =J:. 9 or m =J:. n or S ~

==> 1\ ~~ rS

if x E and rS S:f.d

==>F
if x E and t ~d tl

==>f
if x E

... ,

, ...

t'

,...

1\ t <'. t'rvd

1\

1\

1\

1\

5.3: Strict, Syntactic, Decorated Matching

are different from those on the right

'-c>J" .......... " ... '-/JL .... if \ve use matching algorithm for rule choice applications
'-A' .... LJC ..........'-I......... languages based on term rewriting, where rules are universally

we can rename arbitrarily variables on hand of the rule.

a matching ~... l-~'-/ ...... v ..... , .........

o a s rv o r n r o s r n rv rv (J is a strict ..." ....... ,""T"" .....-ra

(t E
v - solution or of

t '

is principal solution of ,if for aIL decorated

solved for
classical matching, because

rules (see



a unique solved

comotete uiitli respect
IYY}rrT/>hl)~rr problem.

conserves every and does not add any - solution
initial problem and
The problem the

in the rule.

disjoint,
At «:f'Vd

1l_A"._V"V'l>~,_r<'_ is Cf

~d ti and (J is a V - solution of
S f"..J t ·):S),-......;

f"..J ••• , n ,=d

sound.

is no is ta make , ... ,
because f =1= g or m =1= n or 5' ';ft S', i.e. the initial matching

...... 'V' .......... v ... 'V'.L .... like the unsolvable problem is

:S~ ~d {S

'-''-1 \...l.'-'U\Ji'-J.L1.U modulo sort inheritance.

are

any ""U~(lVI·IU'I~Y



3. A

starting with

not in solved form we have an applicable
case is impossible, because is supposed

lS

rule

MMerge

rule

and S ~

andS1 ••• ,

not to he in one
exists an equation (t ;S~ E such that

(t s') E Conj(M'). The second possibility is
. Therefore, the following four cases cover

2.

3.

...... '-'~, .... .L.L • ...., .... forme

•
terminate for each

to prove the local confluence. If
take into considera

following possible

matching
an n- times application

F

A

/\



o

n"(Tr''''F'\"t~ is

y c:.ùUi'-JL.LLJ are

if
case, i.e, if

a is a D - C' ....... I'1"1T·I.-..~

a is a decorated substitution.
i E Thus, (J is a D -

we

18 sufficient to



4. Strict

\.A.'-'~J."'L'" 'J"''J'''J.V as

ierms. A (decorated) unification equation
\A.LL.L~1.v'\.A.IV.Jl'J.L.L problem U is a conjunction of unifiee-

Conj(U) denotes set

U.1.1..L.11.v\.A.IVJl'J.1.1. problem 1r is to empty conjunction l\iE0 and the un-
unification problem lF simply no solution. Conjunctions are associative and corn-

For one rule (Coalesce) and terrnination proof, we
show in following

'IA'.LJ-,............. V .... L .... .L ... in Figure 5.4 and == {A E

furthermare Slf be the set of all {(T) E So 1 T ç
Ulntersect have sorne sort in S~. Remark

~IL be a conservative, linear extension of
is well-ardered for every initial segment T of S~.

and to be #{B l B S:IL + 1
also to non-variable terms t., »ie define v(t) == 0

t (j. \ve took successor of the cardinality in the definition of
) for x E

v:« can enumerate an of a sort, we can define to be the unique index
a variable x of sort A w.r.t , enumeration of all variables Moreover, we can define

) to ordered pair In the following, \ve will x S:v y,
(S: S:) <v resp. =v far the associated strict ordering resp.

s.t. x E

any unification problem into a solved

or



strict

a C0111unCT/lon

if :

T -soluiions

strict decorated unifier, D
may he omitted, If P is clear from

a and a

and al same

a set
idempotency

solution sets must
"-''VL'.." ............... v..,............ rv c» «..._r·~ ..... 'r-rt.{"l a term

E

E



4· Decorated Unification in Inheriting Presentations

U {x, y}

At

==>
if t ~d t'

A l(t1, . . · ,
==> A ÂiE[l ..n]( ti
if S ~

A
==> t-t y:-1-0} A

if x E Var(U) and y <v x
A ~~ {s A x:-1-0 ~~ t,:81

==> :1i : (U A ~~ t:S A ~~ t,:8')
and tf and l{sl ~ /t,:sll

z' : ~~ {T)

==> 3i : (U)
if z' tf Var(U) U Var({T)
and {T E Xo implies sort(t)~~ynsort(zl)

1\ ~~ y:-1-0)
==> 3i, z": U A x:-1-0 ~~ ZI:-1-0 A y:-1-0 ~~ z':-1-0

if = (T) t>4~~n (T') = sort(y)

= (min(T U TI), Z' tJ.

UErase

.5.4: Transformation Rules of

4.2

During a complétion procedure, we may probably not have the problem to solve all kinds of
unification equations of the form x 2::'~ y x, y E , i.e. we don't need the satisfaction of the
sort inheritance proprty, which allows us to decide emptiness of sort intersection, for ail possible
unification problems. If for i E l are the variable sets actually ta he unified and that do not
have a non-variable potential instantiation, we can in fact restrict this condition ta something

might called simultaneous Vi-sort inheritance for i E J. But the depend on the used
and unification algorithm. Therefore we preferred the more restricting general sort

inheritance for a clear definition. the propositions that will follow this section also hold
simultaneous inheritance.

algorithm shown in figures .5.4
It is and as we prove later in

Ct"-Y-"T"'I.r..C'J'>r'/ to be associative and commutative.
'-'VV'-'.LL'I.L'O.AJ.L ri111tnT'.nnr-ù between and the rl~C'C'lr~1

term declaration as
is the treatment

an equation x
sort parse

v'--"~v <..LJlll.NVJL'J.LL may
one

t - case



mconauiotuu Decorated

)

==}F
U E s.;

1\ , ... ,

if f =1- 9 or m =1- n or S *' T
A x- :.,t.0 t A A X :.,t.0~?
f\ 1 1 f\ • • • f\ n -d

if =1- A for sorne i E

1\

5..5:

not
examines the decoration of t

sort parses
t,

sort parse. On the contrary, it only
x is not in the one of t, unification simply

those already present in
typing of non-variable terms into

t..l..L.L_LJ..L'\,.,'(.A}VJl'J.LL ,... _.. v So \ve can decide whether
corresponding rnatching

... .lL .... J,"-" VJL ... """'.l. one is unification
for the general case and

unification. One way
exarnple to

because completion algorithrn may
typing rules which will be used as terrn

'-"-'-J'~.............L'VVV""""""""'>J completely from the unification algorithm,
from extraction is the simplification of

to compute a representation of
L.LJ.. v '-.1.. L.J'-''-'V.I.'J.1...L is or not. Th~se

L.L~AJJl 'LA.>II.U'-',"JL~ that intersection
sorts.

we

zn terminates for any



4·

<
< <
<

<
<

t or t' (j. of
terms in current unification problem and

usual lexicographic ordering).

= f(Sl, ... ,sn):8
f

byequations,
new equations will therefore he subsumed by the

and thus LE will be strictly de-

a smaller problem, because x:.i0 ~~ lS

Jl1 does not change, because Itt ~ lt'\,
, because of = 0

(j.

since x, y, z E

equations in strictly
and y <v x.

strictly decreases

or nat change it and

application of UNIFd terminates

18 well-forrned extraction of a D -

forme

finiteness of
to proposition 5.4.7.

fi.



to

definition
unification problems it is

pattern part w.r.t. its replacement

holds

equal



4·

cannot a
a(g(t~, ... , because

'UV... JI.'UV .......L'-' occurrences of a term. Consequently,
== SU(UfI)IT == 0.

~d a( tl[X2:.t.0]Pl)' ... , ~d

must itself as subterm modulo
is in contradiction

'-'_.... 'I.4.V~'_ .... L of U', like for == f.

is empty, Suppose
to in Deco(a( x:.t.0)) modulo

{sorte x )} <l Since
Deco(a( x:.t.0)) and furthermore we

~ T holds and therefore a can-

rule is sound. Suppose there is a solution a E SU(U')lr'

and is a valid decorated term in T.
the T-sort inheritance of P.

{
• URemove:

o

i.e. {an]} is a CSUp(U)lr'
== 'I', any decorated

inheriting SVf.~CZl7,CalZOn

terininate for every input
form obiained by application

r-t }, s.t. Xi >v ti, if

rJO'Y, O'P,rI 1 unifier for
l'1Cif'n'P/l'TCiI'1 T -solution if

T-solution of

algorithm UNIFd we that in
In order to prove a is a sound and complete

\..-'J.l.l'-<kllJ'J.lJ.'-4..L.lJ.;;;" unification problem , we have to show soundness

like in proposition Le. sort
occurrence



t~

7:

lS

T

a
..II....J ... JL,&.II. ... .a.A&'I.' ... _ from

n until 1 and you

a solution T of Us! and therefore
· ,<Var(liJt.e. T,-...;d T

and consequently T' 0 (J'n! '2::!. ~ar(I.L)

<Var(lL)
\ve get an! ,-...;d T.

o

all x E
T'<-rr"'T'<r.€"1T1r.-rl .5.2.14.

.,........... ".....~ extraction is

Let T ç a Ti-sort '1''''r'LJ''''''''I'TtFl sloeCZn(~al:lon

pn two examples \ve gave

y:: x:

u = ( /\ ).

into:

/\ ),

..fl"..JJ'l>.'lLA. ....... .lLIJA"- 5.4.13 P =

=(

/\



5" Subierm Conservative Solutions

lS

a=

5

a o lJ'C\....~Q;J.li:>Q;l,lVj.l.

in solutions consisting of substitution
the original problem. gives us the

terms the initial problem were bottom-
sequel.

to a subterm in Pb modulo

i.e. T ZB

minimal, complete set of solutions can
in dag-solved form [see [Jouannaud

l)'HV110//éJ'YnQ Pb E C there is a MCSol(Pb) that is subierm

ternis t E L m(a ), there exist a decoraied
ouimarui. 1992j, T rnaps variables to variables, but

is a t' E subterm.seti Pb ï s.t. t 9E.d

OJLLOJU,"-, .... ..LL.i. conservative ifC is o nr rvr o rvrrr cotiseroatioe and Dom(T) =

conservative, if there is a way to express a minimal
dag-solved form substitutions constructed from subterms in

'UV... .... "-'V...,".""" renaming/specialization, and strictly subterm conservative

Il.01'.01',""\1'.0 a problem class is
r·r...·", ,."'.-·'" set of a set

'-' ) ...................., .a, problem modulo
"-'V ........ ""'''-' ... '-' renaming.

specification. Then strict decorated unifiee
r/iCJJI-'Î\iY>rt"tL".lr/ matching is strictly subterm conservative.

since we can only change the variables
introduction a subterm that

"~'YY\r'rt ....... T''''fT'r to a contradiction with





we define equational for decorated terms. As already outlined
introduction to of thesis, main goal is to integrate typing proofs into

C\..lIU.O,Jt;.lVJll.O,•.l reasoning. us to an alternative way of deduction w.r.t. GA and the basis
\JJ.J.J.~.J..'-->V.J..'-'.J..L algorithme

classical approach to term rewriting, we define equalities and rewrite rules
for equal by equal, the former unoriented, the latter

we add decoration rewrite .which do not change the structure of a
of decorated term > rewriting are investigated

,. '--'''-IL....... -'.LL stating completeness of deduction using decorated
a G-algebra presentation.

is a denoted



Hp1'WT'1T1'Ylrn Decorated

terni
exist an occurrence set 0

rewrite -+

rewrite ...... \.l''-'''''V'fU R
a

• (j is a io

o is a situneton
is uniiten f---<:'r--+R.

we also uirite

accumulation
~"'--'."-''-''''_ "-Vv,-,,-,,- rewrite rules,

occurrence, due to the condition C
r-...J

a rewrite cannot reunit-

(j a



2.. Elementary Properties of Rewriting

2.. %
3.

is a sinaieton {w}, is also ,.. ..Nl,.++ ..... tY'\

%s be U/ltlVtlltlvl

we

a rules rules, we two deco-
if ;--:,.R t':s' or (s ;--:,. D t':s' ..

now on, and denote as usuai the right-hand side and left-hand side,
a decorated/decoration rewrite rule

2

U'-'vV~"'JlL", we prove soundness of deduction relations introduced in the Iast
decidability the decorated/decoration rewrite relation in any sequence starting

decorations. prove furthermore stability of decorated/decoration
context and substitution.
introduce the notions of canonical validity and theorems associated to sets of
decoration rewrite rules and equalities.. Here we use extensively the T(~,X)

assignments in order to link decorated terms in 'Tr1(50, F, Xo) and G-algebra terms in T(~,

For any sets of decoration rewrite rules D, decorated rewrite rules Rand
tDe say that:

are

P, if [=Sl is valid in P ..

P and for all a E VASS~(I:,X)'if

zsCl s) E
I!"V

if

) E R is

) == ).p

1.

P if are P and all a E VASS~(I:,X)'

rules of valid equalities E
uie associate canonically a set of formulas Form(D,

1. E 50, s.. t ..

E s.t ..

3. E E s.t.



term

1. ) :

4·

E ))

vve can use the formula corresponding to <P

cP is of

to:

are

E )) =}

4· zs zn



2. Rewriting

terms t: s , u UR are zn

,Va E

if

belongs to it is obvious
us prove it induction on

lS Otherwise

IL''l.11'-~'IIc:...-, to \
result

induction hypothesis,
is a consequence of -A-J JL'LAJ

implies
o

Now

This usefully '-'...n .. 'V'-'..LJL'-A.'J to rewriting terms with decorations:

Lemma 6.2.6 DuR is valid in P and

1. E E ) :

2. f-0=> E )) and

8. r" is valid in

zero,

rewriting proof. If
Otherwise we eut off

length is
last

induction
for and

equivalenee of membership
eorollary 6.2.4. 0

....... '-',-'''' .... ''-'''" ..... ,'-A. variable instantiations follows from
the validity-eondition is for

example:

Il
U

if >S s
if ~ s

b x .. y ....

-t
a:S -t
b: S -t

p==6.2.7

suostuuuon we
is
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R a set
U U are

a

B ES,

must

),

for Ct E

Renee we

.1...I'VJ..L.L.LJlVJl"-"Jl.L 6.2.2 says,

to (~T :

CES.
) : Cf.

cases

we are sure

J-4"-'.L.L... .L.A. ... 'U'! 6.2.6

context

),



3. Converting Presentations to Decorated 173

1.
a term v 'LA.!LJ'...... '-''U..'-L~A,L ...... in a formula P,

EV.

2.

S E V, A E S

Dp: decoration

p

associated ta

\.A.'-A.J.J...Lv.J.,....u associated to P

6.1: .JL.I"'~·V.L'LA.!''''''V.L''''''.LL decorated/decoration rewrite rules from the Presentation

a consequence, f-<;~ is also stable by context and substitution. A last
"Y\c .."r' ......r.pr'YT allows us to work with representatives of ~d-equivalence classes when proving rewriting

properties in sequel.

'-'1J·'-lfUA.\I,)"'"",,,'JLA 6.2.10 Let t, t' t, t! E s. t. t ~d t'. w cr d> - . 1 w cr' A.. -
t >--+DuR t and t >--+D'UR'+' t '

3

=d cP E R -t r:Sr (resp. <P E and z:s --t

t[a(z:SI)] t ~d t' t'[a'([=SI)) (resp. t[a(Z:u)] ~d t ~d

nr.-rATr-.·1"r"i a ~~ar(rsl) a' consequently t[a(r: Sr )] ~d t'[a'( r:Sr )] (resp.
o

to extract a set of decorated equalities
ail variables in constructed rules are

any rule <p containing a variable in
.J.1.'-',....'-4.'-'.'-4. substitution would not

...,'-' ....''-' ....L'-4 term declarations.
:: A) or

the

sorts is
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x ..
.. B

z ..

+b
f

a:" >---t if -,4 f.: s
>----t if B f.: S

:>---t if Cl
lfV

>----t if (1s
tJ"V

>----t if (1s
t!'J

>----t if B f.: s.

+

6. not nor In are
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4

v.l.'-4';'..)l...J.l.vUJ.I. ".nr1'1'1r·T1r..~ n·rI1CJ.-rlnff over undecorated

==nd t,:SI.o is decorated

) and 3w E Occ(t), Deco(tlw ) ~

v.LlUJ'UU.LVUJ.L notion of can now be on decorated terms a
straightforward way. an ordering is useful termination proofs.

F), P) be a presentation with bouruled tnembership. A quasi-ordering

is a decorated reduction ordering ui.r.t. to a rule set R, if there is an
'Y'ort'1lfl'Ttll1.n ordering > on s. t.:

1.
on undecorated orderinq decoration

>d is C07TIvarZOle z.e.

necessary for later
'-4.'-'''-/'-''-''- '''-'''''''--' ......... ternis WvI", t. a ordering.

is downward closure a set of

is downward

ET.

01!fV::'1.-·111V1pr'1nn ouer Td(So,F) and>
following

{s >

LJ ........ ll.JLJl..LJLV ..........'A,L 6 ..4.3 Let C
for ail

"'.. Ji,.""",VU.<J'-4Jr-J.L"-' version of deduction in G-aigebra, we need to prove a Birkhoff-
two terms can be ta be equivalent using the deduction rules

replacement of equal by equal on decorated
ternis.

rules, extracted
~~-4D and

step
is an

t == t f
•



at 18 essentiai.

, we

a: b : f: C-+ a==b

concise.

'-"-"-" ............ '''''" ... '-''.4..... since is no way ta '-"-'-" ................ "-'

== t'.

2.
can



s. A

proves

constructed by the induction hypothesis.

3.
apply

(Hi)iE[1 ..3] hold
.... .4..1. ...... ...... ....'V..L"-".4..L hypothesis,

we can apply twice induction
properties (Hi )iE[1..3] hold once

.......................... .4..4..1."-' ...... by the induction hypothesis,

u = 'V, = W U = W •

deduction trees 'u = v and v =w are 0,U..lQ;ll~C:.l

v ....... 'V.1.l."--"..J.J.u and concatenate proofs.
constructed proof,

.5.
.4..Lv ...."''"''v ... 'V identity on terms in T(~,

r :{A}uU ~r-? r i :.L-0o DuE"

...., ................ ""' .............. U"""JUV..LV\A"V..L"-".1. .. in G-algebra associates to .. a term
we (ti ) as an implicit subproof for

induction hypothesis also on these

............. , .................. v ....'''-'- substitutions, i.e, ail terms

IJ'''-'V.1..l.vU.1. ...... for (r = aIl
or context, respectively.

6.
applying the induction

But since can write:

LI'-J'ULI.'-"J.1.".J on



on same Tl.T'lITI4"·"lTl.li~ as

1.

<syn
-50 we are done.

sort its

result

since 1S

case.

. Base case

''''le
easy cases:

to reason on more UIJ'vv.z,.lLv sequences in



5. A Birkhoff Theorem

3t' ~ ...4 s.t.
B s.t,

and

18

case. For subcase .r.i(I..ttep~la4Ce]mE~nt

.5.
the t.i

using
necessary the proof

saille construction as in the

6.

1JXC~m1Jile 6.3.1.
corresoorunno proues in D» U

can proue

are:
a+

= a ( + +
+

a





purpose is now to design a completion process that provides, it does not fail,
an initial sort inheriting presentation Po, a presentation Poo such that Th(P) ==

) and any cP E has a proof. Our notations are consistent
[Bachmair, 1991].

Po is where Eo is usually the set of decorated
associated to Po as defined Section

is defined as a transformation rule system ose
t-osc ... t-OSC Pk.... The resulting decorated

== 0.

not

1. V.L.......... 'V'· .... '-' ......... (t ==
one sort

has a rewrite proof
sueh that:

15

2. : any '-' '-''-' OJ v '-'·'V' (t : where A E
exists t' <s...yn

-~o

t) a



ln

concern is
we can obtain a set of decoration
"-' .........1' ....... 1-., ...... to prove equational, existential

'-''-~ 'u..~'J.L\JJL1.~.L proof using U R a

v.L....AI,J.. ......'\...·v"-".1..1. ...'''-' '-",J ............ '-4.'---' .........,,'--' on a set T of valid terms.
allow for incorrect

) nresenuuion ri o o rvrvo rrr art 0,

D

if

~s}

io

'1U11I.-'lJHU'.II, terni

manner , i.e. T"OC'T"oO,"" to a term set 'T: as

set

u

E



1. l'")'Y}·n/H.OIYlF"lO and Critical Pairs 183

7.1: The j'l..lf'\'[TTrY\'"\"Y\ Lemma Decorated Rewriting

ln '-&.'-''-_'-'' ........... v'-· ....... case, when is downward closed

set oj decorated terms ui.r.t. '>-+DuR.

conttuence of >---tDuR on T that U R is

.A..ssume (s E T

or t2:S 2 ==d t:s ,
direction:

uR is "-'''-'.l.L.LL'...l.''-'.l..LV on o

a set is as we



sucli that

W = A, we have U = so critical pairs are:

of



1.

set of
since superpositions at top

................-''-''..L '...... "' ............. critical pair. us consider an

A ssumuio z t: Y
....

if {C} st: s

if {A} ~ s+
onertnmnno produces criiical pair:

us no\v consider an "" ... ..-ç"'YY"\ ....... Ir. superposition a rule of R into a of D:

7.. 1.7 issumina x·· y ::

f(y:{B}y{B} --+

+ if A S6 s

zn
conditional critical pair is immediately reducible by

into a new of D:

+ a:{A,B}):sU{A} if >6 s.

rule

,n.,,,{1""" ~ we prove completeness of UNIFd for the unification problems in
~""''1'1'Ylr.1~rr.' the completeness over set strict_subterm_set(T) of all strict subterms

a consequence of we do not superpose into variables.

us assume furthermore terms( D U ç
5.5) is strict_subterm_set(T)-complete,

\.JVtiL-lllJO in CP(R, C P(R, D)IT' CP(D, D)IT

form J(tt, ... , · If S S; this
t\VO terms are not unifiable. UNIFd

r-+ .., case,



us now

c/JE a==

sorne term t. 0

rewrite

ta prove

s.t. exists a

v == A. t

Z8

o

rewrite

since >--tDuR i s
a ...... ,.. ,.... J:...~JL·'"-'_



1. Confluence

w a nrm-svtrsnnt.e nositson of

if ~ if

there exists a T-critical

E

to usual one

-c(Jln11)lel~e set of rtoro'I'\"....,'"tort 'lIn? np1~Q ac-

there
and

[Huet, 1980; Jouannaud et Kirchner,

he of the form 11 :8 11 -1- rI :Srl

of the form 12 :8 12 -1- r2: 8 r2

D).

) and Iw) ~d :U).

12 :8 l2 1w s:'~ and any T-complete V-
Furthermore U satisfies the conditions

one with 4>' E and E R. Else
). existence of 7/J can he

conditions of for s.

Iw Iw) s:'d a(ll
lw' 11, 12 ri. by the definition

a decorated T-unifier of Il :0

conditions



'lS if set

P:

rya&Jqnryaq -tCJ Q.U V C/V Il fi R
,F) is

t' == io f--<':--+ DuR +-::-+DuR ... ~~DuR

sequences ln

... ) = {
if il :-+DuR

if t11w ==d t2

~DuR

>-+DuR

Hl ta

'-''-'L>.A.'-'V.LV'.LL'J commute:

... f-C-+DuR

E
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can now use once more
as before,

application does not on then vve can find
subterms of the current peak and therefore we get

w.r.t. 1> and stability context of the

application happens on A. If it is a decoraied critical pair,
sinee pairs are solved by of the rewrite relation by
substitution and eontext proved in Proposition we have tk-l U

. Since ,tk+l are aIl smaller than tk, induction hypothesis a
rewrite proof, thanks to downward closure of

this corresponds to a decoration critical pair the shape
decoration T-critical pairs are solved, this irnplies

., giving us as hefore the existence of a rewrite

o

Let us now consider to critical pairs in order to '-".L.LJU.L.LJLL'-'V'J'-" sorne easy cases.

h,01"',,,,oL.)>Y) decoration rules in D at a position

upper rule. Decoration criiical

critical pair

if ~

overlapping

if ;l

D into

if Cl
1/J(g:SUSg ) with. Iw

since 1/J is a V- unifier of these

and yields 1/J(g[Z:UUSI]wrSUS g•

if Œs
f'!',.,J

ln

is



190 Chapitre 7.

W = A case is

if
W=f.A

Cl into
adding

using

adding

o
g~ w = A~ since we not VU->JLVU.!.U->\.I"--' '-'.Jl.l.U.,L'-'1UJ.l. pairs on

if >k

in



2. Order-Sorted Completion

) =d

two decorated terms,

for any set sorts such

a straightforward

stand for sets of decoration rules used ta solve these
for the set of decoration rules generated by sorne rule cP E U

according to a given decorated reduction ordering >d on decorated terms
rules from and from D are compared by the following ordering,

1~T"'t'r'\,-':Tr'l''7 et Jouannaud, 1990b]:

» is rr a rt rv o rt by:

if

1
1.

'PP'THFI.("I'TltFl sort ?Ul'Y'1nnI/PQ

zs

set of sorts

blhJ't'UIH..-L- of g:8g modulo sort inheritance and not

For
can

set ose transformation" rules given in
-.'-.../ ...... '-.../............,.,"--'u valid decorated terms, rules and equalities

with Do =

and decorated

U
'-''-'1 \A'-'!V ... ......,.j..LU are in one- to-one correspon

set



1.

u

u

,.

9.

10.

if =1= r/J

1.

» cP

.2:
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ternas ,
was at the top of a valid term reachable
Consequently, ternas are also valid,
induction hypothesis, and the fact that

two

because of .L.J'-' .....LL .... LJL"-4I

is subterm conservative.

or

Rk) is now a conse-
Validity decoration

o

completion amounts to prove that any formula provable in a decorated presen-
during completion is in Po, initial presentation.

are sound ui.r.t. deduction in G-algebra.
0) and Po r-osc ... r-osc Pk, then

k 2: 0, by induction on k: for any terms

1.

2.

3.

E Form(Po),

, since Pk == Po. induction step from
and shows then the same equivalence for Pk+l.

, Rk+l).

results from Lemma 7.2.2 that guarantees the
Ua,j"ll;1~::::O and decoration rewrite rules. Remember
substitutions, that are valid in P only, This does

is still used w.r.t. the initial G-algebra
in order to get Form(Pk+l) ç Form(Po).

transforming any step f-<>--1-f'k

. Thus Form(Pk) ç Form(Pk+l) and by
which implies Form(Po) ç Form(Pk+l).

given also in Appendix is also
reduction same name as completion

proof, we write 1 over the >--1>

any of following proof
r-J"'l1roT"r\c-n.n.n.'"1 ln. '"'" completion
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is applied to
used in Pk+l proof

l~

::=::? (t

if t'o
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~ if Cl E D.

(t

t t'

.....,1J.....,u~V.l.'-/..LJ.. 6.2.10) and

(t

6.
a' 0 a are decorated
composed

V,,"-,J.. .LJ...LJ..J.,1.'-~·I\JJ.""".l.1. of rules in D U

'-'''-4. ...... '-"'v ... , ........ ordering). If 4> :

If 1>

(t

(t

t l

lJiJlJV.J.\.iJ..'-J.1.l. 6.2.10).

r.J .... r ........... r .... ~T~ ....... 'Y> 6.2.10



W == A, ==Su

::::=:}

(t

can argue 0',

-t

t'

following are
-t p:sus if S ~ s,

o

(
::::=:}

(t

( t

t

,4/ t'



3.

3

aeeording to the current peak type.----------.;;;...
next step is to prove that ==> is

LelTIlTIa 7.3.1 v(iU,C/li\.Jf(; ==> is well-founded.

eiementarv proof step by:

•

if S \ ~ s,



measure.

>c

complexity

»« t'.

p= p,- =0

and

>c

» t >d t',



3. Reduction and Reflection

t )])], t'
and t'" t[a'(p:U[a( r:S r

because of » <p (since w f. A and rn..ererore Z:SI must he strictly embedded p:S),
and >d, t'

4>, t")}t"),c(t
where t
and t" ~d

......... ,.' ......... rv ..... of » <p (since =1= r/J we have either p:0 as strict instance of p':0 - then we
are done - or the t\VO terms are equal modulo variable renaming implying S C and
therefore p:s >d p':5'). t >d t', since U Sb S.

Collapse:
case cP ER:

>c--+

={({t}, ({t", t'}, [':Sl/ = r:Sr , -)}

[a(g:Sg)])], t' t[a'(r:Sr)] and t"?:5d t[a'([:SI[a(d:Sd)])),

)» 4> and t >d f', t" .

, i')} >c
= {({t} , ({t" , t'}, [':Sl/ = ,- )},

)] and t" ~d t[a'(Z:Sl[a(g:LT)=UUSg ] ) ] ,

case of 4> E R.

• Peak \vithout overlap:

~tUR t :---+~UR tIf) = , ({t}, <p', t")} >c

~~UR t l ~tuR t") = {({t'} ,t l ) , ({t"},
just comparing the first components: t >d t'and t >d t",

e \vith variable overlap:

4> t 4>/ t'I') It' * t t")~DuR :---+DuR >c c\ ~DuR 1

again just by comparing first components of each elementary step appearing in
proofs.

o

ro,.-"."· ....""c, ....... ,.",,.. rf""""',... "" between the proof reduction ====> and the derivation J-osc is stated

following sense: at each
lI.Ai.LL'-J V.LL'LJ.L one ====>.

it is easy to



18

= U-i>o Ri
= Ui~Onj>i s;

uses terms in T and is

at sorne step j 2:: i such that 'l!~ 'li'.
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7.3: cr: d <sem-5 an -s ·

5

property that any
main result

,El, RI) ~osc ... be a fair
r-rvrn rvt a t a and complete

is a consequence of Theorem 6.5.1. The termination property of
processed w.r.t. a fixed reduction or

, thus in D co U Roo . Furthermore, the derivation
1Jç t'-S' h · f i P+-,,-tDouEouRo - as a rewrite proo ln 00

Church-Rosser property, as weIl as and
) is a consequence Proposi-

complétion do not include for sim-
decorated rules. This is solved by

..., ... .&. ...... 1".&............ ....- ...... versions decoration rules without deleting
may be generated during a fair derivation.

is an unsolved

course,
test

in Figure 7

subsort
equality

which can

a



IPfl'I'l<rJfl"4:-111 Comutetion in Sort .rnl'101'--'1T'lnn Presentations

decorated
and any (<Pi : -t

the definition
<de

'L.<J ........ 'L4.J>J'JL'--' decoration

cannet exist o

=0
y ::

any sounion
we

a unincauon <Y\~I'.hl.o!YYl



are now left problem checking sort inheritance property of a decorated
presentation. idea is to characterise non sort inheritance on a set of decorated terms T by
a property of decoration rule set: D must contain a set of rules whose left-hand sides are
unifiable and that produce adjunction of sorts S without common subsort C ~~~n S. This

...." .....,j"'->.L.LU"-"-'V ................. is possible if D is confluent on T and any term of T is reachable D only. A
corresponding test can realized a Detect.NonSf shown in Figure 8.1.

a set of decoration D, a proof of a term t:T is a decoration rewriting proof
and terms with a typing proof are sirnply called typable. Proofs in

called typable, too.
our test on decoration rules is sufficient to ensure sort inheri-

i.e. typable terms, if D is confluent and terminating. The
is observation that the proofs constructed by Theorern 6.5.1 are typable,

rnotivates the search of a well-founded proof reduction giving rewrite proofs as normal
and maintaining property, which are thus called typing conservative. We

sort inheritance on valid decorated terms ValidTd(So,F,Xo): If fS is valid
~'J'\..4..LL\.I"'->.L ''-/.4''-'-''.LA'''IJ.L'v for sort there is a proof llJ in Po, s.t.:

in normal form llJnf : ( {.!-0 under

ç S', i.e. is also a valid counterexample for sort

typing conservation, t,:.!-0 t':s' and it is
terrns in Pk in order to find a counterexample.

conservative proof transformation. Unfortunately,
transformation ===> is too general for
done at arbitrary occurrences. This

a its reachability by
:....-tD.

8.1:



us a

.nn'YHT1r>e:> 8. Checking Inheritance

if Œ
If'.,.)

we

a

E

A set c F, is D-

set terms V3 sei:

}.



1. Testing Sort Inheritance On D-Closed Sets

v«:
and

=>:
{=: Since

is because = reachD(T:.J..0).
is already strict_subterm-set(T)-sort inheriting, we only have to check top

prove that no t,:T' E T can he a for T-sort
tance w.r.t. ~i'n. If t/:T ' E T, must he a term f.J..0 E s.t. t:.J..0

is a (modulo sort inheritance) form

is aCE S, s.t. . ..) E ,C~?nA, we also ...) E ,
because of ~ Til. Consequcntly, t ':

T indeed cannot be a counterexample for
inheritance w.r.t. ~i'n. 0

order to huild a more syntactical a saturation process on decoration rules is desi-
stand for the rule applied to decoration rules only and

corresponding proof reduction rules in including the rules for peaks,
Let furthermore Ded be the set of rules consisting of Deduce.DD, Compose.Di.deco and

Subsume.rleco, is the corresponding set of proof transformation rules of ===>. Analogously
to Definition 7 we ean define T-fairness w.r.t. decoration rules, where ===> is restricted to
the rules in plus the rules for overlaps at variable positions and peaks without overlap. Let
===> Ded denote restricted proof transformation.

Definition 8.1.3 T ç 7d(So, F, A derivation (Do, Eo, Ra) l-osc (Dl' ) l-osc
w.r.t. decoration rules 'if umetieoer \li is a proof in (Di, that uses only terms

is a proo] W' in Ej, Rj) at sorne step j ~ i such

part of Proposition 7.4.2 dealing these rules proves that T- fairness
is implied the that ail critical pairs of are in D*, provided

as unification algorithm and is strict_subterm_set(T)-complete. Since
,.. "'r1" ....T~,....'V\ of is still valid.

using \li 'l' instead 'li ~ 'li' in above definition would lead to

problems when we simplify using decorated rewrite rules, sinee then, \li~Ded \li' can no more
guaranteed aIl \li reducible by ===>Ded' Note furthermore that if a derivation is T-fair,

it is also T-fair w.r.t. decoration rules. The reverse direction does, however, not always
hold: if a derivation is T-fair w.r.t. decoration rules, then there might still unsolved critical
pairs with rules

the
decoration

is

is not



nn'n'lT'l~éJ 8. Checking Sort Inheritance

play a

ZEi a '-J'-"LI"'-"'" JE i < j => Wi <{ Wj.

Lernma 8.1.7 TÇ
any

W: :Sn ,

D T -confluent.

E a

- 1] :

occurrence of rule ..... ~"""'lll".. ..... <r"l".~

is complex

Wi and w~ <lex Wk·

with the same
ordering <O. If

Le. W m + l -= Win.V.

since any rewrite



1.

, s.. t .

.......... '.., ..... '-'L'-'... ""' ... '-''1 Le. T is

.....................,... ·U,lv .....' ..... substitutions cri decoration

<.« , T ~ UiE[l ..n)Si and:

way to introduce decoration rules for
the of inhibits

variable decoration are

at A changes any decoration of strict
i E [I ..n - giving us a T-unifier of p/0

must he in D-closure of T. From 7.1 ..8
U\..4.,-' .......... 'v .......'1 sinee it is assumed to be strict_subterm_set(T)

P'i+I:0 is a unification problem in C P( D,
v .........."L"-'L-L'J ................ u for application of .&..J' ...."" .......... _""'._.J.

sort

F, ............ ',..,.....,.A.'A1'VJ• ....., ... JL rules

, RI) .. ... be a ae1r-ZV4rJrZ4on.

forreachDoo(Jd(SO' Xor~0).

1.

us 1 Itl S; n 2:: 0,

n>O



'nn't'VJT~r"O 8.

. h · t <synln eritance w.r . . -5

F,
equalities

2 on

is necessary.

.................. '-' ......v...,., ...... '-,'-" over all terms,
current presentation P,

'--''J.I.A..l..L'...&.v..LI.V ....... ·'-'''' .......'L''-'''J .............. term rewriting can
But testing completeness ail valid

terrns.
expressiveness terrn .............. ,-'.L"-"_.. "-"V.L .L .....

nJPlru.J/.:lt:ln complexity of completion and ............. .JL'-'LJV ..,.,v....... "--L

E [1
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simplification via set pairs,
does not lead to further restrictions on the completion strategy, that we do not

simplification of decoration rules decorated but not least, we
'-.,·U\"!~"""ÀiV""" term declarations without any structural conditions. Then the proof typability of

is possible thanks to maximal1y subterm sharing rewriting, where ail identical
to reduced at the same time. principal drawback this generality is a

completion procedure.
the three approaches are briefiy compared and extensions of the

'-'U ...... .LL\J'-'''V .... ''-'·.L .. P are for the case applies.

Conservation

here a preliminary property terms a match or a unifier of typable
terms. Remember that an! denotes the tree-solved form corresponding to a solution (J in dag
solved form. The notation C[a(T)] is used to denote the proof obtained from the proof Y

instantiating it with the substitution a and putting the result into a term context C(].
'-''-JJ.l.v4:....!\!v·~1.'-''-!'V~'-'·~L of proofs is denoted by +. For any typing proof T, Y Iw is obtained by considering

at position w for aIl terms in Y and restricting to rule applications on these subterms.
algebraic notations are consistent with [Bachmair, 1991]. Let us il1ustrate them with a

Y' 'r-+D a:{A,B} be two typing

a(Y)

+ 'r-+D 'r-+D

HHIJ-.·..,llllf-'.U form,decoraied substitution in
respectively.

> 1,



is similar. 0

case

),

El

are subterms of sorne
desired property. 0

t

zn

for ail i E is
specialisation for sorne

=d z=s for sorne z E

to prove terms

contains
ternis in R

4Jis -t
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can construct strict subterm conservation
matching (see Proposition substitutivity of the typing proof for right

the rule used for simplification and at any occurrence incomparable or
'-""-"-'u.'v .., ....'-J.I.J..'1 we can use old proof unchanged. FormaIly, if lM : t:,J.0 is a

the term ta reduced, : r:,J.0 r:Sr and fT[a(r:Sr))w is the reduced
then:

+

containsiuoaote in Di, are also typable in D oo , if

\li that apply strictly above w. 0

and linear is only required for D oo •

t-osc ... be a derivation using
........,""JLA..I.iJ"'u"'.-A. ...._'-'lL'-"•....." are decoration preserving,

lS 'J'DT.' ~ ,poel

o

typing proof in Then we can first prove for
~ rSU Sl if Cl s) used in \lik, that it is either in D oo

sense of Subsume.deco.

size of rS l w.r.t. the strict part <a U ~d of ~d u ~d,

for equation orientation and ~d is decorated
modulo sort inheritance. Hence, whenever t $;d t', then there exists a
t ' ordering <d U $;d is well-founded, since

<a U ~d, we can extract an infinite decreasing
a sequence in <i U $;d. Now, if ti+2 <s ti+l $;d

= a( ti+2) <« a( ti+l) or (b) ti+2 $;d
sorne J ç [1 ..00(, s.t. (tj)J is a decreasing

aIl <d-stepS to the beginning. If this sequence
fl,'-',"",,'"'' with k = is an infinite decreasing sequence

)jEJ is an infinite sequence. In any case, we a
well-foundedness of <d and ~d, respectively.

U it must either be subsurned sorne (</J" :
or it is still In the first case we can

replacement <P' E Doo of must
and linear, and a variable x

) = s ~ {A}. such an A
Lernma 7.2.2). Remark that if 51 sp

if SI ~ 5[",
is strictly

is correct.

Suppose
each decoration rewrite rule (</J :
or subsumed sorne </J' E

proof is an .J. ........ "'... u.'V·v .........' ......

where ~d is
terrn foJ ..... "'J ...................... 1.J'



term in any case. Remark
change or extend the set

an old one, the

we can use in arder to construct the
orientation of an equation, it can

new decoration

.i.J..J..UlJ.1.I..i.IIJU..I"'lNVJL.i.I.~ decoration rules. this case, a corres-
"" s: L'lAl.LL;-... "" is given Lemma 8.2.6. 0



2. Sort Inheritancc onValid Decorated Terms

case I=.l-0.

furthermore \li ·
(A) E

inheritance gives us sort inheri
existential completeness follow thus from Theorem 7.4.3.

is irreducible and S; 5". Now, {s ~DooURoo I:.l-0 ~DooURoo is a proof
terms only, that is reduced by ===> into a rewrite proof, Le. t:s '==!.d tJl

:
s"

since both terrns are supposed to be irreducible. Therefore, S ~ 5", contradiction to
E S; 5" and ~(B) ES: Bs:'~yn

we can conclude that
on terms.

o

on terrn declarations, the idea is to replace rewriting
by decorated rewrite rules. the priee of

L<'-.I.l1.1.1J1u.vu)tJ.lV'.l.lùq vve can prove an extension (Theorem 8.2.13)

a naturel uumber.

Iwl == k 0 is maximal. Giuen </>, a

. Layer rewriting has the advantage that it
term declarations, which correspond

It has the disadvantage of the maxima
context and substitution, as the foliowing example

identityrewrite in Rand
b:{B}, but neither:

b:{B}r0,

b:{B}):0, ,

correct reduction from

IS

R a set of
s.



vn·eCJ~zn,a Sort Itnl'l&lI'f"fJTfltn'''&I

we by substitutivity
abuse of our proof syntax:

applications at occurrences incomparable to in '11',
nat change. ail applications above sorne w E O(</>,a,k)' we

substitutions, since the are is maximal.
o

pair lemma preserving
decorated

proofs, using a
rules. This

context

a new
new term cornes

L>LL~J\J'--'< LJ..< V.l..L''-V.L.L.L.L;;-'' \vay.

0= E



2. Sort Inheriiance on Valid Decorated

-- - _.- - - - - --"'< - - - - u( ( 5 l )

u,k

R
u(l:Sl) ---r--·----I""_

k'

~.q.::I
R

t /:S I

- - - - u( rSl )

215

8.2:



is written set 0 occurrences is ""IY>I''''Tr'~

atsunnt sets

corresponding with
overlap produces

==d

in R

nan-naruune positions of g:8g ,

non-empty set W
correspon ding

Jo) is

, 7/J ).

-+ zn

oosuions of
1UJ'Tl-t'~'ln]'J/,1J set \li

correspondinq

corresponding



2. Decorated

'7/J : if ~s.

motivates to define
C'''{~''Yl ,"",,~IC" ta defined as in Definition

~s.

as follows, ""'ClC"; ........"'1~.nt'

:S -t :suSw if Cf..
t'?'-..I

us two '-.i~UlJi.1..1.~......!.vlJ for

Pl: S =d

=d

=d

q. :SUSl _
,1 <«

R, respectively:
if Œ

tf'V

,f(a:A rA rsU{B},

ysu{B}and

)=sU{B} .

'i E [1..3], of

zn:

not
f(a).

1.



3.

4·

5.

as

Let

__ ................... J......... 8.2.21
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n Then, there

rI&:JI"'.fl>f"'rlfT&:JrI unifiers according

and ihere existe a decorated
r(q:Sq ). If:

n pair:

s. Cl u.
""""

_"'f1~'Y"Yl!}'lID~rD set of decorated unifiees ac

U Var(l) and there exists
r(p:SqUU) for sorne

in following way:

1.

E ), <

a decorated presentation,
VVlfltVlllJ- ü~IJ ULIIJL.(IV'(;v decorated terni, as

).

bottom-up
the



<p: completely in sid e

(bl) ; of <p' in t o <p~

8.
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-rn"t"Y\":}1TI1TIn .............'v_ ...,.....,v ...._ ... ,.. .., are those above

cry corresponding , cr~, s.t. we
4>~1 ,(J'~I ,w~ II-Sil

>--+ri 1 l in - n, W hich provides

ail j E

o

prove for

a proof w" :

to

proof 8.2.20 can be used ta construct ,
is non-linear, we have ta prove that the construction

.......... ""''"''- .......,...... this is not case. are two occurrences,
, in equal relative position a non-linear variable

definition Lemma 8.2.20 gives cri'(x:t0) == u:U[cr"(g:Sg)]w and cri'(x:.!-0) ==
, there are t\VO possibilities: Either is applied in r:S r , i.e. phii is by

construction of w' a rule inside r:Sr , or it is applied above r:Sr .

ensures that bath subterms below x in have
,",,/f"'Ç''''',T·''''r for ai'(x:t0) cannot existe In the second case, we

overlaps into or it does note the first sub-case,
4J~ is the result a critical pair of into sorne

is applied strictly above <P' and hence this
is below x. ail r:Sr are

4>/1 in contradiction to arnbiguity o-i'(x:t0).

0" in the last lemrna makes it necessary to calculate
restriction 0 == in Definition 8.2.16.

t\VO decoration rule applications and bet\veen a decoration
rewrite are as usual. that the peaks corresponding

slightly, due ta multiple occurrences decorated
a decoration rewrite rule strictly above a decorated

a cannot introduce a new redex for the radical a). Therefore, the proof
between two decorated rewrite rules

'UL'-'·..... ....,~_.....,v'-' ....... presentation, s.t. is confluent,
is a bottom-up typable
there are disjoint sets of

Lern ma 8.2.23



t"I:S"1

R

8.4: No



2.

tlll:S'1l

R

..-•....... -- .. ql(l:Sl)

R

i.e.

since

\V

typable by .Ji-J"-' JL'-4! 8.2.20. we

radicals can introduce

Lemma

=0
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sorne at

occurrences of ail(g:5g ) in

.JL.I"-' .......... .!.J.. ... """ 8.2.22. 0

0--
(t":S"

Lemrna 8.2.20 .

of follows

18 at one possibly



2.

t l ll :S ' "

q'(r: S r) ------,,,:"------

qll(d: S d) ---o.

"'--.---.-'- q'(z:SZ)

__________ qll(g:Sg)

-r r r r r r r : q'(Z:SZ)

</J'), r

8.6:
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case
o

(9 : -t

~ 5' u if q E

zn

one ::::::}. 0

since
are an

18

zn

not comuosea.

6.
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1.

2.

U

3.

R)U

6. D

» cP

8.7: Sharing Rewriting.

are new term is



dont know choose
end of

dont know choose Compose_MSS_D; Collapse_MSS_D)
endrepeat,
dont care choose

dont care choose(Delete) endrepeat),

end of

DecoratedRewrite
dont know choose

_ .. " ............. ..- .... )

end of

MSSC
dont know choose

)



2. Inheritance on Valid Decorated Terms

a term

new terms are typable, General
.lLUU ........ .LJllJ' V.I._"'''' 8.2.27 the presence of all needed decoration rewrite rules and

contains the riiles neededfor typing in deduced decoration

3.

4.

typing proofs are only transformed.

Collapse_MSS.D:
a p,:sr-in CT~E~ via ~fyer,w, Le. the typing

decoration step ~ fyer,w .

.5. OrÎent_NSD:
Like ....., ........ J...... ..., ............

6.
new terms are either an instantiation of a term in CT~E~ or

instantiation, In case, thetypability of the instantiation follows
unifiers are calculated with UNIFd- If the

follows immediately from the

its is a consequence of Lemma 8.2.20. Remark
'-'_ ......... L.I.L"-'L .. V on ail typable terms, since Deduce.deco.M'Sê is no

tJ'LL'~"-A.I"-'L~. due to assumption implying also:

reduced must bottom-up typable in Dk-l since Dk-l

not compose or simplify decoration rewrite rules.

·Lemlna 8.2.29

can .LJ ...... .LJ.JlL.LJL'UJ 7 1. 0

0) using
o and all criti

is sort inheriting on



"-A.'-"..,,"-'L'UlJV .. '''-'..LA. rewriting
an
other

an old one by decoration rewrite
-r .................TT0 as in orientation case.

proofs in , we can reach sort
'-""~"''-'V'..".L''V'''''UIJ.L cornpleteness as in the proof of

'-'''-'.LL........... '-''V ..,......., ..... VV..LIlAJV'V"".J.VV .. especially the one on priority for
are sorne theories for

x .. l .. [' ..

p=

set

if Cl
tf-...I

if ~

we U ts

into



3.

if }

if {clist2} ~

ean stating that P' is not sort inheriting, since term
nil))) is of sort cons2 and cons3 at same iime.

mentioned, are also presentations, \vhere this decoration critical pair
.... r>.·t-r.. .....+ ....1'.. "'+ ....ITI'" not tcrrninate.

8.2.32 Let S == Odd}, x::Even, y::Odd, and:

p==

: Odd
}

is an number of uncomparable deeoration critical pairs of the shape:

) ...
. . (s'ucc(o:{ Even} r{Odd}) ... r{Even}) :su{Odd}

.. (s'Ucc(o:{Even}r{Odd}) ... r{Odd}):s
.. (s'Ucc(o:{Even}r{Odd}) ... r{Odd}rsU{Even}

exounnea by the syntactical nature of decorations, which are eonsidered to be a
of deeorated similar to [unciion symbols. differences in

can lead to completion procedure.

3

vie\v is
have an optional character

we consider decorations as assertions

drawbacks:

1.

2.



3.

.nl1'n'1Ttrl:> 8.

5. ....."" ... .40.40..., .......... '-""-«. into one strategy,

each step in a rewriting
standard rewriting sequences or one parallel rewriting step

.L.L .......L.LU.L....,.L"--' occurrences. A standard rewriting or parallel step can replaced
bottom-up sequences, ta Lemma B.O.!. Remark

'-4.I..LLU..Lv'.L .L .....L......,'J.L'J.L ... U'I since lS

...........'-'V........... ,....., ..... ,...TYT'P1'f-1-r>r'C' and an extension of
non-lînear
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1

Uv\...-li.1'J.l.1.. we compare our similar approaches trying to overcome the pro-
sort-decreasingness and dynamic typing. For this purpose, we distinguish

..... LV ......• ..... ·V.L"-' and sort approaches, where semantic sorts means that equal terms
equal sorts definition and syntactic sorts means that membership in a sort is a pu-

discussion of the different alternatives and several examples, we
.......'-',,_. .....,..... '......·v""-·"-4. ~"J.LL.LtJ..Lv·V.J.'-'.1..L for G-algebras.

first come back in section on the relation between sort inheritance and regularity,
we compare our own completion approach several others. Then, we prove that the

complétion presented here subsumes the completion described in [Gnaedig et al., 1990] for OBJ-
3 specifications. Before we close mentioning other approaches, vee also compare with

extension from [Chen et Hsiang, 1991].

1.1

as an extension of regularity, which means that each valid
extension of ~ = (S, ta ~o = (50, F), sort

regularity for Le. regularity w..r.t. semantic sorts
depends heavily on completing sorts and therefore

up with semantic ~-regularity.

something like regularity is hidden the unification
ta a proof based on

reuiriie



«.naoure 9.

ES

account and so may
general.

... .a. ......... '-' .....'v... .a..,_ specifications

a

p== z : c : a: a:

a is a counterexample

to agree

E

E

'-".L~;v.L'J.L.L.LJI.'-"Vjl'J.LJ.. of non-regular signatures into
to the that sort inheritance is

'~V'~'<lU'LJ'<J [une-

IUUVWbHU way : E



1. Syntactic Sort Approaches

1 are

a consequence of working with semantical sorts, retracts defined in et Diaconescu,
v ......,.A.'lAJ..... ,............,.......... et 1992] order ta ill-formed terms are C1"1"1T"-r'lI. .....·n"l"l" "lI'€"!

guarantee that needed sort appear eventually in the '4'-","-'_ ... 'lAJ'V"._ ...

if if it is semantically well-formed.
..,.......,'U."J" ...,~v'....."J this:

{
y:

transuuea into:

---t

---t

---t

---t

if {Stack} %s
if {IVeStack} %s
if {Nat} ~s
if {Stack} %s

(l'-''(lCjl/'(I''-' them yields:

-t

-+

C01Tt1J.(eu:on process terni

cannet normausation with decoration

, which has a top

is statically with re-
Or1Jnal:U;Zr!O it topeempty:{Stack}

the top decoration



Discussion Conclusion

are no decoration at
allows for orientation

Consequently, are no new

explicitely weakenings (restricted forms
its variables), in order to "' ................. f>J ·'-'Lv""'

number of decoration rewrite rules
of such weakenings for each rule. for
ta assume the computation of weakenings

a weakening can be simplified if and only if
....,........''-'.tJ'JL.......... ''--'''-L'I Since are not specialised

process, since
fact , the existence

original '-..O.'-"-..L~',-,V.J.'J.L".

are no '-U'-..O.'-..O. .... v ....<;» ....... '-U....

sition 7.5.1. 0

sort
pre-



1. Syntactic Sort Approaches

18

y:: Z H a=b,a=c}.

b -+ d, c-+

s. t. set is
-+ b -+ c -+ d}.

VV{,\ÂlCllftv\ÂI <•.Jl.lt...l(;vllft allouis proo]s on initial signature, but the normal form of
may have no meaning from a computing point of view. Of course, there

V(;'l...i(J(lV' 1 (1 for d oalidates the equaliiies provable in the new presentation, but
extenaea and it mightnot obvious how to interprete new function symbols.

folZowing set of initial rules, after simplification of the Equations
final orientation:

-t a:sU{A}

-+
-+
-+
-+

if Cl. s
tf'V

if {B} ~ s

if {Cl ~s

that n~ay oriented
oreceaence a > b > c, yieZding:

-+ c:{B,C}

c" -+ c:sU{B} if {B} ~ s

a decorated recursive path

t.

on two decoration rewrite rules for c, Therejore, we
terni declaration c : also (B, C) to 80,

'nnQr>1nnlP U'f1''J1ïF'I11"'l'A'Y} necessary for

a translation of

if {D} ~ s



{

}

-t

-t

---+
---+
---+
---+
---+
--+
--+
---+
--+

z:
yi : y' :
z' . C, z' : B

if ~ s
if <1 s

!f',.J

if %s
if {D} $6 S

if %s
if {B} %s
if {E} ~ s
if {D} %s
if %s

we to

--+
-t if ~s

--+

--+ if <J=s

zs
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2

tree automata approach of [Comon, 1992J.
and the approaches
(see (Watson et Dick, 1989]).

"-j'-J.L.L.L'-".LL designed completion of rewrite
1992]). Also motivated the failure of

T'l.7'r'r\Lr\rY> is to provide new deduction rules and ta
logic. order to argue that our approach

'---'T'''''C'''''-,n, constraints of [Camon, 1992], we exhibit
nat in one. is the

9.2 .. 1 rewrite .Jl.ILlu ....... t t u R

E

Cl lJl"'lHltCdltC- set of rules

E . 1\ E
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a:S
~

~

~ ~
~ Œs

""
~ %8
~ ~8

-+ Q' 8
tf'V

as

bf-

if ~ 8

can reuirittcn into

~ l( into

E ),



2. Semantic Approaches

"-.-''-'.1....... ,-' .......... \ve can express our as:

seen as for in [Comon, 1992]. .l\..s this rule does
not ~Y"T'E~r. 'Jr'r. new second variables, there is no more need for Deduce3, if we start with

set. This is the reason why we can stay a first-order framework while
of problems.

using can obviously result in non-linear (resp. non-semi-linear) regular
\",.ü":J.lV.Ll0. i.e. we can no more decide the intersection of two sorts. But this is necessary

constraint and therefore for the decidability of unification. Consequently, \ve
our decoration critical pairs as a semi-decision procedure for intersection of

undecidability of intersection



cornes

B

v

a:
f:
f:
f:
~f :
g:
g:
h:

U: S --t
'7) ir" -+

~r:S --t
a: S -+

if {D} ~ s

if {D} ~ s

Cls
tJ"-..I

~s

Qs
tf'..I

Œs
tJ"-..I

a
t!V

Qs
tf'..I

~s

~ (
Qs
t!V

(
(
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if Cl s
f!'V

(14)Applying .....l'IL..'.. ...LtLlIl'iL .• 'iL .• to (5)

and shows that a is the intersection of A and
the specification was shown to non-sort

with a new u' :: and the term declarations
resulte in a new So containing additionally

new variable .. C) and the aerutrnruvns:

(17)

can into:

n1J/,llZrJ((J once more

....,..',',."." can into:

-t

-t if {B} ~ s

uiere iniroduccd

-ta



Discussion and Conclusion

not cannot obtained
that in this case the rewrite relation becomes

well-formed terms and semantical sorts are
systems. is not contradiction

..... "' ... y ......... + ....--,.... relation is also defined for terms rf"'"T· .. ~rr\rf

uses so-called T -substitutions,
.!..J..J. ..... v"-"' .....J'-A. of classical order-sorted

Schmidt-Schauû, Smolka et 1989J.
to the range-uniqueness of the used signature: any image of a
a variable a subsort of A or a semantically well-sorted term

which is a subsort of allows for a critical pair lemma
hand sides at positions, not strictly

"-"' ......L~'-"'-'.l..LJ.'-'.l..LV at variable position is nat aT-substitution.
......, ...... 'VV"-"J........ "' ............ v .......' .......... in a rule's this approach may

introduction of
term declarations than

lxl-t -t Y* -t Y * y,

Iy *

same.



2. Semantic

after typing the two members
in our approach obtain

if {N} %s

if {N} %s'
if {Z} %s'
if ~ s
if %s
if %s
if {Z} ~ s

*
*
*

uie

*

== (y:{Z} * y:{Z}):{Z}

y{Z} == * y:{Z}):{Z}

*

-+
-+
-+
-+

* y:{Z}):{N,Z}

* y:{Z}ysU{N} if
* y:{Z}):{N,Z}

is atmucaoie. Remark

is aecuiaote

sys-



gives a .i.."-'.i..~'-.i..""Jl."."-N

assumption that all
existing term

we



3. Conclusion from



.nn'Yl~!}T'Y'O 9.



for decorated calculi G-algebra semantics
goal is to reuse decorated in

another operational semantics to the basic

are undecidable. therefore
scope of this thesis. assume

conjunctions sort inclusions of the shape
dhould not to be confused with

e.g., in [Smolka, 1989; et Topor, 1990;
calculi may be derived using saturation calculi
1994b].22

...... ......., ..... '-4.-'L'-' is as -trdlr...'ftTC'·

\ve '-... ,...,J'-'......'-4.

&-,. ..... .,..,T-,.,..'Ps :5 to 9 to a more ""''lr,n.T>r,n.-.1IY1"'"'' -T'P·~TY'tr",YITr'PIT

case of a fragment of G1-logics in
JJUJ.UJJ..Jl,l.V'ù.U.l.U\JJlVJ..l. calculus cased clauses.

provided us partial and dynamic (sub- )typing. This gives us
comfortable formallanguage specifying and programming. Nevertheless, the

sorts is in G-algebra and the used language is strictly first-order. The first restriction
parametric which are very common existing imperative programming language

a very form in second restriction avoids functions
sorts as parameters, which is possible in much simpler languages as the ones just mentioned,

C. restriction are by the use of G1-logic. In this chapter we concentrate
as parameters. Although G1-logic is second-order, we focus more on the handling

in fol1owing, leaving functions as arguments undiscussed. latter
an interesting direction for work.

subsorting caleuli for parametric
problem as independent issue is

the existence a constraint for
ti, where for

we start a
OIC,'>Yn,0111rc.> in a set

){=

is in fact an UiI-l!OIIIl! PhD thesis on Saarbrücken.



<= E

for the cased
of an ordering on

2.

t.

s.

sort

r conuuns atoms

to

are no eouations nor

ZTU1ZVrZa'lUUl ierms as Fl'Y'tf"1fll'Yn01rl1



1. !.JUlVv\..,(.rv. Sort Inl1IPtrf,'Tn'J'ïPP and Decorated Ternis

that we
e.g., S is as a set

\AJJL.1.vO ....I1J .1.J. ' ....tJ. .1.J.J; 'U.''-"'-''-''A.'-'''''''-''U. completion, Section we also used
assertions, which are close but not the same. be concise, we adapt fol-

..... ""...,......... A.J""""' convention. We use B for set terms, s, t, s', t', . . . individual terms, u, p
C for , . .. for decorations, , LU,. .. for

, ... , Po, , . .. for sets of clauses, S, , 5"
of inference calculus and f=Log for

Log. Furthermore, we redefine S:

set of ground terms in SI

set all set terms in SI'

,,,,,.....,,,l'+r.tY'J> Sand

S is similar ta G-algebra sorts and not to confuse with the set of sorts S in the
we do not use capitalletters for set variables.

from for G-algebras, we assume the subset ordering
role of G-algebra sorts) to be extracted from the initial

we assume this extraction has already taken place and the
contrast to Chapters 5 to 9, vve want to handle parametric

Le. we do not fix the class of sort structures but assume
formulas the shape A ç? B.

.......... ","''''''''''".. ''"'' ...,.." ....... '''' 10.1.1 skoletnization function, which replaces [tee

• orderinq ç on set ternis does not

Xl ç X2 ç ... ç X n = Xl n = 1.
cycles of more than one, i.e. if

E S(X), 'Î E [1 is a soloer for
3 is o~tlic>TL.,tYl7'1}F'l1 closure over ail

'1 -r r r-r v t n f"l1 in the following.

of the shape
variables of the

ii is decùlable whether aIL B E D have
'1Ul~r''1nfl/P assunimetus in all models, i. e. ihere is a solver for

is the uniuersal closure ouer all (set)

SN F(B))BED, where stands
A for (uni-

corresponds



Chapitre

equivalent to
of ç and is

sort are not allowed in equations
x sort are only provable using
s', which can he seen easily from

set axioms are not

aV1')LZt~a to

from is
.....,.......,'-., ............... '-4. one is a consequence of

rio.ro1-0"T'L'lnC'O 'J'""-''--.L.LU'V''-'.L>J on set terms and to set

i.e.

E t e E c
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it

now a sort and a set
give the refined definition

from Chapter 5.

our general 0;0':) U.l.;UIJ\JJ.V.lI.O.

motivates to without n-rA,:,,}J""1,C'1"nrli'

means w.r.t. ç. Sort inheritance is undecidable in _...... ~i.J....... .L'I.AJ..L ..

test computing terms that destroy is developed latet. Simple restrictions
regularity and sort-decreasingness [Smolka et 1989; Gnaedig et al., 1990;
are sufficient ta ensure

.L.J ...................L'lA.' .. '''-''-''- terms are defined as in 5, we
L(Jv ....CÀJv.!.1.'-''-A. to an variable, a sort only for set variables.

to he clear following. definition is ail we

_..a................, ...._ ....... 10.1.3 a Cl-signature, be a denumerably infinite set
variables a set variables ranging over finite subseis of

t?lvtfJC>Ifl'Ynf)'Y"P X a S(X)-family variable sets partitioning and for ail x E X so ' set(x)
the ground set terni U,\..-lflVlttJlf"U X belongs to .

..4 decoration is subset of called basic decoration, or the union
a represeniinq a basic decoration. a decorated (~,

is coniext, is:

1. or x,

), ... ,

decorations contained in t: D and as in

Cl-memhership formulas
Ti...h"",,~+ ...... "Y\ 5.2.3.

10.1.4 a terni , written assert(rD),

pE

two convert



assertions about of set terrns
close to the way such conditions

......... v ......... ,.A.'-4. ..."'v a new
with sorne E

s.t. 1S a

c

1S a

) . ,4 r-:»..... - E

to
B are set constants.

SOUle t':/ == (8 c::: t)
== (t :

sorne



3. rresenuuioti. or How to Test Sort Inheritance

set terms would
(l,~ll~::Ha.tJ~Uf~l of terms

.......""'"... ....., ....'VV" ... '.....,........ since typing

Another .. 'Y\'f-"' ..... r ..... 'f- ..' ....... rt:"

.l..1. ....v'.l.LL.".''-'.L ..J.LL.l.IV .. as for polymorphie

direction, whieh is more interesting for
an injective mapping. L {::: r a

....... ""' .......... '-' ....... as:

),

oceurs

atoms

)

) E

constraints assertions

)
.",.t-- x .. ".. Y ..r- .. ...." ..

{=x:z~ ) ~ tt.
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u
u
u
u

~lC-JII'IIL-'" as
sort l'):Ylrtorp<ITrJll'Î.I''O ZS u

), E {= E /\ C ),

10.0.2. we

), ( E {= E /\ C ),

{= E

E E E
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i VIJl'lJi~na •= to

~ tt {::: : A ~

us

u
u
u
u

·no ~ tt {::: Z,O : B ~ tt)}

is not ..,. ...~{.I(t..,.,tl\.;~ for any C · Po is:

~x :: rVU{Oo}) {::: x :: A)}.

we come ta inverse direction, from condeco clause sets ta cased or Gl-presentatians.

any set of condeco clauses to the correspotulinq set of
U by transjorminq condeco into cased clauses with

sort inheritance and set tertn existence formulas [all in Pô). Single
\li inio clauses, so there is no need to define II for il.

any set of condeco clauses to the corresponding Gl-presentation is given by
....,..... ,(1/."......<1 as = 0(II(p)rel. i.e. by first transforming it via then

C'tiÎ'~'nî'1't1rt orooosiuotuu functions into relation symbols with .rel, finally exchanging

existence formulas with 0. Analogously, let the reduction Y c of single
given by YcCL {::: r [T]) = (0(\l1(L {::: r [T])rel)).

\ve now a lot of different transformations, we think that it is the right place ta
an overview: Figure 10.1 shows relationship.

set {({::: : A ~ tt)AED) 1 ncs(D)} may again he infinite, hecause there
111ay infinitelyfnany set terms. Since the decorated calculus should he an
r.-t-T,"ro~'TTr.. calculus, i.e, working with finite 24 sets of clauses only, we do not add corresponding
f'l"-""C'I","C' to Po- we postpone the test until the end, where we may define a corresponding
test on rules with heads of the -+ rvU{A}. us state following immediate

Il'rIJ'II'litll atoms L:

u ~ ) l L

n"'....-.·..."'."........ 4.2.5 and the

) Incs(D)}.
o

schematisations here.



260 l4:>fl~()tpn1"4:>rI Superposition '-"U1t1v\AJ'Cf\AJV

=

II

10.1: Chapter

_r>r·y"r.y. 4.3.3 ones that

consistencv of decorations, replacing one
occurrences of same subterrn, but different cache

in any difficulties if we do not completely exploit
assertions as is the case Remark that the use of assertions

cache memory rules, especially read cache, are not applied eagerly, which
very expensive ",",'V.IL""""'--""""

In the following we speak valid
,-unPT1Pvpr P ).

unifiers, to show
optional (as assertions)



mincatum and Saturation

........... ,"""' ........., v '-' ..... '-L.Jc1..J. ... J..·'-'~v ...'-' ...l. problem is a COrt1U7~Cl:lon

uiritien ÂiE[l ..m] Si:
Di A

suostuutum a, s. t. for aIL i E [l ..'m), a( Si:Di

), o is set occurrences

start

identity on S(X) and:

axiomatisation of ç satisfies re-
is satisfiable, i.e. if is a set term y sucli that B ç list(y),

ç is the identity relation.

that are differences w.r.t. Chapter .5, in that decorations of non-variable terms
play a role if they are top decorations variable images. Another condition that was

dropped is validity of variable images - it has now to a higher level of deduction. Instead,
the only condition imposed is sort inheritance through ncs condition. Let us continue our
filC'Pl1C'C'11"'.1,,\ with decorated matchers.

.A..4J............... .IL ... p ..._ 10..4.3 Let part of the ezample. [urthermore:

1



one
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if f =1 9 or m =1

263
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decorations
not fail in

we do not
..lI..J..L ... ' .... "".""""'"- .. decorations

a<îv

ln a
we are mainly mteresteu

give a purely syntactical replacement semantics to {x:D H y:D'}.
is no subsort rule ad ding new variables. rule has been

V'--''-d.L.J..J".1.'-'~A>.l. reasons, in to avoid introduction new variables and
simplifies of the decorated calculus to the

a consequence, rule has become more complexa
set variables being instantiated by individual

set terrns.

decorations only. If the constraint
coutuer-ezamote for sort inheritance.

nrv r a rvo arvr o rvr» according

using
\...l.'--"J~'-'V'-' a counter-example

..................,...., .... ''-'..., belonging to sets

'-""'-' ...... ...,v .....·...u, ...... v..., .. in order to our



4. Decoraied Unification and

superposition premise. Furthermore, the
size the conditions that may be used to add

us to discard decorations above the overlay positions.
in order to indicate that subterm of {D" at

all decorations strictly above u (or ail decorations
down to u, depending on point view) in [s/:D')u are empty.. other

..... ,.. ......, ...... ,-."'..,... r. not below or at 'u are unaffected, i.e. still those of t: D " . Forrnally, this can be defined

transformation W condeco clauses into
is performed atom independently, we may reuse multiset expressions
as defined Section This allows us to conditions calculus considerably,

the multiset of (V --t '1 A and t :: A be the one of t-,« : A ~ tt,
decorated equations of the shape (D ~ t/:

D ' it one of t;« ~ t~d. The ordering
on clauses can then be defined as in Section Furthermore, when we write >- t:D ' , we

mean Snd >-
Concerning superposition \ve may observe that membership formulas, which ap-

pear as equations form s : t ~ tt clause calculus of Section 4.3.3, only allow
top superposition, colon operator is only used at top. the result basic

a clearly is a clause of form tt ~ tt <= which is a tautology
thus redundant. we may that critical pairs resulting from a decora-

into any and CP( D, in Chapter 5 is always

if p is uncomparable with u,

otherwise, i.e .. if p < u,

(distinct cases for decorated and decoration

1. strict sunernostrson into rlCJf'f)'Y'I"lT

V'J..L\.4.\Lil'J..LA. a, s.t.:

2. strict



Chapitre J'.' ."" .""g••.• g. Superposition l>atculUS

-t )<=

u is inside t l
,

strict

?

and

strict
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for x
lI''-A.I.... .l'-A.III,J' ...........,v stem-

quantification, s.t. they are disjoint

7.

8.

, t,:D ' ] has a
~ a( t,:D' ) is maximal in .ç:: I")«.

9.

has a -solution a,
) is maximal in .ç::

~4/ED

unconstrained variables
they are universally

A'ED

Il. laltlOlOQiU ït~so.l'Utl~on zn L-VlfiL-fiU:VfiVIfi



.:J(;f4'HJfJltltf...A.,.lJ{d~Ullt nvrtov'l>Ylr1 >- the saturation pro-
ground set terms Ai Bç arul îu, >- A

variable elimination.

reduced

for the decorated equational
of a unifier does not

ail used symbols ta be
leading ta the

of it
i E [1

)

u ).
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sequence /-:..... .-- ....... zs a sequence ''' ... sets
t.:

proving the
-theorem proving derivation.

CUlrHU~CU t n orvr-a rn tl'Y'l1t'1''1'Yln aenvauon. s. t. all with pre-

derivation is a fair condeco theorem

same way

Gl-Iogics transformation with y" Consequently,
a set condeco clauses iff \lI(e) is Gl-redundant

In following we prefer to use \li and II, Le. the
ta condeco level. Intuitively, we just have to discard all

0, in. arder ta test redundancy in the P transformed in the
..... ..., ........................,......... also the following invariant:

x .. A =1- no, is in the condition of a condeco
/1,r·,·t)I'Y''T'<i'Y1trl in a sequence ÇCV-steps Po,Pl, P2' . "" whenever x:{A} occurs

transformation that a decorated
OCCUTS in the premise of the

translated into x :: A by For all other i > 0,
...... ""-·..........,.... '<.A.Jv""-'...... variable is introduced by any inference rule,

\VrIPTlPVf.lr a condition of the shape x :: A is eliminated (cf. strict
rio,'"ôIÎ'Y"rlT'1IÎ,n superposition into pretnise and variable membership resolution in

deeorated variable is replaeed 25 also. Henee, the lemma follows by
...Ao..,.. .......... ..,'"" ... of inference steps, 0

complete forf1o,'"ôn'r"FITL.)#'I unification is sound

no/1.'Y'o'rY) proving derivation, counting constraint

is obtained from Pk by applying a rule
giving ,s.t. is DU-satisfiable, and

Cl sequence

......"' that an alternative for this rep'lacement would be to
else except the conditions x .: A.

the decoration and every-



: ta ~

'rc

hold

also the same solution sets for and it does not add
nor discard any variable completely.. we get same instances for w(L {::: [T])

-<= since they do not depend on assertions, \li(L {::: [T] )red is
it is rule changing the decoration of a subterm

constraint: t':D'UD" is a decorated subterm that does not occur
transformed ..

then we know definition of 'li ail assertions cor-
assertions of {::: Furthermore,

are instances E fila, s.t .. the
{::: r [T]) and all il E D", s.t. : A ~

UL'UV 'UV...... v'-''-'·'-'L for each solution of Tnd.

: ta ~ whenever P FGl , ,L'kel ) is guaranteed by 4.3.11,
sequence up to k + 1 is a condeco theorem proving derivation.

VarClash-rule. L {::: r [T] be a clause, s.t ..
1J..LJ.'-,,(..loJJ ..Lv at the obtained clause is triviaily sound, since the constraint is

Furthermore, {::: r is subsumed by one of clauses {( {::: (x :
ç {::: r {::: r is
) U sequence up to k +1 is a condeco

o

prove it
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Since we know

Ira is a ground instance
a one

following diagram commutes, where

----..;;;;;...,;;;;~--~ Ca

(, \li :> \l1(Ca)

base case
distinguish

in

Iollows from
last applied rule:

),

ta:



remains ta praye
FI O"'l'p,r, 1 v term modulo '1J. Let:
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urnlOnOlIl.lT" this true for ail these instances.
and therefore also P I=Gl a(t)nd :

>- : a(A') ~ tt), since a(A) >-
........... 'V ....... 'V''-''q we may use the same instances to apply write
~ tt) ta the assertions of the clause transformed by \li,

same equation the condition and discard
again. is W(C(1).

o

r(lîlrOlOQ'U 'rl~solUl:~on zn IY\iJ""L:):rYl'" 00"

-(;UlLlJt.lltUlJ U resotution zn 'niJ""l?t}Y)1) 00

go on cased condeco saturation ..

Lemma 10.4.11
If every

lllore

r-rvm rt ar-r» r n arvr-o rr» proving sequence.

every ÇC3-inference from II(Poo ) is redun-
into of non-subset rules overlaps

following more formal statement: For ail C~,C~ E II(Poo ) , if
is G1-redundant in except for overIaps of subset ruIes

and overIaps into clauses representing sort inheritance,
Le. there are ,C2 , s.t. Ci = \lI(C1) and C~ = \l1(C2 ) ,

"t"r..II .......'f1rT~..."r€' diagram 1-+ stands for one or

)(,



274 .nn''Y)i1T1~C> 1o. A Decorated vuoerooeiuon s..aicuius

a

are

form (sl/:D" ~ S"/:D"
f

) {= [Till],
conclusion imply those of strict

C011Clus~~on or strict basic su-
depending nature of t ~ t'. If

constraint is result of
conclusion is subsumed one of clauses for detecting non-SI

in contradiction to our assumption.
conclusion, say C, superposing Cl into C2 is redundant

, i.e. all instances of are redundant I1(Poo ) . We have to
ground instances QC3-inference on are also redundant in

). are definition q; those of C, since the only difference
1S is ignored definition ground

) is of forrn
. A ~ {= r [T], u is

precedence, we
'-'~,"""'''''''ULVV'''''V,! h~""'f'~·ttC'A tt ~ tt is
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If

superpositions, those that might be possible
into as mentioned beginning proof,

-{= [Til"], with L' of the t" I
:
D 1

with A' Cf ç for sorne ground substitution CT satisfying
basic decoration superposition into premise is applicable. This results

form L"" -{= [T"II
, t",,:D S"I:D], which subsumes after transforma-

tion 'li the result of basic superposition into premise applied ta Ci, C~, say
which has shape -{= tt ~ tt [T:1, t'::~ =7 s~~]. Sinee C is redundant

C' too.

is of the shape x:: ,then strict basic variable decoration superposition into
,y}'Y'OrYl'lI:>O is applicable and the resulting clause Chas the shape:

-{= r"" [T' II / ] ) { x:{A
/}

J--+ s:D}

we to
superpositions with suhset

if of the form

•

Following the same argumentation as hefore, we can praye that this inference 1S

'-"'-4.'i.I..J.1.,...L ....v.J..LV ln and that instances of 'l1(C) subsume those of C'.
r.ru.', r. ,,, -s- ,,. resotution in conclusion:

t ~ t' cannot of form t" : A ~ tt. Consequently, Cl has ta he of
t":D

II

~ and we can apply qenerate uiell definedness rule
~ r'" ,t":D " =7 ~"I:D"I], which is, after trans-

the. same as t : no ~ tt -{= [T', Til], the conclusion
latter inference is redundant in

-e(JU(lI~ZL1J reSOl1J;lZO'n zn t ~ t' cannot be of the form
Cl has ta he form L'li -{= t lf

:D " ~ t'Il:DIII, r'" [T'll]
apply decorated equality resolution in premise yielding -{= t":D" *1

gives transformation 'li a clause C, which is syntactically
same as [5] L <= t : no ~ [T', t = t'], whieh is also the result of Gl-equality

,n'Y'OJY)'1'lI':.!O applied to ). Henee, the latter inferenee is redundant

-uuuotoau resolution premise:
conciusum or tautology resolution

o

Po does nat include
clause ta
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or we them
has only a minor influence on

a set condeco clauses if conditions
conditions for through

set terms A membership conditions of x :: A or {D Amay contain new
is harmless, since we do not have any equations on set terms and we

'--'-'lULU V'--,.l.1.'-#'--' of a constraint solver. Consequently, non-ground set terms lead us to
vve assume condeco clauses C to he transformed

eliminating equality constraints, Le. we get Ca [T'a], where a
equational T and is remaining part containing

call the result rule instead clause.
equality on decorated terms, lexicographicaIly combined with equality

i.e. in including all supersorts of decoration in each
one may it as syntactic equality

start the definition the rewrite relation
"-'''' .a, L ........L'-L this definition is to accumulate subset

UJIJIIJ.L1'__ UJV.1.\J..L1. and to evaluate conditions as unconditional SDTRSs,
we add new constraints like (variable) membership

the empty is as usual to falsehood.

be a
atoms

E



5.

<1
t:D =nd

=>F
if f =1= 9 or m =1= n

=> /\
if x E

=>F
if x E Xo

=>f
if x E Xo =l=nd

/\

.o, .o;,.../\

Figure 10.3: Rules for Decorated Matching with Subset Constraints

* If is of the shape u/Di ~ ui:Di and is of the shape (Ui)nd ~

· there is a ui':
D?, s.i. a'i(u/Di) >---t p =nd 0 O"i(ui:Di),

D~I -1- 0 or U~I is tt
t 1 t ,

· O"i+l is (li and

. Ti+l =
* is of the shape Ui:Di 1 A or u/Di :: then:

· there is a urDi , s. t. ai( Ui:Di ) >---tp

=[Ti,VAIED~(A' ç? is satisfiable
~

· ai+1 is ai·

L be (u:v --t u:vU{A}), s.i. u is not a variable. Then t:D [T] rewrites to
at position p E Occ(t:D ) , t:D [T] >---t~(T,C [Tl, if a is a decorated matcner
(D 1p ?:..? u:Dp, where o, = Deco(t:Dlp), s.t. conditions

as in the preinous case, defining ,(1m+l and
solutions for x in [T,



-+ o:vU{Nat}),

-+ p(oyvU{Int}),

-+ nitvU{List(x)}),

y:{List(z)}yv -+ cons( X:{z}, y:{List(z)}):vU{List(z)}) Ç= x .: z, y .:

touounna sample reaucium cons(O,

cons(O, niZ))=t0

';-4Poo cons(p(O:0):0, cons(O:0, niZ:{List(x)}y0y0

';-4P
oo

cons(p(O:0):0, cons(O:{Nat}, niZ:{List(x)}y0y0

>---:;Poo cons(p(o:{Nat}):0, cons(O:{Nat}, nit{List(x)}y0):0

~Poo cons(p(o:{Nat}):{Int}, cans(O:{Nat}, nit{List(x)}):0y0

';-4P
oo

cans(p(o:{Nat}y{Int}, cons(O:{Nat}, nit{List(x)}):{List(z)}):0

C? z C?-, -
>---:;Poo

D"..n'r"DQQ'fltll&J by List(x) ç List(y) Ç=

ç? z, ç? z', z ç? z'].
f)'trF/'f)nrU&Jc ta no.



5.

a on
one does not want to

seme arguments hold for decorating

we come to proof of soundness for
SDTRSs. therefore show that proofs by ""'"'"""""..., ... _'v ...... '-'L

of conditions in the definition of the relation, correspond with condeco theorem '9"\."'''.'''111''1,_

derivations that can constructed using ÇCD. Remark that {::: [T] is clause,
whenever T is a satisfiable constraint.

Lemma 10.5.3 Let P be a quasi-reduciiue SDTRS and t: D , t ':
D ' be valid decorated ternis being

ground, ezcept for set variables decorations, be satisfiable constraints and A S(X).
Then:

t:D [T] t lJ
:D" [Tif] and t,:D' [T'] >---1'~ e-»: [Till],

s. t. [Til,Till] is satisfiable, t":D " =nd tflf:DIII and eiiher D" -f 0 or tl! =nd t'" <;« tt,
ihen P U t:D ~ t f:D1 [T, T']} r-acD ({::: [Tfllf] ) , s.i. T"" is satisfiable.

• If {D [T] >---1'~ tl/:D" [Til], (D" =1= 0 or t" = tt) and t"f:D"1 is strongly irreducible,
s. t. T", t lf :D" =? t'Il:DIII is satisjiable, then P U { {::: rD ~ t"I:D"I [T]} ({::: [TI"]),
s. i. T'" is satisfiable and for all ground substitutions a satisfying Til', =nd (j(tlll:D'II).

• If t:D [T] >---1'~ t":D" [T"], s.t. [Til,VA/ED,,(A' ç? A)] is satisfiable,
then Pu {D 1 A [T]} r-acD ({::: [T'll]), s.t. T'" is satisfiable.

• If t:D [T] >--1~ t":D" [Til], s.t. [T", VA' ED" (A' ç? A)] is satisfioble,
then Pu {{::: x :: x:{A} ~ t: D [T]} r-acD [T''']), s.t. T'" is eousnooie.

Hence, the rewrite relation for decorated is sound for -deduction.

proof is by induction on >-c, where >- is the ordering used to prove quasi-reductivity
of over multiset expression of goal clauses, Le. of ({::: I').
that we discard decorations for computing these multi-set 'C,;.A.liJ.1.'-',OO.l.V.1.1.IC).

(and t~d) are minimal, Le........... 'V ...........L...,..L ... ' ......... ~



case.

o



5.

case, '-IL....." ..."'.&. 'IUiJV"I..,,-&-

same term

...r"'....,..,."'-.. ..".,. 10.5.4

{ -t }-t -<= lx

ç? x']

This motivates the following property, provides a restriction implying termination
decorated rewriting with having this property:

Definition 10.5.5 Let P a set of cotuleco clauses that forms an SDTRS" P is structurally
decorating, if every clause of the shape (l:v -t rvUD) -<= r in P is structurally decorating, i. e. it
satisjies the following condition:

If is the condition obtained from r by eliminating all conditions of the shape x :: A,
s.t. x:{~4} occurs in l, then Var(D) n Var(r') = 0.

illustrate the definition with an example:

.JJ..J.n.."'-A.II.... I-'JL'l.J 10.5.6 Let P defined as follows:

{
(f(x.:{z},y:{L(Z)}YV -+ f(x:{z},y:{L(z)}yvU{L(z)}) -<= x:: z,y:: L(z) }
(g( x:{A}, y:{B}yv -t g(x:{A}, y:{B}):vU{C}) .ç:= x :: y :: B, x < y

is structurally decorating. be:

{ (f(x:{z}, y:{L(z)}yv -+ f(x:{z}, y:{L(z)}yvU{L(z)}) -<= x :: z, y :: L(z), y 1 z }

is not structurally decorating, since Z occurs in
the condition y 1 z,

set term to he

us to formulate



s. t. it is a finite auasi..reaucuve and P he:

U{(fc(B, -+ tt) t p FGl B ç
u{(ziO : A -+ tt {::: Zlo : B -+ 1

-t

B ç A and P AÇ E}

P is ground confluent.

rules defining the subset relation are of form (z' : A -+ {:::: (Z' : B
s.t. B are set terms with A >- to our general assumptions, there are no
subterms B and no equations for set terms. and are 'iT'1!".n.r11l1l#'11t"'lln

whenever one of these rules is applicable, they always give tt after one step. Since other
being applicable on instances of non-variable positions x: A must have a

of form t · C -+ they also tt as result. The same is true (xl: nI -t
gives us local confluence for which gives us together the property

quasi-réductive SDTRSs also confluence combination
from [Avenhaus et Lorfa-Saenz, 1994]. 0

Poo he snrnrarea s. t. it is a
as zn JL.J"-"'U'''iI~

sort s~:

t

t :

lS OGtlJ.01IGL'J.lC ..



5. IC~A~~n~CrlRewriting

range sort s~) uuroaucea
ground: ,

}--,\q,(Poo} tt J..1U·Vll~:;O

, ... , tm :~0 }--,\~00 tt [T], and [T] is satisfiable.

ail B (not necessarily n~rl'1lntn

[SNF(A) ç? SNF(E)] is true.

sort : if

JL.JL'-'.CI'-" .....' Poo is ground confluent and structurally same normal forms as
rlOFl'At"l1t1'Orl terms in Poo-normal form are maximally decorated.

proceed by simultaneous induction on >- over t t : A, respectively. If t or t : A
is irreducible in W(Poo), Le. we are in the base case, then t' = t in the first case and the
implication holds, since we are aIlowed ta do zero steps with decarated rewriting, the
second case, since t : A is irreducihle, it cannat reduce to tt and the implication holds,
since the premise is not ·satisfied.

Assume that t is reducible by sorne rule W(L {= LI, ... ,Lm [T]) in W(Poo). Let r be
LI, ... ,Lm· can assume w.l.o.g, that ail reduetions in Pare bottom-up, sinee P is
ground confluent

Since the evaluation of '11(r) only involves strictly smaller terrns than the instantiated left
hand side of W(L), we may apply the induction hypothesis to get the satisfaction of r in
the decorated case:

If the condition has the shape Uk: Duk ~ Uk:Du~, then we know that the corres

ponding condition (Uk)nd ~ (U~)nd leads to a matcher O"k+l, s.t. O"k+l((U~)nd) =
(O"k((Uk)nd)) .J..p. Furthermore, for an conditions (x : B ~ tt) generated by \li from
conditions x :: E, we know that O"k+l (x : tt. Renee, by the induction hypo
thesis O"k+l (x r~0 }--,\~oo tx.o, [Tx] with [Tx, VB'EDx B' ç? SNF(B)] satisfiable and

tx :Dx =nd (1k+l(Xr~0, since O"k+l(X) is irreducible, which is a consequence of the way
conditions are evaluated for SDTRSs (first, we compute O"k((Uk)nd) }--,\~ u', u' is
irreducihle and O"k+l is the combination of O"k the matcher of O"k(Uk+l) 5:.?
which has therefore only irreducible terms in the image).

Consequently, O"k+l can he lifted to a decorated substitution O"~+l with u~+l(x:{B}) =
tx :Dx for ail x in (Uk)nd,(U~)nd, s.t , set(x) = Note that the same argumentation
allows us to lift the matcher 0"1 of 1eft to a """""',..._.... '''"'''" ....,''''" .1.L.J.Qlt,,",LL~;';'.1.

O"~, since we assumed bottom-up evaluation, which provides us
irreducibility. Remark a1so that by hypothesis Uk«Uk)nd):~0

.o,

............... Jl.J........ V ... >.J.L1. of the ~'""'T'r.,_"'t-r. ... ' .. l''~''_''''''

}--,\~(Poo) tt. by induction

that [T~, VA'ED~
are l"'I .......'_...·H .... lI ........ C"

term has



condition in r is of
last case.

we can use same argumentation

condition r is satisfied. there are no to commue
constraints the different conditions, since there cannot the same variables in two
decorations occurring in two different conditions.

t is of sort s~ and since individual terms cannot contain propositional functions
by the arity restrictions, we know L has the shape I:D, --t r:Dr , w(L) is
( z:Dz --t (r:Dr )nd. Furthermore, by construction, ((1~+1 )nd = (J"m+1. we also
know u:n+1(r:Dr )nd = Um +1((r:Dr)nd). Therefore, the result of the application of the
decorated rule, say t'I/:

D 1fI
, is identical to the one of the undecorated rule up to decorations.

Furthermore, since P is a quasi-reductive SDTRS, the result (t"I:DIII)nd of the application
of undecorated rule is strictly than {D, we can apply induction
thesis for the remaining derivation. This gives us a derivation from t"I:~0 to t":D " , which
we can also reuse as a derivation starting with t"/:D 1fI

, since decorated rewriting as defined
section is stable under adding decorations - is a consequence the redefinition

of decorated matchers, which does not take decorations as static part of the syntax, but
as optional information.

Next, consider the case of t : If the first reduction is in t, then we can reuse the
argumentation above. the ground confluence of we may assume that t is
irreducible. Otherwise, the first reduction step using P has to be on top, sinee there are
no equations on set terms and set operators cannot take individual terms as arguments.
If the applied rule is a defining ç, we can apply the induction hypothesis on
the result of the application (remember that >- is compatible Ç), whieh gives us the
theorem immediately.

must again
before. Now, L has to be
.......1""'\""""........... ., we get that the 0'1 of t : : B can

of 1:0 against t,:0, which is t completely decorated on strict ............"v'"-'............... ..,.

we can add T(E) with T ~ Um+1 to decoration of
to in set terms. Since t is lT'-r.l:llI'1'11l'l



6.

nOT\Ol''''31 assumnnons - it

need to test sort ..I...I...I...I.J."'-'A....\lW.J.i.'-'~~ .. is

6

cornolete for term ..."rl"l'I'1'". ...............

of Chapter 8
... .LL,AJI..l.L.L'J">.; set goal clauses added

we proved decorated
'1"T\.rtf"l~""""'''''''lTL'lrt case, we turn around and

mulated in the undecorated case as a V'""JU..I.IJ..I.

presentation, which were of

(<::: (x: A ~ tt)AED),S.t .. ncs(D)

The idea is now ta use Theorem 10.5.9 in order to test SI with a finite set of decorated
clauses. This is in fact the remaining part or der to get logical equivalence of with Po
w.r.t.. consistency - recall that we added above clauses only ta Po, undecorated
presentation, and not ta Po, the decorated one.

Theorem Let Poo be saiurated, s. t. it is a (finite) quasi-reductioe, structurally decomting
SDTRS. Let [urthermore S' be (finite) set set ternis s.t. a of form ([=v -t
[=vU{.4}) <::: I" is in Poo. Then:

the Gl-logical presentation used to consiruci Po and Po, is SI,
iff

Po is consistent,
iff

Poo plus the following set of clauses is consistent:

{(<::: , ... ,fm ) [Tl, ... ,Tm, II :0 12 :0, ... 11:0 =:? lm:0] 1

Vi E [I ..m], ((l/v -t li:vU{Ai}) <= [Ti]) E Pooand ncs( {Al, .... ,

Furthermore, if there is iticonsistencu, then a untness in form of a ground indioidual terni
destroying SI in P can be consiructed.

Le. t belongs to sorne
we can assume

E

.JL..L""... a. ......""'l the hand sides of
subterrns of t can a witness
adding decorations

proves the comnteteness



Remark set of clauses can be ...... "r1l11r-'....r<&

same top function symbol on left

Let Poo be saiurated, s. t. it is a
set of goals defined in

and using as SDTRS gives a sound and ,..,'vynn/a1"e;>

i.e. for ail ground individual terms t, t':

) J=Gl t = t' iff >--1~oo tl/:D" [T] =nd t"/:D'"

s.t. D" f:. 0 and [T] is satisfiable

for 1'1""1')'11'1111'1 uuuounuu ternis t, set terms

f=Gl t E A iff t ':
D' [T],

C? 18 sansnante,

t ':
D ' is a decorated terme Furihermore, for ail ground individual terms t:

t iff 3t' :D' t:..1-0 >--1* t ':
D '

Poo
s.t. f:. 0 and

and Theorems 10.5.7, 10.5.9 prove soundness, termmation
teness of decorated rewriting for ground equations in assuming

a explanation: it follows from definition of
(the quasi-inverse of and tare equivalent.

A ç no forall A ES.
the goals defined have a solution.

1r>,...r,""""~nrt results. 0



7.

Definition 10.7.1 --+ rvU{B}) -<= r be a condeco clause and r without the variable
ttiembership conditions x .: s.t. x:{A} occurs in 1. If = 0, then this clause is syntactically
decorating,

Hence, every syntactically decorating clause has only variable membership conditions for
variables occurring in 1in the premise, Assume (rV --+ l:vU{B}) {= (Xi :: Ai)iE[l ..m] is syntactically
decorating. Then, we rnay add the set term B to our collection, if all Ai, i E [I ..m), are subsumed
by sorne set term in our collection. More formally, let N ESo = 0, where N ES stands for non-
empty sets, and N ESi be defined the following equality:

U {B 1 ((Z:v --+ rvU{B}) <= (Xj :: Aj)jE[l ..m]) E Pi
is syntactically decorating
andVj E [1 ..m],::IAj E NESi, s.t. [Aj ç? SNF(Aj)] is satisfiable}

Lemma 10.7.2 If A E N ESi, then ::It, P Fa! t E uihere t is qroutul.

Proof: By Lemma 10.4.8, we know that during a saturation with GCD starting with Po, x :: A
is in the premise, if x:{A} occurs in the corresponding clause. Hence, we can associate, by
induction on i, a ground term t to BENESi. This is possible, since we may replace
any Xj in Z with Xj :: Aj in the premise of the clause by the witness for which has to
exist since there is a Aj E s.t. [Aj ç? SN F(Aj)] is satisfiable. 0

A possible extension this would be to drop SNF in [Aj ç? SNF(Aj)], but then we can
only add O'(B) for all solutions of [Aj ç? Aj]. Furthermore, it is then reasonable to T"OT'~I~I'O

Vj E [l ..m), ::IAj E N ESi by Vj E [1 ..m],::IAj E N ESi+l, while mentioning that N ESi+l is
srnallest such set. Even if we assume that just mentioned set of substitutions 0' can +'1_11+_1,,.

schernatised, we still can get problems termination, Consider the following exampie:

and (n:v --+ n:vU{A}) in Po.
ç? Aj], uie would get

--+ f( x:{z} ):vU{L(z)} -<= x ::

A is in .. Furthermore,
and so on.

us



E
xtf;

... '-U.&. .a."-A)"",.a.'V rrlenlDE~rSJnlD 'C'.LU...U ..lJ..lW\lJlV.U. is a simonticatum

stands
prove two things:
the C is ..., .........l'..., ......,............'''-L

and FGl wit( A) . since
instance of there is an instance

o

Although allows us already to get isolated variables, disappeared from
rest of clause, e.g., by simplification, we still do not get the effect of Schubert's Steamroller.

\ve need to preview also equational constraints on variables. Consider the
following '-'''l>.\J''-'.&.a.,..a.'-'~

&-"1"&-,"',[1&-,1' '1"'H~'1nfllt:> membership elimination:

L Ç: r, (Xi :: Ai)iE[l..m~ [(Xl =7 Xi)iE[2 ..mj, T]
L {= r [(Xl ==' Xi)iE[2 ..m],T]

if ENES, s.t.
[ÂiE[l ..m] ç? SN F(Ai)] is satisfiable
and Vi E [l ..m], Xi fi.

Although seems to be to it allows for to stop C!l1't",.o'f"nnC!lT'lnn

goal clauses, only contain variable membership conditions and their satisfiability
already known. is in the spirit of order-sorted unification and the '-'.t'll.'-Al.&....Jf.tJ'Jf.......

Steamroller, the efficiency of deduction is raised by order-sorted variable u..U..JL.lJ.'L-W\I.1,VJlJ.

tead of the of ail ground solutions. corresponds with
of term sets. construction is a conservative extension
tests for classical order-sorted logics, we know that Schubert's oteamrouer

before, we

'--''''''''V'--'.L.JL'''''''--'''-L v .................. "" ... 'V rrlenlDE~rSJtl1D 'C'UJ.J.JlJlJLlOJ\iJLViJ. is a sunouncauon

o

8

compare one



8.

E .4. {::: E E B {= E

-t f(x:{A}):vU{A}) {= x ::

-t f(y:{B}):vU{B}) {::: y ::
-t a:vU{A}),

(a:v -t a:vU{B})

This set is trivially saiurated, since uie do not have overlaps
to test that and B are incomparable - we have to

decoration rules.
two ClaUSl,:S

{

Ç: x :: A, y :: B [f(x:{A})=0 =? f(y:{B})=0] }
{::: [a:0 a:0]

Clearly, the consiraini of the second (empty) clause is satisfiable and hence the
us a as uiitness for non-SI.

test gives

This was a rather trivial example to start with. us consider next an example where the
approach using decorations as part of the syntax failed due to divergency (cf. Example 8.2.32):

Example 10.8.2 Let:

p=

oE Even,
succ(O) E Odd, }
succ(succ(x)) E Even {= x :: Even,
succ( succ(y)) E Odd {= Y :: Odd

Hence Po is the following set of decorated clauses:

(O:v -t O:vu{Even}),

(succ(O:0)=v -t succ(O:0):vU{Odd}) }
(succ(succ(x:{Even}):0)=v -+ succ(succ(x:{Even}):0):vu{Even}) {= x :: Even,
(succ(succ(y:{Odd})=0rv -+ succ(succ(y:{Odd}):0):vU{Odd} {::: y :: Odd,

This set is again trivially saturated, since we
Since Odd and Even are incomparable, we must

not have overlaps with decoration rules.
to add a concerning the

{ Ç: x :: Even, y :: Odd [succ(succ(x:{Even})=0)=0

this clause is unsatistuune to

SUCC(SUCC(y:{Odd})=0)=0] }

bence P is proved to

we proved an 1IT'\rl'l1l~'t"'1I""'" theorem consistency:

E E

sense



............ ,..,...,. "'.". ....... 10.8.3

((x:{Nat} .f:0):v -+ (x:{Nat} .f:0):vu{Oset})

(( x:{Nat}.( x':{1Vat} .y:{Oset}y{0}):v -+
(x:{Nat}.( x':{Nat} .y:{Oset}):{0}):vu{Oset})

~ x··

{= < (x:{Nat}, x,:{Nat}) ~

(x,:{Nat}.y:{Oset}r0 '10set,
x :: x' ::

{= :::; (x:{Nat}, x':{Nat})

(x':{Nat}.y:{Oset}):0 '1
x ..

rtpl"'llrntprt termThis set is saturated using orderinq of s.
trt:>11,tr1"t'l'Yl1l sustem is trivially sort-inheriiinç, since there is no

Omset,Oset and List are comparable ui.r.t. ç.

T"'''II-':TTY",'',..~n·IP lists thisus now consider quick-sort-algorithm of Section
illustrating inheritance an object-oriented for arrays and stacks rmtnementen

lists:

naturel numoers

E {= E

E {= E
leq E

E
{= E

== {= E
{= E E



8.

c
c

(1eq:V --t 1eq:VU{Cmp } )

(gtr:V --t gtr:VU{Cmp} )

.. X:{Nat}r0 --t <= x :: Nat
(cmp(s(;:{Nat}r0,O:0r0 -t gtr:0) {= x::
(cmp( s(x:{Nat}):0, s(y:{Nat}):0y0 --t

cmp(x:{Nat},y:{Nat}):0) <= x:: Nat,y:: Nat

this alone is saturated for >- being an generated by precedence cmp >-
gtr >- leq >- Cmp >- s >- 0 >- >- Odd >- are no superpositions possible. It
is also for the same reason. we define and polymorphie lists:

E List(Xl)
E List(ZI ) <= xO E ,yO E List(zl )

=xO <= xO E zl, yO E List(zl )

=yO <= xOE , yO E List(zl )

= yO <= yO E List(zl)

nil
cons( xO, yO)
car( cons( xo, yo))
cdr( cons( xO yO))
append(nil, yO)
append(cons( xO, y?), y~)

cons(xO,append(Yf,Y~)) <= xO E zl, yf E List(zi ), y~ E List(zl )

This becomes:

--+
(cons( x:{z}, y:{List(z)}rv -+

cons( x:{z}, y:{List(z)}yvU{List(z)})
(car( cons( x:{z}, y:{List(z)}):0y0 -+ x:{z})
(cdr( cons( x:{z}, y:{List(z)} y0):0 -+ y:{List(z)})
(append( niz:0, y:{List(z)}y0 --+ y:{List(z)})
(append(cons( x:{z}, YI :{List(z)} ):0,Y2:{List(z)} y0 --t

cons(x:{z}, append(YI:{List(z)} , Y2:{List(z)}):0y0)

<= x:: z,y:: List(z)
<= x :: z ;y :: List(z)
{:: x :: z . y :: List(z)
{:: y :: List( z)

{= x :: z, YI :: List(z), Y2 :: List(z)

Remark that now, our definition of multiset expressions for equations allows us to consider
set variables in conditions, Houieoer, for the third to the last axiom, we have a set variable z in
the body of the clause that does not occur in head. Hence, ail set terms need io be smaller
than itulioiduol ternis. We can achieve this using append >- car >- cdr >- cons >- nil >- List as
precedetice, which can be merged with the one for natural s.t. set eonstruetors remain
ail below individual ierm construciors. we may polymorphie stocks as of
lisis with partieular properiies:

{:: E E Stack(zl)

{:: E E )
{= E E )
{::: E E )

is



{:: x :: z, y ::

--t
cons(x:{Z}, {:: z i: z,y::

y:{Stack(z)}r0r 0 --1- {:: x :: z, y ::
y:{Stack(z)}r0):0 --t y:{Stack(z)}) {:: X .: z;y :: Stack(z)

JTt'4:>nlnJTt'j~Q eoneerning termination are true here: we may prove aecreasuumess
e01j~taz,nZriQ Hl",V_V'V\AI'-_IV >- and push >- cons

we define polymorphie arrays with

E {= E Array(yl)
E Array(x1 )

E Array(zl ) {:: xo E zl, yO E Array(zl )

== cons( xO, yO) {:: xO E zl, yO E Array(zl )
== xO {:: E , yO E Array(zl)
== yO {:: xOE zl, yO E Array(zl)
E {:: E yO E zl
== mi.arras)

{:: xO E

{:: xO E zl, yO E Array(zl )
{= E yO E zl, zO E Array(zt)

,
jirst(column(xo, yo))
rest(eolumn(xO, Va))

, yo)
yO)

create_array(s(xO),yO)
column(yO, create.nrrcsji x", Va))

column(xO, Va)) == xO

column(yO, zn)) == get(xO, zn)

y:: Zt,Zo::

{:: x :: y :: z

{:: y :: z

{:: x :: z, y ::

{::.. y :: z
{:: x:: z,y::

{:: x :: z, y ::

{:: x:: z,y::
{:: x :: z, y :: Array(z)

C
nrrtf1l'"rtt)l"V --t mt_array:vU{Array(x)})

(column( x:{z}, y:{Array(z)}):v --t
column(x:{z}, y:{Array(z)}):vU{Array(z)})

(mt_array:0 --t
(col1.l'mn( x:{z}, y:{Array}r 0 --t cons( x:{z}, y:{Array}r 0)

(jirst(column(x:{z}, y:{Array(z)}r0r0 --t x:{z})
y:{Array(z)}r0r0 --t y:{Array(z)})
y:{z}):v --t



<= x :: z, y :: Array(z)

(nil:V ~ niL=VU{Stack(x1
) } )

(cons(x:{Z}, ~

(cons( X:{Z}, tli •• ~v(tu.V"'t ,;;;.,

~

(cons( X:{Z}, y:{Array(z)}):v ~

cons(x:{z}, y:{Array(z)}):vU{Array(z)})

<= x:: Y ""... ..

inferences, the whole presentation saturated we to sort
inheriiance. The only clause generated stems from an overlap of the two newly qenerated clauses
for nil:

(<= [nil: 0 =? niz:0] )

Remark that overlapping the ether two clauses leads to unification of a variable of sort Array(z)
and one of Stack(z), which fails due to the sort-inheritance assumption. The constraint of
this empty clause is satisfiable and hence we have found a counter-ezample for sort-inheritance:
nil. Clearly, this constant belonqs to Stack(z) and Array(z'), for all instantiations of z and
z', respectively. Hence, we have to introduce a new subsei for these sets. Let Nil be this set
and Nil ç Stack( z), Nil ç Array(z'), nil E Nil be added to the presentation. The eziended set
of clauses is still saturated. Testing again SI gives no more clauses for the test and bence the

resulting presentation is SI.
Noie, we can define quick-sori for polymorphie lists, which can then also he used to sort stacks

and arrays, i.e. we have inheritance.

qsort(nil)
qsort(cons(xo, yO))

=nil
=zo <= cons(xO, yo) E listeZI)

1· (0 0) . (0 0)sp it y ,x = pair YI' Y2 ,
qsort(y?) = zf,
qsort(y~) = z~,

append(zf, cons(xO, z~)) = zO

split(nil, xo) = nil
split(cons(x~,yO),xg) =pair(cons(x~,y?),y~) <= xg E zl,

cons(x~ ,yO) E 1ist(zl ),
cmp( x~, xg) = leq,
split(yO, xg) = pair(yf, y~)

split(cons(x~,yO),xg) =pair(y?,cons(x~,yg)) <= xg E

t-"'''1n....,.. ... Il''T more critical to he comnuted,

Remark that this represente a SDTRS, at least semanticallu.
ground terms proving this is anoiher problem. part bence shows e
so far, which mainly depends on termination orderings that we can use ..
renient is very stronq. One may use a weakeninfl6 of the calculus aaaotea

tsocnmair et Ganzinger,



Additionally, we can now manage infinite numbers of sets individuals, correspon-
ding sorts in G-algebra, due to the possibility parameterisation, Furthermore, sort
constraints [Jouannaud et al., 1992], i.e, conditional typing rules, can handled a uniform
way the other typing rules. Set terms can be taken as arguments to functions, which
us the possibility to add real higher-order features in the future. However, we are not able to add
equations on set terms for the moment, sinee this would result in problems for the parametric
subsort calculus needed to solve our constraints. e may conclude that the calculus looks very
promising and that there is still much work to be done,

foilowing questions, that \ve did not investigate detail, since they to be
independent from the decorated term principle, are particular interesting:

• Is it possible to develop a non-emptiness test for ail instantiations of set terms s.t. a
condition of the shape x :: A helongs to a clause in saturated presentation? This
would allow us to discard this condition. For variables occurring in left hand side of
the head literal or an oriented condition, this is possible without problems, For ail other
cases, non-emptiness has to he proved each time the condition is evaluated. A test similar
to SI test but with skolemization seems to be possible.

efficiency of the decorated rewrite relation this chapter seems to depend mostly
on number of set terms are possible at same in a decoration.
Regularity would give us a way to limit decorations to one set terme Unfortunately, the
axiomatisation of regularity behaves worse than one of sort we may try
to start with a similar set clauses as the test, except that we also need those
clause combinations that do not validate nes, then, we need to prove that
instances cornmon overlap of decoration rules belong to a common subsort
sorts the rules. we use a full proyer

to show the existence of common subsort not only for instances,
terms. may solved common

as



9. Conclusion

'l,.,VJl.I.U"LtlJ.\..,IJ.U:W membership Tl""'\y""YY}'nlrJ.C'

individual terms are C"Y' .... '.roTI"'I:l'"

to mix both operators
'-'1J'U.I..I.'-'U.I..I..l.~ the arguments of a set operator a realistic ?

can ordering eonstraints be used ta praye quasi-reductivity ? The solvers
seem to only tests, but not entailment , which would be neeessary for
proving property, extensions discussed [Avenhaus et Lorfa-Saenz , 1994] seem
to he. agood starting

far may we integrate individual terms as arguments to set funetions? Construc
tors seem to be possible, but are the subset constraint solvers able to eope with such an
extension?

How easy is extension to so ealled
our set ting ? to sets

Le. types of types or sets of sets of individuals
.I.J.'U'LA.ivu."v typing' seem easily realisable"

• How can vve integrate higher-order funetions ? Kinds seem to be a key to distinguish
'~I.'dV~'-·" sets used as types sets used as function graphs. This might be useful to keep

separation of snbset calculus, whieh then be used only for sets representing

which may we include
blem here is the system
for extensionality.

sets with non-deterministic ehoices ? The main pro-
we used for Cn-Iogies and hO\\1 to sort preservation





de cette nous avons une structure de termes stockant
dans chaque d'un ce qui nous avons appelés un terme

nT'i~rYllaT' approche a considéré décorations comme fixe syntaxe et a
filtrage et unification d'une façon correspondante. définir la ré-

où nous avons distingué entre

nous avons présenté nos contributions au domaine des techniques de dé-
de logiciels. Nous avons commencé par la définition deux logiques de

Horn avec relation d'appartenance et sémantique ensembliste, pour lesquelles nous
modèle initial. deux théories sont restées presque inexploitées.

Il que de l'abstraction variables, qui représente la différence majeure avec des
lambda-calculs, admet de restreindre fonction axiomatisé à une limite raisonnable.

à notre avis, que ces deux logiques ont néanmoins une grande expressivité,
pour programmer bien-structuré avec des sous-types paramé-

.L"-".A.Lv\.J.J.'J'.LLU partielles. sommes optimistes que cette restriction nous fait gagner
raisonnement automatique à cause d'un espace de recherche restreint. Notre

va être basé surtout sur ces deux théories, où bien des extensions mineures.

nous avons étudié des prouveurs théorèmes réfutationnellement complets, utilisant
des techniques de réécriture, pour ces deux théories. Pour ce but, nous avons étendu les tech

v ...'),.JllJV4U.i.I..!.'uu pour des fonctions totales à l'utilisation avec des fonctions partielles. Les prou
'-'·"-'".... ,LV,o.AJ,L .. '''~ sont réfutationnel1ement et offrent une technique simple mais puissant

pour prouver des théorèmes équationnels, d'appartenance et existentiels dans ces théories. Nous
avons finalement ces deux prouveurs de théorèmes par des assertions, qui offrent un

mémoire cachée aux est de stocker des conséquences de
prémisse comme qui en être utilisée pour éliminer des prémisses

mécanisme est très général et pourrait aussi être utilisé pour d'autres techniques
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uV'..?V.l.'.J.4."~ \ve prove 'l'\.~'-J.L ~.LL.L 8.2.13. r't"'r/.... ~/"""'rr"Yr is needed arder to unique

q) E li

iuio reuiriie sequences are normausina S:: k.

normalising sequences with are always bottom-up, since
uu..JUV.l.vu..V.l. ......'.4.L does not change. This guarantees furthermore, that the result is unique,

although R as a is not necessarily confluent. The result follows immediately from
a rewrite step at layer k only introduces redexes for the same pair

are situated on a layer l l < k the reduced term. This is iilustrated in
we assume <p to have shape [=Sl -t . Consequently, the suhterms

k' are identical in two rewrite sequences, as long as k' < k.
rewrite sequence reduces redexes that were also reduced the step

generated the in deeper layers l, i.e. 1 > k, whereas
rewrite sequence reduces the latter. Remark that there are no additional

cr) from , since have to he on a layer l with
rewrite sequence are identical for ail layers k' < k

..........., ... -"-' ..... ·'A. ......AC.,..... narrowing denotes
narrowed term s.t. no step occurs
we to two unifiers

rewrite
al occurrence w,

1. w E



2. -comotete set »

............. '-"-.........,"'''! 1980] here) that narrowing sequences starting
and yielding a correspond one-to-one with decorated sequences

ta t':
S' • the other a rewrite sequence using

and termination of
is instantiation of rp by a, s.t.

behaves a ground rewrite rule.
sequence of narrowing steps has to terminate, since

narrowing steps are necessary order to substitution
Critical since decorated rules are not

for sorne </Y ERin a term t a layer
a variable x domain of a,

could used to apply </y' on
subterrns were equal t

a . But may be situated on different order
'-' ....... ,'-"-"-''--' ...... form, \ve use a bottorn-up strategy for the equalisation together with

sorne cases, it be necessary to up to left hand l of </y', since sorne
l may be on deeper layers as the variable x. Consequently, critical

care of such bottom-up reductions, s.t. ascending reductions correspond with
steps.

superposition

be rewrite

decorated

in R



occurrences 1, 2
zn <p at

are:

},

1)

3)
} and:

(Lep 4)

(Lep 5)

}
6)

(Lep

Ù'-''\..,\J.LV'.1.1. \\le prove variable, critical disjoint

Lemma B.O .. 5 Let
t':s'

, s.t.

-+ -+
.l.o.g. we can assume <

Il •.o ,1.e.:
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l±J ==

~d

,kil

[a'(Z:Sl) [a"(g:Sg)JOli )0'[ail(g:Sg) ]011

)(a"(d:Sd)]oIlJo,[a"(d:Sd)]oll
)]O,[o-"(d:Sd)]OJl

[al(r:Sr )[a"(g:Sg)]o]o,[a"(d:Sd)]O"

[a'(r:Sr )[a"(d:Sd)]o lo,[a"(d:Sd)loll

[a'e r:Sr) [O""(g:Sg )]o)o,[all
( d:Sd)]OIl

)[a"(d:Sd) ]011 ]0' [ail(d:Sd)]0".

0, I-steps are due to
, (J' is generated using <pli, al! or k' ==

cases either no new redex
possibly (J"(d:Sd) ';?i.d (J'(tS1). 0

radical

t ':
S' ,t,,:SII ET.

k' A.." (J'II kil S", plf'" t'"R ,

,4J" ,(J'",i) and
[ail(d:Sd)]0'" [0'" (g:Sg )]0'\0 '11 ,

0' stands for the redexes of <pli

'ur log t: s rvt:s [a'(Z:SI)]l'V.. .. =d o(,p',u/,k')

~d

s.t. .0 l±J 0 ' == Ui~kl

SÉ:d (S[a'(tSI)[a"(d:Sd

where O(t:s,c/JI,(J",k/).OIll±J 0/" ==
ail 'outside of' a'(rS1).

Then we can bottom-up reduce up to

The sanle is tJ' '-''-'.'''''.L >J,A.'"



cr", kil

1TIl 4;", crIl , k

HR (bottom-up for ~ k')

-----------------
"

tl/:S"

(bottom-up for k ;:: h')

crl/(d: S d ) --------------' ...

)[o.J'(d:S d )]
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'ljJ used to compute
since we only compute

case, we may

"'"-' ....... '-*- .... VL..., ..,L at an occurrence w E

IS a corresponding
Lemma B.O.6.

t:S , t':s' ,t": S" E T.
A.,II ,.,." S"s:=fP ,v t'"R ,
is an occurrence w E

)]Q ]kl [(711 (d:Sd ) ]0111 [ail(g:Sg) ]0'\0 ' 11 ,

0' stands the redexes

with (<p", ail). t':S'

resp. right sequence. there is a
in the right reduction sequence,

giving us convergence like in

we are sure

sumes

case is · II~"• ...,'Y"',,, ....

, such o( Il:511 j 1 --; k
')

sub-t ,tp ,(7 ,

o

in R
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t l :
S I tl/: S ll

- - - - - - - - - - - - - - - - - - al(r:S r

a",k

(bottom-up for k ?: kl)

k l

(bottom-up for k ?: k l
)

- - .,- -- _ .• - - -"- - - - - - - - - - - - - - - - - (fil (d: S d )
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proof reduction
application to

or respectioels), yields
iion it is no more possible to prove

and 4>' a decorated
-t f(f(a:{A}y{A}):{A} or

<p as used
. Houieuer, using

ltll,l,,{II.I11,lf,tl equality with typable terms only:

it necessary to reduce
ùlill(;JJblJ1lJC~U equation, we the term:

may

utuunrie a 1/,(Jl/,-/,ZHf-:UF

hOf>nru,,:,o it not stem from a typable term by layer rewriting

for h}.

an adapted simplification rule.

he ta use second-arder context variables in arder ta cape with
can be seen as an option, sinee we only want to prove sort

to use set of decorated and decoration rewrite as
P.

not change w.r.t , standard rewriting, since

conservation
1.
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