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Introduction générale

1 Hamiltoniens de Pauli-Fierz

La théorie quantique des champs fournit un cadre théorique a I'étude de systémes
quantiques composés d’'un nombre infini de particules. Parmi les quatre interactions fon-
damentales présentes dans la nature, trois (les interactions électromagnétiques, faibles et
fortes) peuvent étre décrites grace a la théorie quantique des champs. L’interprétation com-
mune est que les interactions fondamentales sont véhiculées par l'intermédiaire de quanta
(particules du champ quantifié), les photons dans le cas de I'interaction électromagnétique,
les bosons vecteurs intermédiaires dans le cas de 'interaction faible, et les gluons dans le
cas de l'interaction forte.

Le cadre de cette thése est [’électrodynamique quantique non relativiste. C’est une théo-
rie quantique des champs de 1’électromagnétisme qui décrit l'interaction des particules
chargées pour des énergies basses. Plus particulierement, dans cette thése, on s’intéresse a
un systéme composé d'une particule non relativiste (par exemple, un électron) interagis-
sant avec un champ de bosons quantifié (par exemple, des photons). D’un point de vue
mathématique, le formalisme adopté est celui de la seconde quantification. Les états du
systéme sont des vecteurs de norme 1 dans un espace de Hilbert que 1'on note H, et qui
est donné par le produit tensoriel suivant :

H = Ha ® H;,

ou l'espace He représente les états de la particule, tandis que H¢ représente les états du
champ quantifié. Dans les travaux exposés dans cette thése, 'espace Hy décrit les états d'un
champ de bosons scalaires ou bien du champ électromagnétique quantifié. L’espace H; est
alors donné par I'espace de Fock symétrique associé a un espace de Hilbert b :

o n 0
He=3.00)=PVb Vbo=C

n=0

ol h est donné par I'espace L?(R3) dans le cas d'un champ scalaire, ou bien par I'es-
pace L*(R?; C?) dans le cas du champ de photons transverses. L’énergie d'un tel systéme est
associée a un opérateur auto-adjoint H, agissant sur H, appelé Hamiltonien de Pauli-Fierz,
introduit par les auteurs éponymes dans 'article [104]|. De fagon générale, un Hamiltonien
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de Pauli-Fierz se présente sous la forme suivante
H = Hel & If + Iel ® Hf +Hint'

L’opérateur H, représente 1’énergie de la particule et Hy 'énergie du champ, tandis que
I'opérateur Hj,; correspond a l'interaction entre les deux précédents systémes cités. L’opé-
rateur d’interaction est parfois considéré dépendant d’'une constante de couplage g qui peut
étre traitée comme un petit parameétre. L’énergie du champ de bosons est donnée par la
seconde quantification de l'opérateur de multiplication par la relation de dispersion du
champ, notée w :

Hf = dF(W),

(voir I'appendice 1.4.1 pour une définition précise des opérateurs second quantifiés). Notons
que pour que ces modeéles aient un sens mathématique rigoureux, il est souvent nécessaire
d’introduire dans la partie décrivant l'interaction un parameétre supplémentaire et non-issu
de la physique : une troncature ultraviolette. En effet, hormis dans quelques cas particu-
liers, pour que le modé¢le soit bien défini, I'interaction entre la particule non relativiste et
les hautes énergies du champ doit étre négligée (voir par exemple les livres [37, 105] de A.
Das et M.E. Peskin et D.V. Schroeder pour plus de détails). Dans [102], E. Nelson a déve-
loppé une procédure de renormalisation permettant de définir un modéle d’une particule
non relativiste couplée linéairement & un champ de bosons scalaire dans la limite ultravio-
lette. Pour d’autres systémes, la définition de modéles de Pauli-Fierz renormalisés dans la
limite ultraviolette reste un probléme ouvert important. Son étude fait aujourd’hui encore
I’objet de recherches trés actives. Citons notamment les articles récents de B. Alvarez et
J. Mgller [1], ou encore J. Lampart [81], qui proposent une renormalisation du modéle de
départ afin de s’affranchir du parameétre ultraviolet.

L’image physique générale décrivant ’évolution asymptotique de systémes représentés
par un hamiltonien de Pauli-Fierz est la suivante : étant donné un état initial quelconque,
le systéme, au bout d’'un temps infini, retourne a I’équilibre en émettant des bosons qui
se propagent & l'infini & vitesse constante. Afin de justifier ce phénomeéne, on s’intéresse
notamment au spectre de l'opérateur H. Une premiére propriété a laquelle on s’attend
est l'existence d'un état fondamental, correspondant & ’état d’équilibre du systéme. Au-
trement dit, on s’attend a ce que 'infimum du spectre du Hamiltonien H, appelé énergie
fondamentale, soit une valeur propre.

De nombreuses difficultés bien connues apparaissent lorsqu’on essaye de démontrer cette
propriété. En particulier, la théorie usuelle des perturbations de valeurs propres isolées n’est
pas applicable. De plus, l'interaction n’est pas une perturbation relativement compacte
du Hamiltonien libre; méme pour de petites valeurs de la constante de couplage, ’étude
spectrale du Hamiltonien total reste délicate.

La théorie spectrale et de la diffusion des Hamiltoniens de Pauli-Fierz a fait ’objet de
nombreuses études depuis la fin des années 90. Citons notamment les travaux fondateurs
de V. Bach, J. Frohlich et I.-M. Sigal [11, 12], J. Derezinski et C. Gérard [40, 53], ou encore
M. Griesemer, E. Lieb et M. Loss [63]. En particulier, l'existence d'un état fondamental
sans restriction sur la petitesse de la constante de couplage est démontrée dans ces articles,
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a la fois pour une particule non relativiste linéairement couplée a un champ scalaire [53]
et pour le modéle standard de I’électrodynamique quantique non relativiste [63|. D’autres
propriétés sont également établies, par exemple la complétude asymptotique des opérateurs
d’ondes pour des modéles de champs massifs [40| ou l'existence de résonances issues des
états excités non perturbés [11]. De nombreux auteurs depuis se sont penchés sur des
questions liées. On peut citer, sans étre exhaustif, les travaux suivants [6, 8, 10, 13, 16, 38,
46, 52, 62, 68, 71, 76, 87, 110, 111] ainsi que les références contenues dans ces articles.

2 Etats cohérents et énergie quasi-classique

Etant donné un opérateur auto-adjoint A, on note Q(A) son domaine de forme. Le

calcul explicite de I’énergie fondamentale

weotD v (0 H W)y

pour des Hamiltoniens de Pauli-Fierz est en général un probléme difficile. Selon le modéle
considéré, plusieurs techniques permettent d’en calculer un développement asymptotique
pour un petit couplage. On peut citer entre autres les travaux de V. Bach, J. Frohlich
et I.-M. Sigal dans leurs articles [11, 12|, M. Griesemer et D. Hasler dans [62| ou encore
D. Hasler et I. Herbst dans l'article [71] ou un développement est obtenu en utilisant un
"groupe de renormalisation spectral".

D’autres techniques permettent d’obtenir un méme type de résultat. On pourra consul-
ter les articles de C. Hainzl [68], I. Catto et C. Hainzl [29], C. Hainzl, M. Hirokawa et
H. Spohn [69], J.-M. Barbaroux, T. Chen, V. Vougalter et V. Vugalter [15, 16], J.-M.
Barbaroux et S. Vugalter [17], qui traitent le probléme a 'aide d’une procédure d’itéra-
tion variationnelle, ou encore les articles de A. Pizzo [106], et V. Bach, J. Frohlich et A.
Pizzo [10] qui utilisent de I’analyse multi-échelle itérative.

Dans cette thése, on s’intéresse a des approximations de 'énergie fondamentale en
étudiant I’énergie du modele lorsque le champ se trouve dans un état ayant une structure
particuliére. Mentionnons ici les articles de E. Lieb et M. Loss [87] et de V. Bach et A.
Hach [13]| qui considérent I'infimum de la fonctionnelle d’énergie calculée sur des états
produits,

in u V), Hu®Ww
(u,®)€Q(He) X Q(H), [|ul|=[|¥[|=1 \ ), HI( Jhu

pour le modéle standard de l'électrodynamique quantique non relativiste invariant par
translation. Il est montré dans [13, 87] que cette quantité diverge comme A'*7 dans la
limite ultraviolette. Dans [9], V. Bach, S. Breteaux et T. Tzaneteas, pour le méme modéle
et a impulsion totale fixée, montrent ’existence et I'unicité d’un minimiseur pour ’énergie
lorsqu’on restreint W a la classe des états quasi-libres purs. Ils obtiennent de plus un
développement asymptotique du minimum de 'énergie associée pour un petit couplage,
ainsi que les équations de Lagrange pour le minimiseur.

Ici nous considérons le champ lorsqu’il se trouve dans un état cohérent, qui correspond
en quelque sorte a un état classique d’un systéme quantique. Plus précisément, les états
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cohérents correspondent a des états quantiques d’oscillateur harmonique quantique qui
ressemblent & ceux d’un oscillateur harmonique classique. Visuellement, on peut imaginer
une fonction d’onde, qui décrit les états quantiques du systéme, osciller de la méme fagon
que loscillateur harmonique classique. On pourra consulter par exemple le livre de Y.
Castin [28] pour une définition plus précise des états cohérents. On pourra aussi consulter
les articles de K. Hepp [74], J. Ginibre et G. Velo [56], ainsi que celui de M. Lewin, P.T.
Nam et B. Schlein [86] pour l'utilisation des états cohérents dans 1'é¢tude de la limite de
champ moyen.

D’un point de vue mathématique, un état cohérent correspond & une fonction de Gauss
que l'on aurait translatée dans l’espace des phases, c¢’est-a-dire en position puis en impul-
sion. L’état cohérent centré en (z¢,&y) en dimension finie d € N est alors donné par la
fonction de norme 1 suivante :

Plao o) () = T W00/ e~lamm0) /2 gy € RY,

Dans la représentation de Fock, un état cohérent d’'un systéme quantique de dimension
infinie est donné par un opérateur de Weyl agissant sur le vide 2 : On considére f dans b,
I'état cohérent Wy de parametre f est :

wp = (0, g =1,

ou ®(f) = a*(f) + a(f) est opérateur de champ paramétré par f, et o a* et a sont
respectivement les opérateurs de création et d’annihilation dans l’espace de Fock Fs(h) :

a*(Hyre =V +1) 1) \/Tyrg, n>0,
a’(f)|\/nh = \/ﬁ <f‘ ®I\/"_lhv n >0, a(h>\(C =0.

La particularité des états cohérents vient du fait que ce sont des vecteurs propres de
I'opérateur d’annihilation. Si on considére f et g deux fonctions dans b, alors :

a(g)¥y = (g, f) ¥;.

Notons que, généralement, l'interaction entre le champ quantifié et la particule non rela-
tiviste est donnée en fonction d’un opérateur de champ, tandis que ’énergie cinétique du
champ est donnée par la seconde quantification de la relation de dispersion, et que cet
opérateur peut aussi étre exprimé en fonction des opérateurs de création et d’annihilation.
Ainsi, lorsque I’énergie d’'un champ quantifié est évaluée sur des états cohérents, cela revient
en quelque sorte, & étudier les états classiques du champ. Plus rigoureusement, on ajoute
une dépendance en un certain parameétre € aux opérateurs de création et d’annihilation.

On pose
* *
aE:\/Ea, aE:\/Ea,

et on considére 'opérateur Hamiltonien quasi-classique H. obtenu en remplagant a* et a
par a: et a. respectivement. L’idée est alors d’étudier les propriétés dynamiques et spec-
trales de I'opérateur H. lorsque ¢ tend vers 0. En ce sens, les travaux récents de M. Fal-
coni [45], Z. Ammari et M. Falconi [3], M. Correggi, M. Falconi et M. Olivieri [31, 33-35]
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(voir aussi des travaux antérieurs de J. Ginibre et G. Velo [57|, J. Ginibre, F. Nironi et G.
Velo [55], Z. Ammari et F. Nier [5], N. Leopold et P. Pickl [83], et les références contenues
dans ces articles) montrent, entre autres, la propriété suivante

inf U H. V) — inf E(u, f),
‘IIGQ(H),II\P||:1< © >5_>0 (u,f)€Q(Her) xb,||ull=1 ( f)

ou & est la fonctionnelle d’énergie quasi-classique définie par :
E(u, ) = ((u@ W), Hu© Wr))y,

et ot Wy est un état cohérent de parametre f. Cette these est dédiée a ’étude de la fonc-
tionnelle £, définie par ’expression précédente. Les principaux résultats de cette thése sont
les suivants : un premier résultat concerne le modéle spin-boson, pour lequel la particule
non relativiste est décrite par un systéme de dimension finie et est couplée linéairement a
un champ quantifié scalaire. On obtient pour ce modéle une expression explicite de 1’éner-
gie fondamentale quasi-classique et de I’ensemble des minimiseurs, pour toute valeur de
la constante de couplage. On montre également que l’ensemble des minimiseurs est tri-
vial si la constante de couplage est inférieure & une valeur critique. On considére ensuite
des modeéles physiquement plus réalistes pour lesquels la particule non relativiste est dé-
crite par un opérateur de Schrédinger dans L?*(R?). Dans le cas ou le couplage entre la
particule et le champ est linéaire en les opérateurs de création et d’annihilation (modéle
de Nelson, modéle du Polaron), on montre l'existence et l'unicité d'un état fondamental
quasi-classique associé a l'énergie &£, a symétrie de phase preés. On suppose le potentiel
extérieur le plus général possible et nous n’imposons pas de troncature ultraviolette dans
la définition de la fonctionnelle d’énergie. Nous obtenons ensuite un développement asymp-
totique de I’énergie fondamentale quasi-classique lorsque le parameétre de couplage g tend
vers 0. Enfin, en faisant dépendre 1’énergie du parameétre ultraviolet A, on montre que
les états fondamentaux, ainsi que les énergies fondamentales associées convergent dans la
limite ultraviolette, c’est-a-dire lorsque A tend vers +o0o. Dans le cas du modéle standard
de I’électrodynamique quantique non relativiste, sous des hypothéses similaires, on montre
I'existence d’un état fondamental quasi-classique. Nous obtenons aussi un développement
asymptotique lorsque g tend vers 0 et la convergence dans la limite ultraviolette de 1’énergie
fondamentale.

3 Présentation des résultats et organisation de la thése

3.1 Modéle Spin-Boson

Le premier modéle considéré dans cette thése est le modéle Spin-boson. Il s’agit d’un
des modéles les plus simples (mais non trivial) représentant un systéme atomique a deux
niveaux (par exemple, un qubit) et interagissant avec un champ de bosons scalaire. Sous
des hypotheéses génerales, méme sans régularisation infrarouge, ’existence d’un état fonda-
mental pour le modéle Spin-Boson est connue, on pourra consulter par exemple les travaux
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de M. Hiibner et H. Spohn dans [77], D. Hasler et I. Herbst [72], D. Hasler, B. Hinrichs et
O. Siebert [73], ainsi que ceux de A. Arai et M. Hirokawa qui obtiennent le résultat pour
un modeéle dit "généralis¢" dans [6].

Dans le cas du modeéle Spin-Boson, les états de la particule non relativiste sont associés
a des vecteurs normalisés dans C? et 'Hamiltonien décrivant son énergie se réduit a la

troisiéme matrice de Pauli :
1 0
H, =03 = (0 _1> .

Comme mentionné précédemment, ’énergie du champ est représentée par 'opérateur de
seconde quantification H; := dI'(w) dans 'espace de Fock symétrique H; := Fs(L*(R?))
ol w: R® — R, est une fonction mesurable positive. L’exemple typique est la relation de
dispersion relativiste w(k) = vV k? +m? ou m > 0 est la masse des particules du champ.
L’interaction entre la particule non relativiste et le champ est associée a ’opérateur suivant :

01
Hint =490 ® ¢<h‘)7 01 = (1 O) 3

ou h est une fonction de carré intégrale.
Un calcul explicite (voir chapitre 1, section 1.1.1) permet de vérifier que I’énergie quasi-
classique du systeme,

Ei(u, /) = {(C@Uy), H(C® ¥y)),,, (€Cfe LR,

(ou Uy est I'état cohérent associé & f comme ci-dessus) est alors donnée par la formule :

1(C.1) = (C.oa6)ea + 21 +29 (G.nC)ea e [ ORIk, € €2, f € AR,

L’idée est alors de minimiser cette fonctionnelle dans un espace approprié en ( et en f,
sous la contrainte que ( soit de norme 1. Pour que la fonctionnelle £; soit bien définie, il est
suffisant de supposer que ((, f) appartient au produit cartésien des deux espaces suivants

3:={CeC |¢llez =1}, 2. :={f:R*— Cmesurable | w'/?f € L*(R® dk)},

(en particulier il n’est pas nécessaire que f appartienne a L*(R?®)) et que la fonction h
vérifie I’hypothése suivante :

Hypothése 1. h est une fonction mesurable et réelle, telle que w™"/%h est dans L*(R?).

Afin de s’affranchir de la contrainte que ( soit de norme 1 et de la symétrie de phase
globale de (, on peut exprimer la fonctionnelle d’énergie £ dans la représentation de Bloch :

_( cos(0/2) o 0 € [0, 7], . )
C= (eid’sin(Q/Z)) ’ {¢ c [O, 27T[, t HCH(C? 1,
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ce qui permet de seulement minimiser, sans contrainte, en les variables 6, ¢ et f. La
fonctionnelle £ posséde néanmoins la propriété de symétrie suivante :

E1(C, f) = &los¢, = f), VCeCVfe L (R,

On ne peut donc obtenir 'unicité d’un minimiseur que modulo cette symétrie. Le premier
résultat obtenu dans cette thése est le suivant :

Théoréme 1. On suppose que h vérifie ’hypotheése 1. Soit g > 0. Alors il existe un unique

état fondamental quasi-classique ((gs, fos) dans 3 x Z,, tel que chacune des composantes
de (g5 Sotent positives, et

(i) Si g*|lw=/2h|2, < L, alors

et l’ensemble des minimiseurs est :
{(€% fis) | 6 €R}.
De plus, ’énergie fondamentale quasi-classique est donnée par la formule

min_ & (¢, f) = —1.

C€3, fezy

(it) Si g*|lw='?h||2, > 1, alors

1( 1 1
.3y S W AR N
Cg 2\/ Pl ], \/ Pl I,

1
s — 1— 71h7
Jg 9\/ 4g4Hw—1/2hHi2 w

et l'ensemble des minimiseurs est :

{(eid)CgSa fes) 0 € R} U {(ewazcgsw —Jfes) | @ € R} ’

Dans ce cas, l’énergie fondamentale quasi-classique est donnée par la formule :

1
) _ 2 —1/2h 2 _
e, E(G ) = =gl P —

Démonstration. voir chapitre 1. ]
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Le phénomeéne que décrit ce théoréme est le suivant : il existe un minimiseur pour toutes
valeurs de ¢, mais celui-ci différe selon le régime de couplage choisi. En effet, lorsque ¢
est plus petite qu’une certaine constante dépendante de la quantité ||w™'/2h]|;2, 1'état
fondamental quasi-classique coincide avec I’état fondamental de I'Hamiltonien libre (c’est-
a~dire lorsque l'interaction est enlevée de I'Hamiltonien total du systéme). Par contre,
lorsque ¢ est choisi strictement plus grand que cette constante, I’état fondamental posséde
une toute autre forme, dépendant de la symétrie citée plus tot, et I’énergie associée est
alors strictement plus petite que ’énergie fondamentale de I’Hamiltonien libre.

Dans une seconde partie, on s’intéresse a I’énergie fondamentale du modéle Spin-boson
lorsque le champ se trouve dans une superposition de deux états cohérents. On considére a
et B deux nombres complexes tels que |a|*> + |5]> = 1, fi et fo deux fonctions de carré
intégrable. Un calcul direct donne :

<< <2> ® Uy, + (g) ®\I’f2>,H( (g) @y, + <§) ®\1/f2>>H — &, B, o fo),

ou &, est la fonctionnelle d’énergie définie par :

Ex(a, B, fr, fo) = la* (w2 fill 2 = 1) + 18]° (lw*? fall = + 1)
+ 296_“]01_]02”%2/49%2 <@56_53m<f1’f2>L2 ( (fish) g2 + (hs fo) 1 )> :

L’idée est de minimiser cette fonctionnelle dans un espace approprié. Ici, ’espace naturel
est 3 x (L? N Z,)2. D’une part, on suppose que la fonction h vérifie ’hypothése suivante :

Hypothése 2. h est une fonction mesurable et réelle, telle que w™/?h et w™'h sont
dans L*(R3).

Cela nous permet d’obtenir le théoréme suivant, qui s’avére trés utile pour montrer par
la suite 'existence d’un état fondamental (voir chapitre 1 pour plus de détails) :

Théoréme 2. On suppose que la fonction h vérifie ’hypotheése 2, alors

inf E(a, B, fi, o) < =1 = Crhg®> + O (¢%),
(,B)€3,(F1,f2) E(ZuNL?)2 2B fi o) < hg”+ O)97)

ot Cj, > 0 est une constante qui dépend de ||w™"/?h||p2 et [|w™ A2
En particulier, pour g assez petit, on a

Ea, B, i, f2) < —1.

inf
(avﬂ)€3v(flaf2)€(zwml’2)2

Afin d’obtenir l'existence d’un état fondamental pour la fonctionnelle d’énergie &, on
a besoin d’hypothéses supplémentaires sur la relation de dispersion w et sur la fonction de
couplage h :

Hypothése 3. [l existe A > 0 tel que :
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1. La fonction h est définie avec une troncature ultraviolette, c’est-a-dire que :
h = Ljk<ah.

2. La relation de dispersion w est telle que w1 <pn et w21 < appartiennent &
L= (RY).

Théoréme 3. On suppose que la fonction h et la relation de dispersion w vérifient les
hypotheses 2 et 3. Alors il existe gy > 0 tel que, pour tout 0 < g < go, la fonctionnelle &
admet un état fondamental dans 3 x (Z, N L*)2.

En particulier, le théoréme 2 montre que, contrairement au cas de 1’énergie quasi-
classique (c’est-a-dire, avec un seul état cohérent), on obtient une énergie fondamentale
plus petite que I'énergie triviale du vide €2, et ce méme pour une petite valeur de la
constante de couplage.

3.2 Modéle d’une particule non relativiste couplée linéairement a
un champ de bosons scalaire

Le chapitre 2 est dédié¢ a I'étude de I'énergie quasi-classique d'une classe abstraite
d’Hamiltoniens de Pauli-Fierz de couplage linéaire, couvrant par exemple le modéle de
Nelson introduit par E. Nelson dans l'article [102], ou encore le modéle du Polaron de
Frohlich exposé par H. Frohlich dans article [48]. On suppose la particule non relativiste
(I’électron) soumise & un potentiel extérieur V) ses états quantiques sont considérés dans
'espace L?(R3). Son énergie est alors représentée par un opérateur de Schrédinger

Hel:HV = —A—i—V

Nous marquons la dépendance en V' de I'Hamiltonien électronique afin de pouvoir consi-
dérer un potentiel extérieur le plus général possible.

Comme dans la section précédente pour le modéle Spin-Boson, nous considérons un
champ scalaire, H; = F,(L*(R?)), avec une énergie donnée par Hy = dI'(w) ot w : R? — R
est une fonction mesurable positive.

L’électron est supposé couplé linéairement avec le champ de bosons, c’est-a-dire que
I'opérateur d’interaction est donné par :

Hin = gV2®(hy), ha(k) == v(k)e ™, Vi e R,

ou v est une fonction de couplage définie selon le modéle considéré et g € R. Par exemple,
dans le cas du modéle de Nelson, on a

v(k) = w(k)™2x(k),
ou Y est une troncature ultraviolette et la relation de dispersion relativiste est donnée par

w(k) = Vk?+m?,
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correspondant & un champ de photons de masse m > 0. Citons aussi le modéle du Polaron
de Frohlich [48], dans ce cas la fonction de couplage v et la relation de dispersion sont
données par :

v(k) = k|7, w(k)=1.

Soit u dans Q(Hy), le domaine de forme de 'Hamiltonien électronique, et soit f dans
I'espace Z,, (cf section "Modeéle Spin-Boson", page 6). En calculant I’énergie quasi-classique
du systéeme complet, on obtient une fonctionnelle d’énergie de Klein-Gordon-Schrédinger
(voir chapitre 2 pour plus de détails) :

e f)i= [ [Fu@Pde+ [ Violu@Pdo+ [ o®lf)F
+ 2gRe /R 6 e* o (k) f(k)|u(z)| dk dr,

ol le dernier terme correspond au couplage. Notons que cette fonctionnelle est bien définie
sans troncature ultraviolette (on peut prendre x = 1 dans la définition de v). Lorsqu’on
tente de minimiser cette fonctionnelle, on remarque que la composante de champ f du
potentiel minimiseur peut se réécrire comme une fonction de la composante électronique w.
Le probléme se réduit alors a la minimisation d’une fonctionnelle de Hartree donnée par :

Iw) = oy, = [ (FOV) <) o)luo) e

avec W := g?w 2. Ici F désigne la transformée de Fourier agissant sur les distributions
tempérées normalisée de telle facon que pour toute fonction f appartenant & ’espace de
Schwartz S(R3),

F(f)(a) = / e f(€) de, 1)

R3

et la transformée de Fourier inverse est donnée par F~1(f) = (2r) 2 F(f) avec :

F(Pa) = [ erie) e

Sous les hypothéses ci-dessous, la fonctionnelle J est bien définie pour u dans l'espace
suivant :

U={ue QHy)| |lull =1}

La littérature concernant I’étude des minimiseurs de 1’énergie de Hartree est trés fournie, on
pourra consulter [4, 7, 39, 49, 60, 67, 85, 91-93| ainsi que les références contenues dans ces
articles . Dans cette thése, les techniques utilisées pour montrer I’existence d’un minimiseur
consistent a appliquer les arguments usuels du calcul des variations développés par P.-L.
Lions dans [92, 93]. Une premiére nouveauté apportée par cette thése vient des hypothéses
générales considérées sur le potentiel V' :
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Hypothése 4. [l existe 0 < a < 1 et b dans R tels que la partie négative de V' satisfait
Vo< —aA+b,

au sens des formes quadratiques sur H'(R3). De plus, V se décompose en V = Vi + Vs avec
(i) Vi € L, (R%RY),

loc

(ii) Vo € LY?(R%:R) et Jim Va(z) = 0,
xT|—0o0
(i1i) py < py, ot py = info(Hy), wy, = info(Hy,) et ou o(Hy) est le spectre de
l'opérateur Hy, .

On considére ainsi un potentiel extérieur V' qui pourrait se décomposer en deux par-
ties, I'une serait par exemple un potentiel confinant, I’autre un potentiel extérieur de type
Coulomb. L’item (iii) signifie que I'on suppose un gap entre I’énergie fondamentale de
I'opérateur Hy et celle de Hy,. C’est une hypothése qui s’avére nécessaire pour prouver
'existence d’un minimiseur pour la fonctionnelle de Hartree J définie plus haut (voir cha-
pitre 2). Comme mentionné précédemment, on n’impose pas de troncature ultraviolette
dans la définition de I’énergie, ce qui présente une difficulté importante dans I’étude du
probléme de minimisation. Pour résoudre cette difficulté, 'idée est de décomposer la fonc-
tion de couplage W en deux parties, une réguliére et une singuliére, et de controler les cas
critiques de la partie singuliére par des estimations dans des espaces bien choisis. Pour p
dans Uintervalle [1, +00[, on définit les espaces LP*° (ou LP "faibles") par

LP®(R3) = {f : R* = C mesurable, ||f|zre = sup A({|f| > t})%t < oo}, (2)
>0

ou A est la mesure de Lebesgue. Ainsi, on suppose 'hypothése suivante sur la fonction W :

Hypothése 5. La fonction W = g*w=v? se décompose en W = W, + Wy avec
(i) Wi € L'(R?),
(ii) Wy € L3>*(R3).

Notons que cette hypothése couvre le cas du modeéle du Polaron [48|, mais aussi du
modéle de Nelson [102]| sans troncature ultraviolette, avec x = 1 et w(k) = Vk2 +m?
avec m > 0, pour un champ massif. Cette hypothése nous permet d’obtenir I'existence
d’'un état fondamental quasi-classique pour la fonctionnelle d’énergie de Klein-Gordon-
Schrodinger :

Théoréme 4 (Existence d'un état fondamental). On suppose que V' vérifie Uhypothése 4
et que W satisfait l’hypothése 5. Il existe une constante Cy > 0 telle que, si les décompo-
sittons V =V, + Vo et W = W1 + Wy peuvent étre choisies de sorte que

[Willzr + Cv|[Wallpsee < 0(pyvy — pv)
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et 1
Cl|Wallps= < 5(1 - a),

pour des constantes universelles C;0 > 0 et ot a est donné dans l'hypothése 4, alors la
fonctionnelle d’énergie de Klein-Gordon-Schrodinger admet un minimiseur dans U X Z,,.

Démonstration. Voir chapitre 2. UJ

Afin d’obtenir 'unicité, nous avons besoin de supposer une hypothése supplémentaire
sur le potentiel extérieur V' :

Hypothése 6. L’énergie fondamentale vy, de I’Hamiltonien électronique Hy est une valeur
propre simple et isolée associée a un unique état fondamental positif uy dans L*(R3;R,),
tel que |luy|[r2 = 1.

Cela nous permet d’obtenir le théoréme suivant :

Théoréme 5 (Unicité d’un état fondamental). On suppose que V' vérifie les hypothéses /
et 6, et que W satisfait I’hypothése 5. Il existe ey, > 0 tel que, si

WLy < ev,

alors la fonctionnelle de Klein-Gordon-Schrédinger admet un unique minimiseur (Ugs, fgs)
dans U x Z,, tel que (ugs, uy )2 > 0.

Démonstration. voir chapitre 2. O

Une fois qu’on a montré I'existence et 'unicité d’'un état fondamental quasi-classique, il
est alors possible de calculer un développement asymptotique de I’énergie minimisée lorsque
g tend vers 0. Cela permet alors de décomposer le terme d’ordre deux dans le développement
de I'énergie fondamentale de I’'Hamiltonien total en deux termes : un premier terme, quasi-
classique, obtenu en minimisant la fonctionnelle d’énergie de Klein-Gordon-Schrédinger, et
un second, assimilé aux états excités du systéme :

Théoréme 6 (Comparaison avec 1'énergie fondamentale de H). On suppose que V' vérifie
les hypotheses 4 et 6, et que W satisfait [’hypothése 5. On a

. 8,: _Q/f_12 2 2d—|—(94,
i S f) =y =g | (F ) s fuy ) (@) fuv (@) de + O(")

lorsque g — 0.
Si on suppose que Wy = 0 dans la décomposition de W, c’est-a-dire W = g*w~1v?
appartient a L'(R3), alors on a

inf o (H) — & (ugs, fes)

= _92 /3 U(k)2<uV7 elkﬂfl‘[‘l/ (HV — Ky + w<k))_11_‘[\%'€_ikxuV>L2dk + 0(92) )
R x

lorsque g — 0, ot Il = T2 — |uy ) {uy| est la projection orthogonale sur lespace (Cuy )t
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Démonstration. voir le chapitre 2. ]

Supposons a présent que le couplage dépende d’un parameétre ultraviolet A, c’est-a-dire
que l'on remplace v par vy := vlj<a, et on note &, la nouvelle énergie quasi-classique
obtenue. Alors, on a convergence de ’énergie fondamentale quasi-classique dans la limite
ultraviolette :

Théoréme 7 (Limite ultraviolette des énergies fondamentales). On suppose que V' vérifie
I’hypotheése 4 et que W wvérifie 5. Alors

inf  En(u, f) —  inf  E(u, f).

(u,f)EUX Z, 7Aoo (u,f)EUX 2y
Démonstration. voir chapitre 2 0]

Sous les hypothéses assurant I'unicité de I'état fondamental, il est possible d’obtenir
également la convergence pour les états fondamentaux quasi-classique associés :

Théoréme 8 (Limite ultraviolette des états fondamentaux). On suppose que V' vérifie les
hypotheses 4 et 6 et que W satisfait ’hypothése 5. 1l existe ey, > 0 tel que, si

[WllL1irse < ev,

alors pour tout A > 0, Ex et € ont un unique minimiseur (Up gs, fags) €t (Ugs, fos) dans
Uespace U x 2, respectivement, tels que (up gs, uy)r2 > 0 et (ugs, uy )2 > 0. Ils vérifient

H(UA,gsa fA,gs) o (ugsa fgS)HQ(Hv)XZW - 0

A—oo

Démonstration. voir chapitre 2. ]

3.3 Modéle Standard de I’électrodynamique quantique non rela-
tiviste

Dans le chapitre 3, on s’intéresse au modeéle standard de 1’électrodynamique quantique

non relativiste avec spin, introduit par W. Pauli et M. Fierz dans [104], décrivant un systéme

atomique couplé de fagon minimale au champ électromagnétique quantifié et provenant de

la quantification des équations de Maxwell. Comme dans la section précédente, ’espace de

Hilbert pour I'électron est Hq = L*(R?). L’espace de Hilbert pour le champ de photons
transverses est He = §5(L3 (R? C?)), ou

L3 (R%CP) = {f € LAR* C%) | Vk € R, k- f(k) = 0}.
L’Hamiltonien total est alors donné par :

H = (6’-(—1’61—&,((95)))24—‘/4-]141&
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ou ¢ est un vecteur dont les composantes sont données par les matrices de Pauli :

(01 (0 =i (1 0
=\ 0) 27\ o) BT\ —1)

et ou &X(I) est le vecteur potentiel associé au champ électromagnétique dans la jauge de
Coulomb :

r)=gvV2 Y / ) (e ar (k) + € a, (k) dk.

r=1,2,37R? |k|

La fonction x est une troncature ultraviolette (nécessaire pour que ’Hamiltonien s’identifie
a un opérateur auto-adjoint), g est un parameétre de couplage et les vecteurs (£;),—1 23 sont
des vecteurs de polarisation, avec £3(k) = k/|k|. Afin de calculer I'énergie quasi-classique
associée, on considére u dans L?(R3), et f dans L2 (R? C3) et ou u est de norme 1. On
décompose f = fi + f_, avec

Folk) = (70 4 TOR), et f-(k) = 5 (7(k) — TCR).

Un calcul direct de I'énergie testée sur les états cohérents donne :
((u® Wp), Hu® W) = Evy(u, Ap,) + 207 K2 x (k)72 + (1K f- 17,

ol
Ay

v

F(|kI7V2f (),

et Evy(u, ff) est I'énergie de Mazwell-Pauli dans la jauge de Coulomb :
Eva(u, A) = |5 - (=iV — g% * Aul72 + (u, V) 12 + (327°) 71| 4|3,

Comme dans la section précédente, F désigne la transformation de Fourier (voir I’équa-
tion (1)), et la constante (327%)~! vient de notre normalisation de la transformée de Fourier.

Les propriétés dynamiques des équations de Maxwell-Schrodinger ou Maxwell-Pauli
ont beaucoup été étudiées ces derniéres années, on peut citer par exemple les travaux
fondateurs de K. Nakamitsu et M. Tsutsumi dans 'article [100] qui montrent I’existence
d’une solution aux équations de Maxwell-Schrodinger, puis 1. Bejenaru et D. Tataru qui
traitent du caractére bien posé du probléme dans I'article [18]. On peut citer également les
travaux de V. Benci et D. Fortunato dans I'article [19] qui traitent de l'existence de solitons
pour ces méme équations. On peut citer aussi, sans étre exhaustif, les travaux [30, 57, 66,
79, 94, 97, 101, 109, 112, 113] et les références contenues dans ces articles. Notons par
ailleurs qu’il existe de nombreux autres problémes de minimisation faisant intervenir les
matrices de Pauli dans un cadre relativiste. Citons par exemple 'article [44] de M. Esteban
et S. Rota Nodari dans lequel un modéle de nucléon dans la limite de champ moyen est
étudié.
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Minimiser 1’énergie quasi-classique de I'Hamiltonien H revient alors a minimiser la
fonctionnelle de Maxwell-Pauli £y,,,. Mentionnons que lorsque le potentiel extérieur V' et
la fonction de troncature y sont définis par des fonctions paires, la fonctionnelle d’énergie
de Maxwell-Pauli est invariante par la symétrie de Kramers (voir par exemple l'article de
M. Loss, T. Miyao et H. Spohn [96]), ¢’est-a-dire que

ngx(Vu’ A‘(_)) - ngX(“’ g)?

ou vu (x) = ou(—z). On ne peut donc alors espérer I'unicité d’un minimiseur pour cette
fonctionnelle que modulo cette symétrie. L’espace naturel de minimisation de 1’énergie est
Iespace U x A out A est I'espace correspondant au choix de la jauge de Coulomb :

A:={Ae H(R*R*|V-A=0}

Rappelons que les espaces LP*> ont été introduits dans la section précédente (voir I’équa-
tion (2)). On suppose les hypothéses suivantes :

Hypotheése 7. La troncature x : R® — R vérifie x(—k) = x(k) pour tout k dans R? et

% € L*(R®) + L**(R?).

Notons que cette hypothése couvre en particulier le cas d’une interaction sans troncature
ultraviolette (y = 1) puisque si x est bornée alors x/|k| appartient a L>*°(R?). L’idée sous-
jacente derriére cette hypothése est la méme que pour le modéle de la section précédente,
a savoir retirer la troncature ultraviolette de ’énergie et controler la partie singuliere de la
fonction de couplage par des estimations dans les espaces de Lorentz. On suppose de plus
des hypothéses générales sur le potentiel extérieur V' :

Hypothése 8. On a V(z) = V(—x) pour tout x dans R? et il existe a > 0 et b dans R

tels que
Vo<av—-A+b

au sens des formes quadratiques dans HY?(R®). De plus, V se décompose en V. = V| + V,
avec

(i) Vi € Li(R% RY),

loc
(ii) Vo € LY?(R3:R) et lim Vi(z) = 0.
|z]—o0
Cette hypothése couvre le cas ot V peut se décomposer comme la somme d’un po-
tentiel confinant, c’est-a-dire que Vj(z) — oo quand |z| — oo, et d’'un potentiel de type
Coulomb : V3(z) = —alz|™!, @ > 0. On obtient alors le résultat suivant :

Théoréme 9 (Existence d'un état fondamental pour Maxwell-Pauli). On suppose que V
veérifie ’hypothése 8 et x vérifie ’hypothése 7.
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On suppose que les décompositions V- = Vi +V; et x = x1+ X2, avec x1/|k| appartenant
a L* et xo/|k| appartenant a L>°°, peuvent étre choisies de sorte que

X2

inf &, , > inf &y, et 327T3aC’2g2HW

L3,oo

ou a est la constante apparaissant dans [’hypothese 8 et C' est une constante universelle.
Alors, Ey,, admet un minimiseur dans U x A.

Démonstration. voir chapitre 3. ]

Notons que pour |g| || x2/|k|||z3. supposée suffisamment petite, on a 'existence d'un
état fondamental sans la présence d’une troncature ultraviolette dans l'interaction. En
effet, le cas y = 1 est couvert par le théoréme précédent, puisque la fonction 1/|k| est dans
'espace L>*. La symétrie de Kramers mentionnée précédemment implique que si (u, ff) est
un minimiseur de la fonctionnelle d’énergie Ey,,, et si V est paire alors (vu, A(—-)) en est
un second, différent du premier, puisque rvu et u sont orthogonaux. Nous conjecturons que,
pour g > 0 suffisamment petit, £y, admet exactement deux minimiseurs, a symétrie de
phase prés par rapport a u. Enfin, remarquons que si on considére une particule sans spin a
la place d’un électron, alors le théoréeme précédent devient trivial : I'inégalité diamagnétique
montre que I'énergie &y, atteint son minimum pour A=0. Ainsi, dans le chapitre 3, nous
montrons que dans le cas d’un électron de spin %, un minimiseur de I’énergie de Mawell-
Pauli n’est pas trivial en général.

On suppose a présent que V vérifie I'hypothése 6 donnée dans la section précédente.
En supposant de plus que V' et y sont des fonctions radiales, on peut montrer le résultat
d’approximation suivant :

Théoréme 10. On suppose que V vérifie les hypothéses 8 et 6, et x vérifie [’hypothése 7. On
suppose de plus que V' et x sont des fonctions radiales et que la décomposition V = Vi +V,
peut étre choisie de sorte que inf &y, , > inf Ey,,. 1l existe ey > 0 et Cy > 0 tels que si

S gv,
L2+L3,oo

X
gy = |9 HW

Alors

. 3271’3 R 2
‘mlngv,x—/tv— 3 92/(X>x<u%/) ‘ < Cygy,

ou X désigne la transformée de Fourier de x. En particulier, si x = 1, alors

) 4(8m3)3
‘mmé’v,x—uv— (3 ) g2/u§1/

< Cygy.

Démonstration. voir chapitre 3. ]
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Le calcul d’'un développement asymptotique pour ¢ — 0 dans le cas d’un potentiel
et d’une fonction x non radiaux reste ouvert (voir la section "Perspectives" ci-dessous).
Supposons & présent que la troncature soit de la forme

XA = Lg<ax, A>0.

Alors, on obtient la convergence de ’énergie fondamentale quasi-classique dans la limite
ultraviolette :

Théoréme 11. On suppose que V vérifie I’hypothése 8 et x vérifie hypothése 7, avec x4/ k|
appartenant a L* et xo/|k| appartenant a L>°°. Supposons de plus que
2

X2 3y—1
aC?g?|| == < (327%)71.
Alors
inf €V7XA A_>—o>o lnf ngX .
Démonstration. voir chapitre 3. O]

Contrairement au modéle de couplage linéaire, nous n’avons pas démontré de résultat
de convergence des états fondamentaux associés dans la limite ultraviolette, des détails
sont donnés un peu plus bas dans la section "Perspectives".

3.4 Organisation de la thése

Cette thése se présente comme suit :

1. Le chapitre 1 contient les premiers résultats obtenus durant cette thése, ainsi que leur
démonstration. Une premiére partie présente la preuve du théoréme 1, la minimisation
de I'énergie quasi-classique du modéle Spin-Boson dans la représentation de Bloch,
tandis qu'une seconde s’intéresse au cas ot I’énergie est calculée sur une combinaison
linéaire de deux états cohérents de parameétres distincts.

2. Le chapitre 2 contient 'article "Quasi-classical Ground States. I. Linearly Coupled
Pauli-Fierz Hamiltonians" [26] ou sont détaillés et démontrés les théorémes 4 et 5
sur ’existence et I'unicité d’un état fondamental quasi-classique pour la fonctionnelle
d’énergie de Klein-Gordon-Schrodinger pour un potentiel supposé le plus général pos-
sible. Un développement asymptotique de ’énergie minimale est calculé puis comparé
au développement de 1'énergie fondamentale du modele (cf théoréme 6). De plus, on
démontre la convergence des états fondamentaux et énergies associés dans la limite
ultraviolette présentée par les théoremes 7 et 8.

3. Le chapitre 3 contient 'article "Quasi-classical Ground States. II. Standard Model
of Non-relativistic QED" [27] ou sont détaillés les résultats présentés précédemment
sur ’énergie de Maxwell-Pauli. La preuve du théoréme 9 sur 'existence d’un état
fondamental quasi-classique dans le cas d’un potentiel aussi général que possible y
est détaillée, ainsi que la preuve du théoréeme 10 ot un développement asymptotique
de I’énergie minimale lorsque le parameétre de couplage g tend vers 0, et le résultat
de convergence dans la limite ultraviolette exposé dans le théoréme 11.
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3.5 Perspectives

Nous mentionnons ici briévement quelques exemples de perspectives ou de questions
qui restent ouvertes a l'issue de cette these.

Dans 'article [9], V. Bach, S. Breteaux et T. Tzaneteas traitent de facon similaire le
cas du modéle standard de I’électrodynamique quantique non relativiste et sans potentiel
extérieur, ou ils étudient I’énergie de I’Hamiltonien testée sur des états quasi-libres. Ces
états sont plus précis que les états cohérents, mais aussi plus délicats & manipuler. Il
pourrait étre envisageable d’appliquer les mémes procédés sur une fonctionnelle d’énergie
"quasi-libre" dans le cas ol un potentiel est présent comme dans notre contexte. L'une des
difficultés & surmonter viendrait du fait que dans ce cas, le modéle n’est plus invariant par
translation.

Dans l'article [64], M. Griesemer et C. Tix étudient un modéle pseudo-relativiste sans
potentiel extérieur et sans restriction de troncature ultraviolette ou infrarouge. Ils ob-
tiennent ainsi un résultat d’instabilité, c’est-a-dire la non-existence d’un infimum pour
I’énergie associée au modeéle testée sur les états cohérents, si le nombre de particules
pseudo-relativistes dépasse une certaine constante. Il serait alors intéressant d’appliquer
les techniques utilisées dans cette thése pour voir s’il est possible d’obtenir I’existence d'un
minimiseur dans ce contexte pseudo-relativiste, dans un régime de stabilité et en présence
d’un potentiel extérieur général.

A la fois pour les modéles d’un électron couplé linéairement & un champ scalaire et pour
le modéle standard de I'électrodynamique quantique non relativiste, nous avons montré
(voir les théorémes 7 et 11) que si on introduit une troncature ultraviolette de paramétre A
dans le modéle, les énergies fondamentales associées convergent dans la limite A — oo
vers ’énergie fondamentale du modéle sans troncature. Une question naturelle serait alors
d’essayer d’établir la I'-convergence des fonctionnelles d’énergie dans la limite ultravio-
lette. Dans la mesure ou pour les modéles avec un couplage linéaire nous avons aussi un
résultat de convergence des états fondamentaux (voir théoréme 8), on peut s’attendre &
ce que la question soit plus simple pour de tels modéles que pour le modéle standard de
I’électrodynamique quantique non relativiste.

Comme mentionné précédemment, dans le cas du modéle standard, 'unicité d’un état
fondamental quasi-classique ne peut étre espérée qu’en tenant compte de la symétrie de
Kramers et de la symétrie de phase. Il serait intéressant de réussir a démontrer cette
propriété, puis d’étudier ensuite la convergence des états, a symétrie prés, dans la limite
ultraviolette.

Enfin, comme mentionné dans la section précédente, étendre le résultat du théoréme 10
a des cas ou le potentiel extérieur V' et la fonction de troncature x ne sont pas radiaux
reste, & notre connaissance, une question ouverte. Comme on le verra dans la section
correspondante, le probléme dans le cas non radial vient du fait quun des termes d’ordre g?
est "implicite", dans le sens ou il dépend du choix d’un minimiseur de la fonctionnelle
d’énergie. Il n’est pour I'instant pas clair comment s’affranchir de ce probléme sans faire
une hypothése de radialité.



Chapitre 1

The Spin-Boson Model

1.1 Model and assumptions

Recall that in this chapter, the Hilbert space and Hamiltonian for the particle are given
by
0 —1

Recall also that we suppose that the radiation field is a scalar, bosonic field with Hilbert
space given by the symmetric Fock space

He :=C?%  Hy:=o03= (1 0 ) ) (1.1)

M= F(LARY) = P\ L*(R?). (1.2)

The energy of the free field is associated to the second quantization of the multiplication
operator by w(k),
Hg := dI'(w(k)), (1.3)

where w : R® — R, is a non-negative measurable function. The coupling between the
particle and the field is linear in the creation and annihilation operators, given by

01
Hint = goq & (I)(h), 01 .= <1 O) s (14)

where g in R is a coupling constant, ®(h) denotes the field operator, and h is in L*(R?)
such that w™'/2h belongs to L?(R?). It is not difficult to verify that the total Hamiltonian

H=03I+I,®dl'(w(k)) +go @ ®(h) (1.5)
is a semi-bounded self-adjoint operator with domain
D(H) = D(Hfree), Hee = 03 @ It + I @ dI'(w(k)). (1.6)

See Appendix 1.4.2 for details. Note that in the sequel, we will drop the hypothesis that h
is in L?(R3) in our study of the quasi-classical energy functional. Under general conditions

19
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on h and on w (in particular for w(k) = |k| and h(k) = |k|"x(k),p > —1 and x an
ultraviolet cutoff function), it has been proved that there exists a unique ground state for
the operator H (see |61, 62, 71, 73| for instance) and that one has the following asymptotic
expansion of the ground state energy in terms of the coupling parameter g

info(H) = -1 - g2/ Mdk + o (g% (1.7)
R3 W(k) + 2 g—0 ’

where o(H) is the spectrum of the operator H. It is important to note that, although we

can not apply the usual eigenvalues perturbation theory, Eq. (1.7) is given by the usual

Rayleigh-Schrédinger second order-term, even if inf o (H) coincides with the infimum of the

essential spectrum of the Hamiltonian H. We mention that in [32], M. Correggi, M. Falconi

and M. Merkli studied the dynamics of the Spin-Boson model the quasi-classical limit.

1.1.1 Quasi-classical energy

Our first interest here is to compute the energy of a product state of the form ¢ ® Uy,
where ¢ is in C? and ¥, is a coherent state of parameter f, and then minimize the energy
obtained over ¢ and f, with the constraint ||(||cz = 1.

For f in L?(R3), the coherent state of parameter f is denoted by

Uy = eiq)(@f)Q € H;,

where 2 stands for the Fock vacuum. Let ¢ be in C? such that ||([|ce = 1, and let f
in L?(R3) be such that w'/?f belongs to L*(R*). We aim at studying the energy of the
product state ¢ ® Wy :

(€@ W), H(C @ V) = &i(C, f), (1.8)

where the energy functional £ can be computed thanks to the properties of coherent states
with respect to the field and second quantization operators (see Appendix 1.4.1 for details).
This allows us to obtain

E1(Cf) = (¢ 030)ce + 1w 2 f 1122 + 29 (¢, 01C) 9%/ h(k) f(k)dk. (1.9)

Rd

We aim at proving the existence and uniqueness of a minimizer for this energy functional
under suitable assumptions on the function h.
The natural energy space for £(C, f) is 3 x 2, where

3:={CeC? |[¢lle= =1}, Z,:={f:R* = C measurable | w"/?f € L*(R® dk)}.
(1.10)
In order for the functional & to be well-defined, we require that the function h satisfies
the following hypothesis :

Hypothesis 1.1.1. The function h is measurable, real-valued and such that w=/?h is
in L*(R?).
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In particular, we relax the condition h € L?*(R?), necessary for the field operator ®(h)
appearing in the definition of H to be well-defined.
The functional & has the following symmetry property :

E(C,f) = Ei(osC,— ). (1.11)

Hence, we can only hope for uniqueness of the minimizer modulo this symmetry and up to
a phase for (.

1.1.2 Enmnergy of the superposition of two quasi-classical states

In this part, we consider the energy of linear combination of vectors, which form a
basis of C2, tensored with coherent states. Let (c, 8) in C? such that |o|> 4 |8]> = 1, and
let (f1, f2) be in L?(R*)2. The energy of the state (3) @ Uy, + (5) @ ¥y, is given by

() ouas () oua)a (D) ons+ () oua)) - o

(1.12)

where &, is the energy functional given by

Ex(a. B, fi, f2) = lal* (|2 fillf = 1) + 1B (lw'? fall 72 + 1)
+ 2ge AR e (GBS (£ h) o+ (. fo)ya) ) - (113)
The natural energy space for this functional is 3 x (L? N Z,)2.

As before, we aim at proving the existence and uniqueness of a minimizer for the energy
functional. This functional also has a symmetry, defined by the relation :

52(a757f1a f2) = 52(04, _Bv _flv _f2) = 52<_a757 _fh _f2) . (114)

So once more, we can only hope for uniqueness modulo this symmetry. Furthermore, in or-
der to obtain the existence of a minimizer, we need assumptions on the coupling function h
and on the dispersion relation w (recall that w is a non-negative measurable function). Our
minimal assumptions will be

Hypothesis 1.1.2. The function h is measurable and real-valued such that w=/?h and
w™th are in L*(R3).

In order to prove the existence of a ground state for &, we will need the following
further condition
Hypothesis 1.1.3. There exists A > 0 such that

1. The coupling function h comes with an ultraviolet cutoff in the sense that

h = 1, <ah.
2. The dispersion relation w is such that w'/*1jy<p and w='?1<p belong to L=(R?).

Remark 1.1.1. Hypothesis 1.1.3 covers the "massive case”, where the dispersion relation

of the boson field is w(k) = Vk% + m?2, with m > 0.
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1.1.3 Main results
We are now ready to state our main results. For convenience, we set
B 2
g1 =207 ||l R s - (1.15)

Theorem 1.1.2 (Quasi-classical ground state energy). Suppose that the function h satisfies
Hypothesis 1.1.1, and consider g > 0. Then & has a unique quasi-classical ground state
(Cas» fas) in 3 X 2, such that each component of (g is non-negative, and

(i) if gy < 1, then
o = <(1)> =0, (1.16)
and the set of minimizers of £ s
{(€%e, fis) | 6 €R}.

Moreover, the associated quasi-classical ground state energy is given by

nin &£(Cf) =1 (1.17)

(1) z'fghé > 1, then

1 1 1 1
gS:—< 1—— J1+ ) foo=—g 1= ——wh, (1.18)
£ V2 8h,1 8h,1 ¢ gié

and the set of minimizers of & 1is

{(ei(ngSa fgS) | 0NS R} U {(ewnggw _fgS) | ¢ € R} . (1-19)
In this case, the associated quasi-classical ground state energy is
1 1
i = —= . 1.2
nin &G ) = =5 (8 + . l) (1.20)

’2

Remark 1.1.3. If 81 > 1, since the space Z,, is not always contained in L*(R?), the field
component fgs of a minimizer (s, fos) of the functional energy € over 3 x Z,, may not
belong to the original one-particle space L*(R3). In other terms, the coherent state U, does
not belong to the Fock space. If however w™h belongs to the space L*(R3) (i.e. an infrared
reqularization is imposed), then fqs is in L*(R®), and the coherent state Wy belongs to the
symmetric Fock space Fs(L*(R?)).

Remark 1.1.4. Since the function v : x — —%(x + 1) is non-increasing for x in (1,+00),
and since y(1) = —1, we have

in & < —1
[ min (¢, f) ,

for 8,1 > 1.
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Our next results concern the energy functional & introduced in Eq. (1.13) for the
superposition of two quasi-classical states.

Proposition 1.1.5. Suppose that the function h satisfies Hypothesis 1.1.2, then

111 (C:Oé’ yJ 1 <-1-C 2—|—O 3‘ 1.21
(,B)€3,(f1,f2)E€(Z0wNL?)2 2( LE f2) - hg g—>0<g ) ( )

where Cy, > 0 is a constant depending on the quantities ||w™"/?h| > and ||w™'h]| L.
In particular, for g small enough, we have

inf E(a, B, fi, < —1. 1.22
(a,8)€3,(f1,f2)€(Z,NL2)2 2( b fi f2) ( )

Remark 1.1.6. The constant Cj, introduced in Ineq. (1.21) can be computed explicitly.
Indeed, we have
AOHuf4/2hH%2€mew‘lMﬁg/2

C, =
h 2+ Aollw1/2h]2, ’

where A\g > 0 is a constant given by

—llw™"hllZ: + \/Ilw‘lhll‘iz + 4w 2|7 lw A2

o lw=172h][ 72 llw™ Al 2

Theorem 1.1.7 (Existence of a ground state). Suppose that the coupling function h and
the dispersion relation w satisfy Hypotheses 1.1.2 and 1.1.3. Then there exists gy > 0 such
that, for all 0 < g < go, the functional € admits a minimizer in 3 x (£, N L*).

Remark 1.1.8. Proposition 1.1.5 shows that, contrary to the case of one quasi-classical
state (see Theorem 1.1.2), considering a superposition of two quasi-classical states leads
to a ground state energy strictly smaller, for small g > 0, than the trivial energy of the
vacuum.

1.2 Proof of Theorem 1.1.2

The entire section is dedicated to the proof of Theorem 1.1.2. First, we prove the
existence of a minimizer using coercivity and lower semi-continuity arguments. Then, we
give equations to compute critical points of the energy, which are used to determine a
minimizer and compute the associated ground state energy.

Let ¢ in 3, and f in Z,. In order to deal with the constraint that ||(||c. = 1, it is
convenient to use the Bloch representation, which was introduced by Felix Bloch in [24].
Here we write

_( cos(0/2) 6 c[0,7], B
¢= (ei‘b sin(9/2)) » Where {¢ c2m), that [[¢flc. = 1. (1.23)
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The energy functional then becomes

E1(C, f) = cos() + [|w' 2 f]|22 + 2gsin(6) cos(qﬁ)iﬁe/ h(k)f(k)dk =: £(6,¢, f). (1.24)

RB

Here, the symmetry of the energy functional is given by

51(9a¢;f> :gl<97¢+7rv_f)' (125)

1.2.1 Coercivity and Existence of a minimizer

Lemma 1.2.1 below proves that the functional &; is coercive, and this argument will be
useful in the proof of Lemma 1.2.2 to show the existence of a minimizer for the energy.

Lemma 1.2.1 (Coercivity). Suppose the function h satisfies Hypothesis 1.1.1 and let g > 0.
Then there exist Cy > 0 and Cy > 0 such that, for all f in Z,

10,0, 1) > Cy |5 — Co, (1.26)
uniformly in (6, ¢) in [0, 7] x [0, 27).

Proof. The energy can be written as follows

£1(0,6, f) = cos(6) + ||(,ul/2f”i2 + 2gsin(0) cos(¢)Re <w_1/2h,w1/2f>L2 . (1.27)
Using the Cauchy-Schwarz inequality yields
E(0.6.0) > <1+ [l = 20 o0l . (129)
We can introduce € > 0 and use the standard Young inequality to obtain
. 1
810.0.0) > ~L+ |10 o (= |2+ L) 20)
> (1= g8) [l 2 = 1= £ R (1.30)
with C; =1 —geand Cy =1+ g Hw‘l/zhHiQ , which yields the result for ge < 1. [

Lemma 1.2.2 (Existence of a minimizer). Suppose the function h satisfies Hypothesis

1.1.1 and consider g > 0. Then, the functional energy & admits a minimizer in [0, 7] X
0,27) X Z,,.

Proof. Let ((0;, ¢;, f;))jen be a minimizing sequence for & in [0,7] x [0,27) x Z,. In
particular, (&1(6;, ¢, fj))jen is bounded and hence, by Lemma 1.2.1, ((0;, ¢;, f;)) en is
bounded in [0,7] % [0,27) x Z,. Thus, the sequence ((6;, ¢;, f;))jen converges weakly to
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some limit (foo, oo, foo) 10 [0, 7] X [0,27] x Z,,. In fact, the convergence is strong in the
case of sequences (6;);en and (¢;);en and for g > 0, we obviously have

cos(0;) + 2gsin(6;) cos(¢p;)Re <w_1/2h, wl/zfj>L2

— €08(0oo) + 29 8in(fo) cos(Poo ) Re <w_1/2h, w1/2foo>L2 . (1.31)
j—o0
Besides, using the lower semi-continuity property of the norm yields
2 .. 2
le/QfooHL2 Slljlglololwal/2fjHL2. (1.32)
Finally, combining (1.31) and (1.32), we obtain
E1(0sc, docs foo) < Tminf €(0;, 5. f;). (1.33)

Since ((6;, ¢, f;))jen is @ minimizing sequence, we proved the existence of a minimizer. Note
that if ¢, = 27, which means, in our case, in the closure of [0,27), then the minimizer
that we are looking for is (0., 0, fx)- ]

1.2.2 Critical points of the energy
The result of Proposition 1.2.3 below provides equations satisfied by the critical points

of the energy &;. Recall that 8,1 has been introduced in Eq. (1.15).

Proposition 1.2.3. Suppose the function h satisfies Hypothesis 1.1.1, and consider g > 0.
Then,

(i) ]fghé < 1, then the set of the critical points of the functional € in [0, 7] x[0,27) x Z,
18
Co:={0,7} x [0,27) x {0} . (1.34)

(i1) If g1 > 1, then the set of critical points is

COU{<00707 fc)a(ecaﬂ':_fc}7 (135)
where 0. and f. are given by
1

Eh, 1

2

[ 1
fo=—gwh |1 - 2 (1.37)
hy

0. = arccos(— ), (1.36)
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Proof. A simple computation of the partial derivatives yields :

09E1(0, ¢, f) = —sin(6) 4 2g cos(h) cos(¢)9%e/ h(k)f(k)dk inRR, (1.38)
]RB

85E1(0, ¢, f) = —2gsin(0) sin(p)NRe /R (R)f(k)dk R, (1.39)

OFE1(0, ¢, f) = wf + gsin(0) cos(p)h in Z, (1.40)

where the derivative (9]?51 is taken in the sense of Frechet and where Z stands for the dual
of Z,, namely

Z* = {f : R® = C measurable | w™'/2f € L*(R? dk)}.

We are thus lead to solve the following system of equations

—6in(6) + 2 cos(6) cos(@)Re / ()R AE=0 iR (1.41)
2 sin(0) sin(6)Re / Bk) (k) dk =0 iR, (1.42)
wf + gsin(f) cos(p)h =0 in Z} (1.43)

Considering Eq. (1.42), it is easy to see that if = 0[x], Eq. (1.43) gives w'/2f =0, and ¢
can be chosen arbitrarily in [0, 27).

Suppose now that 6 # O[x]. Then [p,h(k)f(k)dk # 0 by Eq. (1.41) and hence,
Eq. (1.42) implies ¢ = 0[x]. Introducing ¢ = 0 in Eq. (1.41) and Eq. (1.43) yields :

—sin(#) + 2g cos(@)fﬁe/ h(k)f(k)dk =0 inRR, (1.44)
R3
wf+gsin(@)h =0 in Z]. (1.45)

Eq. (1.45) gives an explicit form of f in terms of 6 and h :
f = —gsin(@)w 'h.
Inserting this expression in Eq. (1.44) yields :
—sin(#) — cos(0) sin(@)gh,% = 0.

As 0 is neither equal to 0 nor 7, this yields :

1
cos(f) = a1 (1.46)
h.t

’2

which is possible if and only if :
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If this inequality is satisfied, we obtain Eq. (1.36). Then, by using the relations between
the functions cos and sin, we obtain :

1
f=-g/1— 5w h. (1.48)
gh,%

Note that for the case ¢ = m, the symmetry (1.25) implies that (0,7, —f), where 6 and f
are given by equations (1.36) and (1.37), is also a critical point for the energy functional &;.
This concludes the proof of Prop. 1.2.3. ]

We are now ready to prove Theorem 1.1.2.

Proof of Theorem 1.1.2. Suppose that the function h satisfies Hypothesis 1.1.1, and let
g 2 0. Then, by Prop. 1.2.3, there exist (0, ¢, f) in [0, 7] x [0,27) x Z, a critical point of
the functional &;. First, we assume that the following inequality holds :

g, 1<1. (1.49)

Then, by Prop. 1.2.3, we have 6 equal to 0 or 7, f equal to 0, and ¢ in [0,27). Inserting
these values in the energy yields :

£1(0,¢,0) =1, (1.50)
E(m,9,0) = —1. (1.51)

Then, since we know that minimizers exist by Lemma 1.2.2, (7, ¢,0) are the only minimizers
of &1, and we obtain Eq. (1.17). Since ( is represented in its Bloch representation, a ground
state ((gs, fos) Of €1, up to phase symmetry with respect to (g, is then given by

0
ggs = (1) ) fgs

g1 > 1, (1.52)

0.

Now, we assume that

and we consider all critical points, in order to determine which ones are minimizers for
the energy &. As above, the critical points (0,¢,0) and (7, ¢,0) satisfy Eq. (1.50) and
Eq. (1.51), respectively. By Prop. 1.2.3, the other critical points are given by (6,0, f.)
and (0., 7, f.) with 6. given by Eq. (1.36) and f, given by (1.37). A direct computation
shows that the corresponding energy is

~ ~ 1 1
81<90707 fc) = 51<9077Ta fc) = _§<gh,% + g >7 (153>
hd

which is strictly less than —1 by Remark 1.1.4. Hence (0,,0, f.) and (0., 7, f.) are global
minimizers since we know from Lemma 1.2.2 that minimizers exist. Now, the relations



28 Chapitre 1. The Spin-Boson Model

between the functions cos and sin allow us to compute :

1 1
0/2)=,/=— 1.54
COS( / ) 2 Qghyl \/_ ( )
in(6/2) = + ! (1.55)
sin =./= . :
2 2g1 \/_ gh L
Since ( is represented in its Bloch representation (see Eq. (1.23)), we obtain the Eq. (1.18).
This conclude the proof. [

1.3 Superposition of two quasi-classical states

This section is dedicated to the proofs of the results concerning of the energy func-
tional & introduced in Eq. (1.13) for the superposition of quasi-classical states. First, we
prove Prop. 1.1.5 which provides an upper bound of the ground state energy and proves
that it is lower than the ground state energy of the free Hamiltonian. Then, we prove
Theorem 1.1.7 on the existence of a ground state for the energy functional &. The stra-
tegy of the proof relies on the fact that we can reduce the problem to the minimization of
a simpler functional. Indeed, as in the previous section, it is convenient to use the Bloch
representation [24]. Here, we write a = cos(0/2) and 8 = €*?sin(0/2), with 0 in [0, 7] and ¢
in [0, 27). The energy functional & then becomes

Ex(cos(8/2), € sin(8/2), f1, fa) = cos®(8/2)|w'/? fi|Z2 + sin®(8/2) [w!/? fol| 72 — cos(6)
llf1-F2117 o
Fgem o sin(0)9Re (e MR (R o+ (B o)) )
In particular, we observe that

Ex(cos(6/2), e sin(6/2).f1, f2) = cos®(0/2)[|w'? fi]| 72 + sin®(8/2) [l ol

IIf1— 2HL2

—cos(0) —gem 7 sin(0)| (fi,h) 2 + (b, fo) 12
= & (cos(0/2), e sin(0/2), f1, f2),

with ¢g suitably chosen (depending on f; and f5).
This allows us to obtain

inf Ea, B, f1, f2) = inf 52(9>f1,f2)7

(a,8)€3,(f1,f2)€(ZuNL?)? 0€[0,7],(f1,f2)€(Z2uNL?)?

?

where the functional &, is given by

Ex0. f1. f2) = cos’(0/2) (|2 i1 = 1) +sin*(6/2) ([ o[ +1)
— gsin(@)e ML (i h) 4+ (b fo)pa | (156)

Moreover, if we prove the existence of a minimizer for £, we get the existence of a minimizer
for the energy functional &;.
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Proof of Proposition 1.1.5. Consider Ain R, 0 < g < 1and 6 in [0, 7]. A direct computation
gives
E2(g0,0, \w™"h) = sin®(gf/2)N?||w™"/?h|2,
— gsin(g@)e N1 P2/ N\ w1 2R|2, — cos(gh). (1.57)
Computing the second-order expansion in g yields

&:(g0, 0, 0™ h)

2092 _ 2092
= Xl b3 — g TN T Rl — 14 T+ 0 (),
4 2 g—0
1 2 - _ A2l Lhl2
= 1+ g2((5 + o™ 2hl122)6% = [N 2Rl 1 M) 1 0 (g7).
Computing the infimum on [0, 7] x R of the function defined by
_ l >‘_2 —-1/27 2 2 _ -1/27 12 ,—A%|lw™h|2,/4
O e R R
yields Ineq. (1.21) and concludes the proof of Prop 1.1.5. O

Lemma 1.3.1 below states a useful inequality to prove the existence of a minimizer for
the energy functional &,.

Lemma 1.3.1. Suppose that the function h satisfies Hypothesis 1.1.2, and consider g > 0.
Then, for all (0, f1, f2) in [0, 7] x (Z, N L*)?, the following inequality holds

E2(0, f1, f2) = cos*(8/2) (|2 fi[72(1 — gllw™ /[ 12)
+sin?(0/2)[|w'? fol| 22 (1 — gllw™?All12) — cos(8) — gllw™" /2. (1.58)

Proof. Using the Cauchy-Schwarz and standard Young inequalities allows us to obtain
gsin(@)e PRI (£ B) o+ (B fo) 2|

= 2¢gsin(6/2) COS(@/Q)G_”fl_fQ”ZLQM‘ <w1/2f1,w71/2h>L2 + <Wﬁl/2hawl/2f2>p E

< 29(cos(0/2) sin(0/2) |02 f1 | 2 o 2Rl 2 + sin(68/2) cos(6/2) w2 foll 2w 2| 12)

< gllw 2R 12 (cos*(8/2)|w! 2 il 72 + sin*(8/2) |w' 2 fl 72 + 1) ,
which yields the result. O

We are now ready to prove the existence of a ground state for the functional &,.

Proof of Theorem 1.1.7. The strategy relies on usual tools from the calculus of variations.
Let ((0}, f1,5, f2,;))jen be a minimizing sequence for the functional &. We aim to prove
that this sequence is bounded in [0, 7] x (2, N L?*)?. Let us consider, for all j in N

Jiga = Leafiy,  fojn = Lg<atfo,- (1.59)
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Then, recalling that A = 1j;<ah by Hypothesis 1.1.3, we have

Ex(0;, frj, fog) = cos®(0;/2) w2 frjall7e + sin(0;/2)||w'? o al|72 — cos(6)
_ gSm((gj)e—\\ij,A—fz,j,AHiz/4e—||1\k|2A(f1,j—f2,j)H2Lg/4‘ <f1jA7h>L2 + <h, f2jA>L2 }

Since e 1Lkizalfii=f25)172/4 < 1, this yields

52(@', fig, fa5) > 52(93'7 fijn, fan)

and hence ((6;, fij, f2ja))jen is another minimizing sequence for the functional &. By
Lemma 1.3.1, the sequences (cos?(6;/2)||w'/? fijall%:)jen and (sin®(6;/2)||w'? fojall22)jen
are bounded, since g||w™"/2h||;2 < 1.

Let us first assume by contradiction that

0 :=limsupd; = .
Jj—o0
Then there exists a subsequence, that we still denote by (6;);en for convenience, such
that §; — . In this case, cos(f;) — —1 and we have
j—oo j—oo

52(93'7 frins foin) > —QHW_l/zhHB — cos(0;),

this implies
inf E(0, f1, f>) > 1 — gllw™2h]| e,
seto ) ez 20 1 2) 2 1=l Iz
which is a contradiction since we proved in Prop. 1.1.5 that inf& < —1 and since we
assumed that g||w'/?h||z < 1.
Then, we have
0 =limsupd; < .
Jj—00

This gives the existence of a constant Cs > 0, such that
cos®(6;/2) > C5 > 0,
uniformly in j. This yields
E2(05, frins faga) = Csllw 2 fiyallze = gllw™2hll7: = 1,

which allows us to obtain that the sequence (f1 a);en is bounded in Z,,. Now, let us assume
by contradiction that the sequence (fa;a)jen is not bounded in Z,. Then there exists a
subsequence, that we still denote by (fa;4)jen for convenience, such that the following
limit holds

|2 fagall 2 — +oc.
j—o0
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Using Holder’s inequality yields, since we assumed that |jw?/ *1jg<alle < oo (see Hypo-
thesis 1.1.3),

! 2 fojallzz = 1w Lea fogallze < w1 allzell fogall 2,
which gives || fallr2 o e (note that [|w'/21<allre # 0 since w™/?1 <y is in L™
by Hypothesis 1.1.3). Furthermore, in the same way, we have

£ allze = llw™ 202 fija

Therefore, since ||w™/21;j<a||z= is bounded by assumption, and since we proved that the
sequence (f1;a)jen is bounded in Z,, (f1.)jen is also bounded in L?. Hence the following
limit holds

2 < [lw™ 2 1<l poo w2 frjall 2

| fija — fojnlle — +00.
j—vo0

Since

52(93', Jias Jaa) =
T 12 ) _
—1—ge Wraa=loanlialt (cos®(0;/2) w'/? f1 a7z +sin*(6;/2) [0 fagall72 — llw™/2Rl132),

since the sequences (cos?(6/2)||w2 fijall%2)jen and (sin®(0/2)[|w'/2 f2; ]|%2) en are boun-
ded, and since e I115.8=F2,5,al17 2 /4 — 0, we obtain
j—o0

seo i fezunzap 20 o ) 2 =1
For g small enough, this contradicts Prop. 1.1.5. We conclude that the sequence (fa ;1) en
is bounded in Z,,.

We have proven that ((6;, fia, f2,.4))jen is bounded in [0, 7] x Z2. Since w™1/213<, is
in L> by Hypothesis 1.1.3, ((8;, f1ja, f2,j,1))jen is also bounded in [0, 7] x (£,N L?*)%. The-
refore, the sequence ((0;, f1,54, f2,j,A))jen converges weakly to some limit (6oo, f1,00,A5 f2,00,A)
in [0, 7] x (£, N L*)?. Note that convergence is strong in the case of the sequence (6;),en.
We have

cos(6,/2) J:)O cos(0x/2), sin(6;/2) ]:Z sin(f/2),

and

‘ (frjns h)po 4 (hy fain) e } = | <Wl/2fl,j,A7W_1/2h>L2 + <W_1/2hawl/2f27j7A>L2 )
— | <w1/2f1,oo,/\7 W71/2h>L2 + <w71/2h> w1/2f27007A>L2 ‘ ’

Jj—00

Moreover, using the lower semi-continuity of the L?-norm gives
2 1/2 2
72 > [lw'? frooallZe s

22 2 W fooenle

lim inf ||w1/2f17j7A
J—00

lim inf [|w'/2 fy .
j—o0

lim inf ( _ e*llfl,j,A*fz,j,AlliQM) > o IMicoa=fooonlfa/4
j—o0 -
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Inserting this into the expression (1.56) of &, , we obtain

gz(eoo, fioo0, f2.000) < lijfgioglf gz(‘gj, fijn, foja) =inf &.

Therefore (0o, f1.00.;5 f2.00.4) 1 @ minimizer for the energy functional E,. O

Remark 1.3.2. Computing the Lagrange equations shows that a minimizer (Ogs, f1,gs, f2,gs)
of & satisfies

(1.60)

“W1/2f2,g5|’i2 - le/Qfl,gSH; +2

_ _ 2 1 -
Jies = gtan(ﬁgs/Z)e 1.6 f2'gS”L2/4<h o §(f1,gs - f2,g3)9%( <f1,gS= h>L2 + (h, f2,gS>L2 )w ' )
(1.61)

1 eam o eal? 1 _
fogs = gcot(Qgs/Q)e | f1,es f2,gs||L2/4(h _ §<f2,gs _ ngs)%e( <f1,g57 h>L2 + (h, f2,gs>L2 )w 1
(1.62)

_Hfl,gs_fQ,gsHQQ/Zlm h _'_ h
egs — arctan ( € . 6( <f1,gsa >L2 < 7f2,gs>L2 ) ’

Computing then an asymptotic expansion for small g is possible. We conjecture that, un-
der the assumption of Theorem 1.1.7, the upper bound computed in the right-hand-side of
Ineq. (1.21) in Prop. 1.1.5 actually coincides with the second order expansion as g — 0 of
the ground state energy of &s.

1.4 Appendix : Fock space, Self-adjointness

1.4.1 Operators in Fock space

We recall in this section a few well-known properties of basic operators in Fock space.
We do not specify their domains. For more details the reader may consult e.g. |21, 25, 107].
Recall that the symmetric Fock space §s(h) over the one-particle space h = L?(R?) has
been defined in (1.2). For A in b, the creation and annihilation operators a*(h) and a(h)
are defined as follows :

a*(h)jyry =V (n+ 1) [h) \/Tyry, n >0,

Formally, we also have
a(h) = / Aa(k)dk,  a*(h) = / h(k)a* (k) dk,
R3 R3

where a(k) and a*(k) are operator-valued distributions which satisfy the well-known cano-
nical commutations relations

[a(k), a(k)] = [a"(k),a" (k)] = 0, [a(k),a”(K')] = 6(k — ).
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The field operator ®(h) is defined by
®(h) = (a(h) 4 a*(h))/V2.

This operator identifies with an essentially self-adjoint operator, which allows us to define
the Weyl operator :

W (h) = e ®®.
The Weyl operator satisfies the so-called Weyl relations :
W (h)* = W(=h), W(f+h)=e sUMeW (fYW(h). (1.63)
Let w be a self-adjoint operator on h. The second quantization of w is defined by
k=1

Note that this operator can be expressed in terms of creation and annihilation operators :

dl'(w) = /ng(k)a*(k:)a(k) dk.

The coherent state of parameter f in  is the vector in Fock space defined as

\Ilf . eiq)(\if Hfllh Z \/_

where (2 stands for the Fock vacuum. Coherent states are eigenvectors of the annihilation
operator in the sense that, for all f,h in b, we have

a(h)\llf - <ha f>h v
This identity implies the following relations :

<\I/f7 (I)(h)\l'ﬁgs(b) = 2%Re (h, f>r) ) <\ij> dF(“-’)\Ijﬁgs(h) = (f,w f>r) :

Furthermore, considering coherent states with different parameters f and h in b yields,
using the Weyl relations (1.63) :

2
r-niz

<\Ilf7 \Ijh> h) — 6 4 675 m<f7h>h.

These equalities were used to compute the energies (1.9) and (1.13) of product states of
the form u ® Wy,
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1.4.2 Self-adjointness of the hamiltonian

Proposition 1.4.1. Suppose h satisfies Hypothesis 1.1.1. Then H is a self-adjoint, semi-
bounded operator with domain D(H) = D(Hpee) for all g in R.

Proof. Let g in R and let ¢ in §4(h). We recall the well-known N -estimates for the creation
and annihilation operators :

la(h)d
la*(R)

sty < [l 2R]|, [|AT (@) 2|
sty < |20, [T (@) 2y

3s(h)

Bs(h) -

Here, these estimates hold since we assumed that the function w™/2h is in L?(R?). Now,
using the Cauchy-Schwarz inequality yields

AT (@) 202 ) = (. AL @)); ¢

< Iy 3s(h) [dI (w)e

2
Bs(h) -

5.0) < 522 1Vl + 5 AT (w)Y

Taking ¢ > 0 small enough allows us to conclude that there exist a < 1 and b in R such
that, for all ¢ in §,(h), the following inequality holds

g o1 @ ®(h)y

5.0) < 01 Hieet g, ) + 011

Bs(h) -

Therefore go; ® ®(h) is relatively bounded with respect to Hye with relative bound less
than 1. Applying the Kato-Rellich theorem then yields the result. ]



Chapitre 2

Linearly Coupled Pauli-Fierz
Hamiltonians

Abstract. We consider a spinless, non-relativistic particle bound by an external poten-
tial and linearly coupled to a quantized radiation field. The energy € (u, f) of product states
of the form v ® Wy, where u is a normalized state for the particle and Wy is a coherent
state in Fock space for the field, gives the energy of a Klein—-Gordon—Schrodinger system.
We minimize the functional £(u, f) on its natural energy space. We prove the existence
and uniqueness of a ground state under general conditions on the coupling function. In
particular, neither an ultraviolet cutoff nor an infrared cutoff is imposed. Our results es-
tablish the convergence in the ultraviolet limit of both the ground state and ground state
energy of the Klein-Gordon—Schrédinger energy functional, and provide the second-order
asymptotic expansion of the ground state energy at small coupling.

2.1 Introduction

We consider in this paper a non-relativistic, spinless quantum particle — say, an electron
— in an external potential and coupled to a quantized, scalar radiation field. The Hilbert
space for the total system is given by

H = Ha ® Hs,

where He = L?(IR3) is the Hilbert space for the electron and H; is the Hilbert space for the
field, given as the symmetric Fock space over the one-particle Hilbert space h = L?*(R?).
The full Hamiltonian is a self-adjoint operator acting on H, of the form

H .= HV®If+Ie1®Hf+Hint7 (21)

where Hy = —A 4+ V is the Hamiltonian for the non-relativistic particle in the external
potential V', H is the Hamiltonian for the free field, I; stands for the identity on H; and Hiy
is the interaction Hamiltonian, acting on H. Such operators are usually called Pauli-Fierz

35
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Hamiltonians [104] in the literature. Their spectral theory has been thoroughly studied
since the end of the nineties (see e.g. [110, 111| and references therein). In particular,
concerning the existence of a ground state — namely the proof that the bottom of the
spectrum of H is an eigenvalue — we refer, among others, to [40] for massive Pauli-Fierz
Hamiltonians (i.e. Pauli-Fierz Hamiltonians with a massive field dispersion relation), [11,
12| for massless Pauli-Fierz Hamiltonians at small coupling and [53, 63] in the massless
case without any restriction on the coupling strength. Expansions of the ground state
energy of H for small coupling constants have also been obtained in [11, 12, 62, 71| using
‘spectral renormalization’, |16, 68] by an iterative variational procedure and [10] by iterative
multiscale analysis.

We focus in this paper on the case of an electron linearly coupled to a scalar field. We
consider an abstract class of linearly coupled Pauli-Fierz Hamiltonian that includes the
Nelson model [102| and the Frohlich polaron model [48]. For the Nelson model, in order for
H to identify to a semi-bounded self-adjoint operator on 4, an ultraviolet cutoff must be
imposed to the interaction Hamiltonian. The polaron model defines a self-adjoint operator
even without an ultraviolet cutoff |65, 90|. The precise definition of the model we consider
will be given in Section 2.1.1.

We aim at studying the energy of product states

Eu, f) = ((u® V), Hu® V), |u|

Hel — L, H\IIfHHt =1, (2'2)

assuming that the state of the quantized field, W, is a coherent state parametrized by f € b.
The functional £ (u, f) is sometimes called quasi-classical energy. Assuming indeed that the
field degrees of freedom are ‘almost classical’, in the sense that the creation and annihilation
operator a*, a in Hy are rescaled as a* = \/ea*, a. = \/2a, see [5], one shows, under suitable
assumptions, that the ground state energy of the rescaled Pauli-Fierz Hamiltonian H.
converges, as ¢ — 0, to the ground state energy of the quasi-classical energy functional (2.2),
[31, 34, 35, 55|. In the case of the translation invariant Frohlich polaron model (no external
potential), a proper rescaling shows that the quasi-classical limit corresponds to the strong
coupling limit of the original Hamiltonian H, see e.g. [108].

As we recall below, the quasi-classical energy (2.2) coincides with the energy of a cou-
pled Klein—Gordon—Schridinger system. The variational and dynamical aspects of Klein—
Gordon—Schrédinger systems in the quasi-classical limit have been studied in the recent
mathematical literature (see [2-4, 31, 34, 35, 45]), as quasi-classical limits of Pauli-Fierz
models. The strong coupling limit of the polaron model has also been studied in several
contexts, especially in the case of translation invariant systems allowing one to study the
effective mass of polarons, see [42, 90] for seminal results and [22, 43, 89, 99, 108] for more
recent references; see also [88| for another definition of the effective mass of the polaron
in a slowly varying external potential and [47] for a polaron confined to a finite volume.
In all these references, the existence of a ground state associated to the non-linear energy
functional defined as in (2.2) constitute an essential ingredients of the analysis.

Our main concern in this paper is to prove the existence and study the properties of
ground states of the quasi-classical Klein-Gordon-Schrédinger energy functional &(u, f),
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on its natural energy space and under general conditions on the external potential and the
interaction term. We will recall that minimizing £ (u, f) reduces to minimizing a Hartree (or
Choquard-Pekar) energy functional. Existence, uniqueness and properties of ground states
for these functionals have been studied by many authors. We refer to the seminal works
[91] for the translation invariant model with a convolution potential given by the Coulomb
potential, and [92, 93] in a more general setting, applying the concentration compactness
method. See also [98] for a more recent extensive survey of the vast literature concerning
Choquard type equations.

Our first main result in this paper provides the existence of a ground state for the
quasi-classical energy functional &£ (u, f). We consider a wide class of external potentials
and do not need to impose neither an infrared nor an ultraviolet cutoff into the interaction
term of £(u, f).

Next, for small coupling, we verify that the ground state of £(u, f) is unique. In general,
the field parameter f of the ground state (ugs, fos) does not necessarily belong to the
orignal one-particle Hilbert space h. For massless fields, we will see that f,s belongs to b if
and only if an infrared regularization is imposed. On the other hand, no ultraviolet cutoff
is needed : Denoting by A the ultraviolet parameter associated to the ultraviolet cutoff
introduced into the interaction Hamiltonian, our results show that both the ground states
and ground state energies associated to (2.2) converge as A — oo.

We also study the difference between the ground state energy for the microscopic model
and its quasi-classical counterpart,

inf o(H) — (iul,ljf) E(u, f), (2.3)

where o(H) stands for the spectrum of the Pauli-Fierz Hamiltonian H. The expansion up to
second order in the coupling constant of this expression reveals that the ground state energy
inf o(H) can be divided into two terms : a ‘coherent term’, given by inf, sy £(u, f), and a
second term due to the contribution from the excited states of the electronic Hamiltonian.

As in previously cited references, our argument to prove the existence of a ground state
relies on usual strategies from the calculus of variations. The main novelty comes from
the possible absence of infrared and ultraviolet cutoffs in the interaction. This produces
singular terms with a critical behavior in the energy functional that we handle using, in
particular, suitable estimates in Lorentz spaces. The use of weak versions of Holder and
Young’s inequalities in Lorentz spaces seems to be new in the present context. It constitutes
one of the main technical tools in our argument.

The ultraviolet convergence of the ground state and the asymptotic expansion of (2.3)
at small coupling also seem to be new. In order to establish them (as well as the uniqueness
of the ground state), we project a non-linear eigenvalue equation associated to the mini-
mization problem onto the vector space associated to the ground state of the electronic
Hamiltonian and its orthogonal complement.

In a companion paper [27], we will study the Pauli-Fierz Hamiltonian of a non-relativistic
particle with spin % coupled to the quantized radiation field in the standard model of non-
relativistic QED. In this case, the quasi-classical energy coincides with the energy of a
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coupled Maxwell-Pauli system. For the standard model of non-relativistic QED with a
spinless electron in the translation invariant case, we mention the works [14, 87] about the
Lieb-Loss model, related to ours, where the infimum of the energy functional

@(u, \Ij) = <(u ® \I[)’H<u ® \I/)>7 ||u| Hel — L, ||\IJ||’Hf =1,

is considered. Here the expectation is taken over general product states, i.e. the field is
not supposed to be in a coherent state as in our case. It is then proven that inf &(u, ¥)
diverges as A'?/7 in the ultraviolet limit, where A stands for the ultraviolet parameter. On
the contrary, our results show that, if the field is restricted to coherent states, then the
ground state energy converges in the ultraviolet limit A — oo, a ground state exists for all
0 < A < o0 and an asymptotic expansion of the ground state energy at second order in
the coupling constant can be computed uniformly in A. Our results hold both for linearly
coupling models (this is the content of the present paper) and for the standard model of
non-relativistic QED (up to a trivial renormalization in A, see the companion paper [27] ).

In the remainder of this section, we begin by introducing in Section 2.1.1 the abstract
class of Hamiltonians we consider and our main hypotheses. Next, in Section 2.1.2, we state
our main results.

Notations. We recall that for 1 < p < oo, the Lorentz spaces (or weak LP spaces) LP>(R?)
are defined as the set of (equivalence classes of) measurable functions f : R® — C such
that

3 =

[f1 oo = S;lg)\({\fl > t})rt (2.4)

is finite, where A\ denotes Lebesgue’s measure.

The usual Fourier transform acting on tempered distribution is denoted by F with
inverse (2)3F. (We use the normalization F(f)(z) = [ps e ™ f(€)d¢ for f in L'(R?),
and hence F(f)(z) = [ps € f(€) d€. This normalization is not the standard one but it
is convenient in our context.) Throughout the paper, we use the following convention.
Let f,g be functions associated to tempered distributions. Assume that F(g) identifies
with a function such that fF(g) can be associated to a tempered distribution. We write

F(f)*g:=@2m)*F(fF(g)). (2.5)

This convention extends the well-known equality which holds e.g. if f and g are in L' or f
is in L? and g in L.

In several places, we will use localization functions in C§°(R?) denoted by 1 and such
that 0 < n < 1, n(x) = 1if || < 1 and n(z) = 0 if |z| > 2. We define the non-negative
function 7 by

N+t =1,
and for all R > 0, we set

nr(z) :=n(x/R) and 7ng(x):=n(x/R). (2.6)

If H,, Ho are two Hilbert spaces, £(H1, Hz) stands for the set of bounded linear ope-
rators from H; to Hy. Given a linear operator A on a Hilbert space H, we denote by D(A)
its domain and Q(A) its form domain.



2.1. Introduction 39

2.1.1 Model and assumptions

Before defining the abstract class of linearly coupled Pauli-Fierz Hamiltonians we consi-
der, we introduce our conditions on the electronic Hamiltonian Hy .

The electronic Hamiltonian

We suppose that the non-relativistic particle is spinless and bound by an external
potential. The Hilbert space and Hamiltonian for the particle are given by

Hel = Lz(Rg), HV =-A -+ V(:U), (27)

where V : R® — R is a real potential. We display the dependence on V since one of our main
hypotheses (see Hypothesis 2.1.1) assumes the existence of a decomposition V = V] 4+ V;
such that Vi > 0, V5 vanishes at oo and there is a gap between the ground state energies
of H v and H Vi-

The main examples we have in mind are confining potentials, V' (z) — oo as |z| — oo,
and Coulomb-type potentials, V(x) = —c|z|~! with ¢ > 0. We introduce general hypotheses
on V' that are fulfilled by a large class of potentials, including the two preceding examples.
As we will see below, some of our main results have interesting consequences in special
cases, especially when V' is confining.

We set

py = info(Hy),

and likewise if V' is replaced by another potential. For U : R® — R, we denote by
U; :=max(U,0), U_:=max(-U,0),

the positive and negative parts of U, respectively, so that U = U, — U_.
We make the following hypothesis.

Hypothesis 2.1.1 (Conditions on V). There exist 0 < a < 1 and b in R such that the
negative part of V' satisfies
V.<—aA+b,

in the sense of quadratic forms on H*(R?®). Moreover, V' decomposes as V = Vi + V, with

(i) Vi € Li(R% RY),

loc

(11) Vy € LS/Z(R?’;]R) and lim Vh(xz) =0,

loc
|z|—00
(iii) prv < v

We have the following accompanying remarks (we refer to Section 2.2.1 for justifica-
tions). Since Vi > 0, Hy, = —A + V, identifies with a non-negative self-adjoint operator
on L*(R?) with form domain

Q) = Q(-8) 1 Q(Vi) = {ue H'®)| [ Vi@lulw)do < +oc).
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Moreover, it follows from our hypotheses that Hy identifies with a semi-bounded self-
adjoint operator with form domain

Qv := Q(Hy) = Q(Hv,) = Q(Hy;),
and that Qy is a Hilbert space for the norm

12
lullg, = llullzn + [[(Ve)zu| L, - (2.8)

In particular, py and py, are well-defined. We will most of the time consider a state u in
U:={ue Qy||ul=1}. (2.9)

In order to obtain uniqueness of minimizers, we require that the Schrodinger Hamil-
tonian Hy has a unique ground state. By Perron-Froebenius arguments, it is well-known
that, under suitable conditions on V', if puy is an eigenvalue of Hy then it is simple and
there exists a corresponding strictly positive eigenstate (see e.g. [107, Theorems XII1.46
and XIII.48]). We make the following related hypothesis.

Hypothesis 2.1.2 (Ground state of Hy). The ground state energy py of the particle
Hamiltonian Hy 1s a simple isolated eigenvalue associated to a unique positive ground
state uy in L?(R3;R,), such that ||uy |2 = 1.

The orthogonal projection onto the vector space spanned by wy is denoted by II;,. We
also set I := T — Ily,.

Linearly coupled Pauli-Fierz Hamiltonians

We suppose that the radiation field is a scalar, bosonic field with Hilbert space given
by the symmetric Fock space

He = F(L*(R?)) = é y L*(R?). (2.10)

n=0
In the momentum representation, the free field Hamiltonian is the second quantization of
the multiplication operator by w(k),

H; = dT(w(k)), (2.11)

where w : R? — R, is a non-negative measurable function. See Appendix 2.4 for the precise
definition of second quantized operators. The coupling between the electron and the field
is linear in the creation and annihilation operators, given by

Hipe := gV20(hs,), (2.12)

where ¢ in R is a coupling constant, ®(h), for h in L?(R?), denotes the field operator (see
Appendix 2.4 for the definitions of the field, creation and annihilation operators), and

he(k) := v(k)e ™ (2.13)

for all x in R?, where v : R — R is a coupling function.
This framework covers several models of interest :
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e The Nelson model [102], with the relativistic dispersion relation w(k) := vk? + m?
corresponding to a field of mass m > 0, and the coupling function v(k) = w(k)~2x (k)
with v in L?(R3). Here, in particular, y incorporates an ultraviolet cutoff. Moreover,
without infrared regularization, y = 1 near k = 0, while if an infrared regularization
is imposed, one assumes that y(0) = 0.

e The Frohlich polaron model [48], with w(k) = 1 and v(k) = |k|7".

e The phonon Hamiltonian of solid state physic (see e.g. [80]), with a bounded disper-
sion relation w : R® — R such that w(k) ~ c|k| near k = 0 in the case of acoustic
phonons, or 0 < ¢; < w(k) < ¢y in the case of optical phonons. Here ¢, ¢y, ¢y are po-
sitive constants. Moreover, v(k) = |k|2x(k), with v in L2(R3) and y = 1 near k = 0.

Assuming that V' satisfies Hypothesis 2.1.1 and that

,02
/ — < 00, (2.14)
R3 W

it is not difficult to verify that, for all values of the coupling constant g, the total Hamil-
tonian

H = Hy ® I + 14 ® Hi + gvV2®(h,), (2.15)
is a semi-bounded self-adjoint operator with form domain
Q(H) - Q(Hfree)a Hfree = HV Y If + Iel X Hf. (216)

See Appendix 2.4 for details. The domains of H and Hy,.e in fact also coincide in this case.
Note that the condition (2.14) is satisfied in the case of the Nelson model and the phonon
model, but not for the polaron model. In the latter case, one can still prove that H identifies
with a self-adjoint operator with form domain Q(H) = Q(Hj.e), see [65].
Klein—Gordon—Schrédinger energy

For f in L?(R3), the coherent state of parameter f is denoted by
U, o= N0 € Hy (2.17)

where ) stands for the Fock vacuum. Let u in I and let f in L?(R?) be such that w'/2f
belongs to L?(R?). A simple computation shows that the energy of the product state u®@ W ¢
is given by

<(u®llff),H(u®‘lff)>H:E(u,f) (2.18)
(see Appendix 2.4) where
e f)i= [ [Fu@Pde+ [ Violu@Pdot [ w®lfE

+ 29 Re /R e* (k) f(k)u(z)]* dz dk . (2.19)
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Hence we obtain the energy of a coupled Klein—-Gordon—Schrédinger system, the coupling
being given by the last term in (2.19).

We aim at proving the existence and uniqueness of a minimizer for the energy functio-
nal £, under suitable assumptions on w and v. The natural energy space for £(u, f) is the
space U x Z, where

Z,:={f:R® = C measurable | w2 f € L*(R®,dk)} .

We make the following hypothesis on v which, combined with Hypothesis 2.1.1, ensures
that & is well-defined on U x Z, (see Proposition 2.3.1 and Lemma 2.5.1 below). Recall
also that v is real-valued and w is supposed to be a non-negative measurable function.

Hypothesis 2.1.3 (Condition on v). The map W := g*w™1v? decomposes as W = Wi +W,
with

(i) Wi € L'(R?),

(ii) Wy € L3>*(R3).

It should be noted that this hypothesis covers all the examples previously mentioned
(the Nelson, polaron and phonons Hamiltonians). Indeed, Hypothesis 2.1.3 is satisfied if

one assumes that w™'v? belongs to Li. (R?) and that

jw™ (k)v* (k)| < Colk|™ L g<r + Colkl " Lppz1, € >0,

for some positive constants Cy, Cs. This follows from the facts that [k| 371 <; is in L' (R?)
while [k|7 5> is in L**°(R?). We emphasize in particular that, for the Nelson model, no
infrared regularization is required and the ultraviolet cutoff can be removed, taking v(k) =

|k|7'/? and w(k) = VEZ+m2, m > 0.

2.1.2 Main results

We are now ready to state our main results. For clarity we decompose the presentation
into a few subsections.

Infrared problem for Klein—Gordon—Schrédinger

We begin with a relatively simple property, which we refer to as the ‘infrared problem’,
keeping the usual terminology from QED. Since, in general, Z,, is not contained in L?(IR3),
the field component f, of a minimizer (ugs, fos) of the Klein-Gordon-Schrédinger energy
functional over U x Z,, may not belong to the original one-particle Hilbert space h = L*(R3).
This formally corresponds to the fact that the coherent state Wy does not belong to Fock
space. On the other hand, if fg belongs to L?(R?), then, using in addition that ug belongs
to Qy and fg to Z,, one easily verifies that ug ® Wy, belongs to Q(H), so that the
Pauli-Fierz energy (2.18) in the state uy ® Uy, is well-defined.

The next proposition provides both a necessary and a sufficient condition ensuring
that fy belongs to L?(IR?).
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Proposition 2.1.1. Suppose that V' satisfies Hypothesis 2.1.1 and W satisfies Hypothe-
sis 2.1.3. If (ugs, fos) is a minimizer of the Klein-Gordon-Schrodinger energy functional
over U X Z,, then

[

v
—1
w [k|<1 + \k‘\w

v
]l|k|21 € LQ(Rg) - fgs S L2(R3) - ;]l|k|§1 € L2(R3).

Considering the massless Nelson model where w(k) = |k| and v(k) = |k|~'/2x(k), the
previous conditions reduce to

ks [k 72 (B)Ljys1 € LA(R?) and Kk~ k|72 (k) Ljy<1 € L*(R®).

Thus, in order to have that fy belongs to L*(R3?), it is necessary to impose an infrared
regularization, but no ultraviolet regularization is needed. Note that the presence of an
infrared regularization is also necessary to have the existence of a ground state for the
massless Nelson Hamiltonian [41, 54, 95|, while it is well-known that the Nelson Hamilto-
nian is renormalizable in the ultraviolet limit [102].

For the Fréhlich polaron model, we have w = 1, hence Z, = L*(R?) and the previous
proposition is trivial.

Existence of a ground state

One of our main results is the following theorem which provides the existence of a ground
state for the Klein—-Gordon—Schrodinger energy functional under our general assumptions
on V and W.

Theorem 2.1.2 (Existence of a ground state). Suppose that V' satisfies Hypothesis 2.1.1
and W satisfies Hypothesis 2.1.3. There exists Cy > 0 such that, if the decompositions V =
Vi+ Vo and W = Wy + Wy as in Hypotheses 2.1.1 and 2.1.3, respectively, can be chosen
such that

Wil + Cv|[Wall e < 6(pv — pv) (2.20)

and

CHWQ“LS,oo < (1 — CL), (221)

N

for some universal constants C,;0 > 0 and where a is given by Hypothesis 2.1.1, then the
Klein—Gordon—Schrodinger energy functional (2.19) has a minimizer over U x Z,,.

We have the following accompanying remarks concerning the smallness conditions (2.20)
and (2.21).

Remark 2.1.3. The smallness condition (2.21) only concerns the term Wy in L>> of W,
not the term Wy in L'. Moreover, in the case of a confining potential, V(x) — oo as
|z| — oo, the condition (2.20) is automatically satisfied provided one suitably chooses the
potential Vi, see Lemma 2.2.2. This tmplies that if V is confining and Wy = 0, then a
minimazer exists for any g in R. In fact, for the special case of a confining potential, one
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can prove the existence of a minimizer by simpler arguments than those we use in the proof
of Theorem 2.1.2, since in this case the relative compactness of minimizing sequences can
easily be deduced from the confining assumption.

Remark 2.1.4. Our assumptions cover the critical case F(W)(z) = ¢*|z|~2 of the Hartree
equation (2.22) (taking W (k) = cg?|k|™' in L¥*°(R3)), which has been studied e.g. in [39,
67]. In particular, with F(W)(x) = g*|x|72, it has been proven in [39, 67] that the Hartree
energy has mo minimizer for g larger than some critical value g*. Hence the smallness
condition (2.21) in Theorem 2.1.2 cannot be removed.

The proof of Theorem 2.1.2 follows from observing that (u, f) is a minimizer for the
Klein-Gordon—-Schrédinger energy functional (2.19) if and only if it is of the form (u, f,)
where the field parameter satisfies f, = —gw™'vF(Ju|*) and where u minimizes the Hartree
energy

J(u) = (u, Hyu) 2 — /R3 (F(W) * |u?) (z)|u(z)]* dz, welU. (2.22)

Our strategy then rests on usual arguments from the calculus of variations [92, 93]. As
mentioned in the introduction, the existence of minimizers for the Hartree (or Choquard-
Pekar) energy has been studied by many authors in different contexts (see in particular
[4, 7, 39, 49, 60, 67, 85, 91-93|, see also |98] for a detailed survey of results). We are not
aware, however, of a result giving the existence of a minimizer under our general conditions
on V and W. The main difficulties come from the fact that we consider external potentials
with possibly both a confining and a negative part, the latter vanishing at infinity, and,
more importantly, that our assumptions on the convolution term in the Hartree energy
(2.22) concerns the Fourier transform of the usual pair potential, with possibly a critical
behavior corresponding to the term W, in L*°°. Such critical terms are due to the fact
that we do not impose an ultraviolet cutoff into the interaction. To handle them, we have
to rely on suitable estimates in Lorentz spaces whose use, to our knowledge, seems to
be new in the context of minimizing the Hartree energy functional. For completeness, we
provide a complete proof of the existence of a minimizer for (2.22) under our conditions in
Appendix 2.5.

We mention that the minimization problem for £(u, f) has been studied in the recent
paper [4], in the particular case of the massive Nelson model with V' confining, the dis-
persion relation w(k) = vk2 +m?2 and v(k) = w(k)~2x(k) with y a smooth compactly
supported function. Our results cover this particular case.

Uniqueness of the ground state and expansion of the ground state energy at
small coupling

Our next concern is the question of the uniqueness of the ground state for the Klein—
Gordon—Schrodinger energy functional. To establish it, we need to strengthen our assump-
tions, assuming that the electronic Hamiltonian Hy has a unique ground state as stated
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in Hypothesis 2.1.2 and that the coupling is sufficiently small. Of course, uniqueness of a
minimizer for &(u, f) only holds up to a phase, since &(u, f) = £(eu, f) for any § in R.

Theorem 2.1.5 (Uniqueness of the ground state). Suppose that V' satisfies Hypotheses 2.1.1
and 2.1.2 and that W satisfies Hypothesis 2.1.5. There exists ey > 0 such that, if

[IWlpripsee <ev,
then the Klein—Gordon-Schridinger energy functional (2.19) has a unique minimizer (ugs, fgs)
inU x Z, such that (ugs, uy)r2 > 0.
Under the conditions of the previous theorem, recalling that W = g*w='v?, we can now

compute the asymptotic expansion of the ground state energy as the coupling constant g
goes to 0.

Proposition 2.1.6 (Expansion of the ground state energy at small coupling). Under the
conditions of Theorem 2.1.5, we have

min _ E(u, f) = py — g2/ (Fw™'?) = luy|? )(2) luy (2)[* dz + O(g*), (2.23)

(u7f)€u><zw Rg
as g — 0.

To obtain uniqueness of the minimizer, as well as the expansion (2.23), we use that any
minimizer of (2.22) is a non-linear Hartree eigenstate and project the non-linear eigenvalue
equation to the vector space spanned by the electronic ground state uy and its orthogonal
complement.

As mentioned above, in the case where W, = 0, i.e. W = g?w 1v? is in L'(R?), the
Hamiltonian H in (2.15) identifies with a semi-bounded self-adjoint operator. Hence we
can compare the ground state energy of H with its quasi-classical counterpart :

Proposition 2.1.7 (Comparison with the ground state energy of H). Under the conditions
of Theorem 2.1.5, with W in L*(R?), we have

inf o (H) — £ (ugs, fos)
=—¢2 /3 v(k)*(uy, eIy (Hy — py + w(k;))flﬂf/e_ikxuthdk +o(g?),
R x

as g — 0.

The term of order g? of the asymptotic expansion given by Proposition 2.1.7 can be
rewritten as

inf U(H) — g(ugsv fgs)
= =% (v ® 9, alhe) (I @ Ty) (e — ov) ™ (I @ Tr)a* (b Juy @ Q) + o(g?)
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It should be compared with the term of order ¢g* in the asymptotic expansion (2.23) of the
quasi-classical ground state energy & (ugs, fqs), Which is given by

2 /R (Flw 02 # Juy [2) (@) Juy (2) de
=g <uv ® 0, alhy)(Ty @ 115) (Hyee — i)~ (My @ T8 )a* (hy)uy ® Q> . (2.24)

where Il is the projection onto the Fock vacuum and I := I —Ilg. Hence we see that, at
second order in the coupling constant, the ground state energy of H can be divided into two
terms : a ‘coherent’ term which is independent of the excited electronic eigenstates, and a
‘non-coherent’ term which sums the contributions from these excited states. In particular,
defining oy := dist(uy, o (Hy)\{uy }) the distance between uy and the rest of the spectrum
of Hy, we deduce from the previous expressions that if oy is large, then the non-coherent
term is small and hence the coherent term becomes a good approximation to the ground
state energy of H.

Remark 2.1.8. Under the conditions of Proposition 2.1.7 and assuming in addition that
k<1 + ﬁ]llklzl belongs to L*(R®) (so that fus is in L* by Proposition 2.1.1 and hence
the coherent state in Fock space Wy, (see (2.17)) is well-defined), one can also choose a
ground state Wqs of H such that

H\Ilgs - Ugs ® \:[Jfgs

o, = O9). (2.25)

Note that the existence of a ground state for H under these conditions follows from [53]. The
estimate (2.25) is then a direct consequence of our proofs of Theorem 2.1.5 and Propositions
2.1.6-2.1.7 together with [11], since [11] shows that

[Ves — uv @ Q[ o5, = Ol9),

1QHs

for a suitably constructed ground state Wy, while our argument will show that

Ha =0(9"), | fsllz: = O(g),

“ugs — uy|

see Section 2.3.4.

Ultraviolet limit

We suppose here that the coupling function is cut-off in the ultraviolet, i.e. that it is
of the form vy = vl ;< for some ultraviolet parameter 0 < A < co. We are interested in
the ultraviolet limit A — oo. We write

W = ¢*w oy = W g<a,

and note that if W satisfies Hypothesis 2.1.3, then for all A > 0, W, is in L' (this follows
from the weak Holder inequality, see (2.37) below). The fact that W} belongs to L! in turn
ensures that the Pauli-Fierz Hamiltonian

Hy = Hy @ It + Ig @ Hy + g®(ha,),  haw(k) :=va(k)e ™,
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identifies to a self-adjoint operator (see Appendix 2.4).

Let £y be the Klein-Gordon-Schrodinger energy functional with an ultraviolet cutoft,
i.e. &y is given by (2.19) with v, instead of v. The next proposition establishes the conver-
gence of the ground state energies in the ultraviolet limit. Note that the assumptions are
rather weak. In particular they do not necessarily imply the existence of a ground state

for £ and &,.

Proposition 2.1.9 (Ultraviolet limit of the ground state energies). Suppose that V' satisfies
Hypothesis 2.1.1 and that W satisfies Hypothesis 2.1.53. Then

inf  &Ex(u, f) —  inf  E(u, f).

(u,f)EUX Z,, T Ao (uf)EUX 2,

Under conditions ensuring that £, and £ have unique minimizers, we can also establish
the convergence of the ground states of £y to the ground state of £, as A — oc.

Proposition 2.1.10 (Ultraviolet limit of the ground states). Suppose that V satisfies
Hypotheses 2.1.1 and 2.1.2 and that W satisfies Hypothesis 2.1.3. There exists ey > 0 such
that, if

[Wllzrizs0 <ev,

then for all A > 0, Ex and € have unique minimizers (U gs, fags) and (Ugs, fos) iU X Z,,
respectively, such that (up gs, uy)r2 > 0 and (ugs, uy )2 > 0. They satisfy

lengss figs) = (s fl g 2, 52, 0

The proofs of Propositions 2.1.9 and 2.1.10 are not straightforward. The main diffi-
culty comes from the fact that, in general, W, does not converge to W in L' + L3>, To
circumvent this difficulty, we use a convergence property in a weaker sense, based on a
suitable application of Lebesgue’s dominated convergence theorem.

2.1.3 Organisation of the paper

Our paper is essentially self-contained. It is organized as follows. Section 2.2 is a prelimi-
nary section containing several technical estimates that we subsequently use in Section 2.3
to establish our main results. In Appendix 2.4, we recall the definitions of standard objects
related to second quantization as well as the self-adjointness of the Pauli-Fierz Hamilto-
nian H. Appendix 2.5 contains a proof of the existence of a minimizer for the Hartree
energy functional under our conditions.

Acknowledgements. The research of S.B. was partly done during a CNRS sabbatical
semester.
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2.2  Preliminaries

In this preliminary section, we gather several technical estimates that are useful for
our concern. The first subsection mainly concerns the electronic Hamiltonian Hy . In a
second subsection, we prove some functional estimates in Lorentz spaces that are used
in Section 2.3 in a crucial way to control the interactions terms of the Klein—-Gordon—
Schrodinger energy functional.

2.2.1 Estimates on the electronic part

Recall that our assumptions on the external potential V' of the electronic Hamilto-
nian Hy = —A + V have been introduced in Section 2.1.1. We begin with a few remarks
showing that Hy is well-defined and that its form domain satisfies Q(Hy) = Q(Hyv,) =
Q(Hy,), with V] as in Hypothesis 2.1.1.

First, V_ is form bounded with respect to —A with a relative bound less than 1, by
Hypothesis 2.1.1. Thus V_ is also form bounded with respect to Hy, with a relative bound
less than 1, and hence the KLMN Theorem (see e.g. [107, Theorem X.17|) implies that Hy
identifies with a semi-bounded self-adjoint operator with form domain Q(Hy) = Q(Hy,).

Next, Hypothesis 2.1.1(ii) implies that V5 is relatively form bounded with respect to —A
with relative bound 0. Indeed, for R large enough, we have Vol sp € L®(R?) since
Vo(z) — 0 as |z| — oo, while Valy<p € L3?(Bg) with By := {z € R3||z| < R},
since Va € LY?(R3). Therefore V3 € L¥2(R?) + L*(R3) and hence we can apply [107,
Theorem X.19| to deduce that V3 is infinitesimally form-bounded with respect to —A. In
turn, since V, — V; = V5 4+ V_ is form bounded with respect to —A, it is not difficult to
verify that Q(Hy, ) = Q(Hy,).

Recall the notation Qy = Q(Hy ). We begin with the following easy lemma.

Lemma 2.2.1. Suppose that V' satisfies Hypothesis 2.1.1. Then, for all u in Qy,
1
Jull%, < E«“’ Hyu) + b|lull72). (2.26)
Proof. The positivity of V; and the bound on V_ from Hypothesis 2.1.1 yield, for v in Qy,
(u, Hyu) > [Jullf = (u, Vou) 2 flull — alu, —Au) = bllul|z> = (1= a)|Jull — bllullZ:,
which proves the result. O

The next lemma shows that, for confining potentials V', the gap py, — py can be made
as large as we want, provided that the potential V; is suitably chosen.

Lemma 2.2.2. Suppose that V =V, — V_ is such that
(i) V. € LL(R?),

loc

(i) V_ € LY(R3),

loc
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(iii) V(x) — 00 as |z| — oo.
Then, for all C' > 0, there exist a decomposition V = Vi o + Voo as in Hypothesis 2.1.1
such that, moreover,

e — by = C.

Proof. Recall that the localizations functions ng, 7z have been defined in (2.6). Let C' > 0.
We set
VI,C - V+ + 2077%3, ‘/Q’C =-V_— 2077%3.

Observe that V} ¢ + Voo = Vi — Vo = V. Moreover, since V (z) — oo as |z| — 0o, we have
that V_(x) = 0 for |z| large enough. Hence, since in addition n% is smooth and compactly
supported, one sees that the decomposition V' = V;j ¢ 4+ V5 ¢ satisfies the conditions of
Hypothesis 2.1.1 for any R.

Now we verify that uy, . — py > C for suitably chosen R. Using the IMS localization
formula (see e.g. [36]), we write

e = inf ({0 + 7R, (A + Vi)u) + 2C Inpul3:

= ;Ielzg ((nRu, (—A + V) nru) + (Aru, (—A + Vi )iigu) + o( R°) + 26’||nRuH%z>,

since |Vng|2 + [Viig|2 = 0o(R), R — oo. Next, using that —A > 0 and that supp(ijr) C
B(0, R)¢, we estimate

i > inf (v +20) ngulfe + (_jnd Vi) liguls +o(R)).

Since V. (x) — oo as |z| — oo, there exists Ry > 0 such that for R > Ry,

inf  V(z) > 2C.
seitf . () = v, +

Therefore, for R > Ry, we obtain
i > inf (v, +2) (Inmullfs + 17wul3e) +0(R")) = s, +20 + o(R%). (227
On the other hand, since V_ > 0, we have that
v > i0f (u, (~ A+ Ve = Vu) = py. (2.28)
Combining (2.27) and (2.28) gives
e = piv + 2C + o(R°).

Fixing R large enough, we deduce that jy, . — py > C, which proves the lemma. ]

To conclude this section, we give a lemma which is useful to prove the existence of
minimizers for the energy functional studied in Section 2.3.
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Lemma 2.2.3. Suppose that V' satisfies Hypothesis 2.1.1. Let (u;)jen be a bounded sequence
in HY(R3) which converges weakly to u., in H'(R3), and strongly in L*(R3). Then

(Uoos (A + V)uoe) < liminf(u;, (—A + V)u,) .
j—00

Proof. We consider each term of
(u, —Au) + (u, Viu) + (u, Vou) (2.29)

separately.
The first one is handled using the lower semi-continuity of || - || 2. Indeed, as u; — uoo
weakly in H'(R?), it follows that Vu; — Vu,, weakly in L?(R*) and hence

(Unoy —Ating) = || Ve |72 < liminf [|[Vu;||72 = liminf (u;, —Auy). (2.30)
j—o0 j—o0

For the second term of (2.29), we use Fatou’s Lemma, which gives, since V; > 0,

(Uoos Vitloo) < liminf(u;, Viuy). (2.31)

1=
As for the third term in (2.29), we claim that

lim (u;, Vouy), (2.32)

<u007 ‘/2uoo> = |
j—00

for some suitable subsequence that we keep denoting by (u;);en. Indeed, let ¢ > 0. We
have that ||1|;>r, V2|l < € for Ry large enough, since V(x) — 0 as 2| — co. Therefore,
for all 5 in N,

(g, Ligjs>ro Vat;) < €, (Uoo, Lizj>r, Vollos) < €. (2.33)

Next, we approximate 1,<g, V2 by a more regular function. More precisely, since 1 ,<g,V2
lies in L*2(R?), one can find Va. in C5°(R?) such that

| Ljo1<ro Vo = Varel| 152 < €.
Holder’s inequality together with Sobolev’s embedding H'(R*) C L%(R?) then yield

(g, Lpj<ro Vatty) = (g, Daj<ry Vartts)| < || Timj<ro Va = Vace| a2 lusll 7o
S ellusllin S, (2.34)

since we assumed that (u;);ey is bounded in H'(R?). Likewise,
|<uoo> ]l|x\§Ro‘/éum> - <uooa ]1|a:|§R0‘/2,€uoo>} 5 £. (235>

Now, since 1j,<pr,t; — Ljzj<R, Uoo strongly in L*(R?), and since V5 is bounded, we deduce
that

<u007 ]1|1“§R0‘/2,€u00> = JIL%<UJ7 ]1|1“§R0‘/2,€uj>' (236)

Combining (2.33), (2.34), (2.35) and (2.36), we obtain (2.32). O
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2.2.2 Some functional inequalities in Lorentz spaces

In the proof of our main results, we will use in a crucial way some functional inequalities
in Lorentz spaces that we present in this section. For 1 < p < oo, the Lorentz spaces
LP> = [P°°(RY) are defined as the set of (equivalence classes of) measurable functions
f : R% — C such that (2.4) holds.

More generally, for 1 < p < oo and 1 < ¢ < oo, the Lorentz spaces LP? = LP9(R%) are
defined as the set of (equivalence classes of) measurable functions f : R? — C such that
the quasi-norm

1 fllpea = PN £ > Y7t Lago,00) e/

is finite.

For1 <p<ooand 1 < ¢q; < ¢ < 00, the continuous embedding LP4 C LP% holds.
Moreover LP? identifies with LP. We will use the following generalizations of Hélder and
Young’s inequality in Lorentz spaces, see |23, 82, 103, 114] or |58, Exercise 1.4.19].

For 1 < pi,p2 < 00, 1 < q1,q2 < 00, Hblder’s inequality states that

1 1 1 1 1 1
If1follzee S Woillorall follree,  —=—4+—, —=—+—, (2.37)
p pn P2 9 @1 Q2
whenever the right hand side is finite.
Young’s inequality states that, for 1 < p,p1,ps <00, 1 < q1,¢2 < 00,
1 1 1 1 1 1
11 # follora S W fillzovan | folloza, T4 —= —4—, —=—+—, (238
p Dp1 P2 a q 4
and for 1 < p <oo,1<q< o0,
< 1 1 1 1
[fv = fallee S I fillLoall foll oo ]—)JF]; =1, 5+? =1. (2.39)
We have the following estimates that are used several times in Section 2.3. The first one
is an obvious application of the usual Hélder and Young inequalities. The second and third
ones are close to the Hardy-Littlewood-Sobolev inequality but cannot be directly deduced
from it. Recall the convention (2.5) on the Fourier transform.

Lemma 2.2.4.
(i) Let uy,us € L* and W € L*. Then,

[FW) * (wrus) || oo S NW o lluall 2 |uz |2 (2.40)
(ii) Let uy,uy € H' and W € L>®. Then WF(uyuy) € L' and
[FW)  (wruz)|| o S NW oo lunll o ol 1 (2.41)
(iii) Let uy € L2, ug,uz € H' and W € L3>, Then W F(ujuy) € L¥*> and

[(FOV) s (uawa) Jus| . S IW | zoce [Juall e lJuall g sl - (2.42)
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Proof. To simplify formulas below, we write w = F(W).
(i) directly follows from the Holder and Young inequalities :

|w s (urug) || oo S Nl |Juruz|| 0 S NwllzeelJun] 2 Juzl| 2,

which yields (2.40) using ||w||z~ < [|W]| 11
To prove (ii), we use first the Holder inequality in Lorentz spaces (2.37),

lw* (wrwa)| o S [[W Fluruz) ||y S IWllzsoe [ FCrtz)] o

and then both the Young (2.38) and Holder (2.37) inequalities in Lorentz spaces

1F ()| oo S 17 () 5 Flu)] oo S 17 @) ool | (2)] oo
S e BV ) | oo 1l F ) ] S Ml etz -
To prove (iii), we use first the Young inequality in Lorentz spaces (2.38),
[(w = (wrwo))us|| 1o S (W F (urug)) * Flus)|| o S [[WF (wro)| oo | F ()] oz
The term with wug is controlled with the Hélder inequality in Lorentz spaces (2.37),
[F(us)]| posse S KN | oo | [BIF (us)]| oz S llusl g

The term with u; and us is estimated using the Holder inequality in Lorentz spaces (2.37)
first, followed by the Young inequality in Lorentz spaces (2.38),

W F ()| oy S NW g [ F () 5 Fu2)]| o S NV wsce [ F ()| o |7 (2) | o

The term || F(ug)|ze/500 S || F(uz)| zes52 is estimated in the same way as || F(us)l| ze/5.2,
while

| F )| e SN F )| 2 S Nuallze -

This proves the lemma. [

2.3 Proof of the main results

In this section, we prove the results stated in Section 2.1.2. We begin with reducing
the problem of the minimization of the Klein-Gordon-Schrodinger energy functional to
the problem of the minimization of a well-chosen Hartree functional in Section 2.3.1. We
prove the existence and uniqueness of a minimizer in Sections 2.3.2 and 2.3.3, respectively.
In Section 2.3.4, we derive the asymptotic expansion of the ground state energy at small
coupling. Finally, in Section 2.3.5 we prove the convergence of the ground state and ground
state energy in the ultraviolet limit.

Throughout this section, Cy stands for a positive constant depending on V' which may
vary from line to line.
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2.3.1 The Hartree energy functional

Recall that the Klein—-Gordon—Schrodinger energy functional £(u, f) has been defined
n (2.19). The next proposition shows that the minimization problem for £ reduces to the
minimization problem for the Hartree energy.

Proposition 2.3.1. Suppose that V' satisfies Hypothesis 2.1.1 and W satisfies Hypothesis
2.1.3. We have

inf  E(u, f) = inf J(u), (2.43)

uel,feZy, uelU

where

J(u) :== (u, Hy u) — HW F(|ul?

).

= (u, Hy u) — /RS (]—:(W) * |u\ )(m) |u(x)]2 dz = E(u, fu), (2.44)
and
fu = —gw WF(Ju?). (2.45)

Moreover u — (u, f,) is a bijection between the minimizers of J and those of £.
Proof. The Klein—-Gordon—-Schrodinger energy functional can be written under the form

E(u, f) = (u, Hyu) + <w2f w2f> + 2gRe(w” 21)]: (Jul?) w2f>
= (u, Hyu) + [[w2 f + g 2o F ([u) |2 = ¢* w20 F (jul’) | - (2.46)

Note that w'/2f belongs to L? since f is in Z,,. Moreover, w™2v.F(Ju/?) belongs to L? since

2
= [IWIFe
< WAl 1 F Q) + W ()| F ()
S Il ffullze + [Wall ool llull 7 < oo,

Pl 20 F ()%

where we used Lemma 2.2.4 in the second inequality. Eq. (2.46) then implies that

E(u, fu) = (u, Hyu) — g Hw 21)]-" (Jul? HL2

= min & ,

min £(u, f)
and f, is the unique minimizer of £(u, f) at fixed u. By our convention (2.5) on the Fourier
transform, the energy £ (u, f,) can be rewritten as the Hartree energy (2.44), which yields
the result. O

We now establish Proposition 2.1.1 which gives necessary conditions and sufficient
conditions so that fy belongs to L?(R?), where (ugs, fqs) a minimizer of the Klein-Gordon—
Schrodinger energy functional £(u, f).
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Proof of Proposition 2.1.1. By Proposition 2.3.1, any minimizer (ugs, fgs) of the Klein—
Gordon-Schrédinger energy functional over U x Z,, satisfies the relation (2.45) :

VEERS,  fu(k) = —gw (k)o(R)F (g P)(R). (2.47)
Since ugs is in H'(R?), we have, for all k in R3,
| F(Jugs|*) (k)| < min(1, [k[7).

Moreover, since F(|ugs|?) is continuous at k = 0 and F

—~

lugs|?)(0) = 1, we have

< | F(Jugs) (k)| <

DN o

)

1

2
in a neighborhood of k = 0. Hence we see that sufficient conditions ensuring that fg
belongs to L?(R?) are

— %Mm € I2(R®) and ks %an € L2(R¥),

while a necessary condition is

v(k)
w(k)
This establishes Proposition 2.1.1. O]

ko Lig<1 € L*(R?).

In the remainder of this section, we study the Hartree energy functional (2.44). By
Proposition 2.3.1, the results that we prove for the Hartree energy directly imply the
corresponding results for the Klein—-Gordon—Schrédinger energy.

2.3.2 Existence of a minimizer

The next proposition gives the existence of a minimizer for the Hartree energy (2.44).
It implies Theorem 2.1.2 from the introduction.

Proposition 2.3.2. Suppose that V' satisfies Hypothesis 2.1.1 and W satisfies Hypothesis
2.1.3. There exists Cyy > 0 such that, if the decompositions of V. and W of the form
V=WV+V, W =W, + W, in Hypotheses 2.1.1 and 2.1.3, respectively, can be chosen
such that

Wiz + Cv |[Wa|psee < 0(py — pv) (2.48)
and 1
ClWa o < (1~ a), (2.49)

then the Hartree energy functional (2.44) has a minimizer. Here C' and § are universal
constants and a is given by Hypothesis 2.1.1.
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As mentioned in the introduction, the existence of a minimizer for the Hartree energy
has been proven under various conditions in different contexts, but we are not aware of a
reference giving the result under our assumptions. We detail the proof of Proposition 2.3.2
in Appendix 2.5.

Remark 2.3.3. Writing the Hartree energy in its usual form
J(u) = (u, Hy u) —/ (w o |uf) (@) |u(z)|” dz, (2.50)
R3

we have in our context w = F(W) (in the sense of distributions) and it is thus natural
to make an assumption on the Fourier transform of the convolution potential w. In other
contexts, however, it might be more natural to make hypotheses on w rather than on its
Fourier transform. It is straightforward to verify that our proof adapts to the conditions

w = w; +wy € L°(R?) + L¥**(R?),
(1 —a).

N —

[wil|zee + Cvllwallprzee < 6y —pv),  Cllwllpsze <
It suffices to use, instead of (2.40)—(2.41), the inequalities
[[(w * [ur )| 0 S Nwllpe [lual 72 luzllZ2
[(w s fua ) ual*[] 11 S Nl ool 1 2122
that can be proven using the weak Hélder and Young inequalities (2.37)—(2.39).

Remark 2.3.4. As in Remark 2.1.3, in the case of a confining external potential V', one
can always find a decomposition V- = Vi + Va such that (2.48) holds, by Lemma 2.2.2.
Hence a minimizer exists in this case without any restriction on the size of |[Whl|p1.

2.3.3 Uniqueness of the minimizer

Now that we have the existence of a minimizer for the Hartree energy functional J, we
prove the uniqueness of the minimizer. The next proposition implies Theorem 2.1.5 from
the introduction.

Proposition 2.3.5. Suppose that V' satisfies Hypotheses 2.1.1 and 2.1.2 and that W sa-
tisfies Hypothesis 2.1.3. There exists ey > 0 such that, if

IWllpryrsee < ev,
then J has a unique minimizer ugs in U such that (ugs, uy )2 > 0.

To prove Proposition 2.3.5 we use the following decomposition :

L*(R?) = Cuy @ (Cuy)*,
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where wuy is the ground state of Hy as in Hypothesis 2.1.2, and we write u = auy + ¢, with
the normalization condition |a|* + ||¢||3. = 1. The Hartree ground state energy is denoted
by

Ey := inf J(u).

ueU

We display the dependence on V since the existence of a gap, Fy < Ey,, is an important
step in our proof of the existence of a minimizer in Appendix 2.5.

Our proof of Proposition 2.3.5 relies on the following two lemmata. For A € R, we
set the resolvent Ry := (Hy — A)~! (defined, a priori, as an unbounded operator on
Ran(1p,(Hy))*t). We also recall that IIi; := I — |uy) (uy]|.

Lemma 2.3.6. Suppose that V' satisfies Hypotheses 2.1.1 and 2.1.2 and that W satisfies
Hypothesis 2.1.3. There exists ey > 0 such that, if

[Wllzrizs0 <ev,

then for all global minimizer uw in U of J such that u = auy + ¢, with a in C, ¢ in Qy,
and uy L ¢ in L?, we have

0 = 2Ry I (F(W) * [ul*)u, Ay == By — (u, (F(W) * [ul*)u). (2.51)
Proof. We first recall that if u is a minimizer of .J, then u is a non-linear Hartree eigenstate,
(Hy = 2F(W) * [ul*)u = Ayu  in QF, (2.52)

where Q3 is the topological dual of Qy and Ay is defined by (2.51). Here Hy should be
understood as an operator in £(Qy, QF,). Eq. (2.52) can be proven by using that, for all ¢
in C and all ut € U such that v L u* in L?, we have

J((1+ )73 (u + tut)) > By,

Computing the term of order 1 in ¢ in the asymptotic expansion of the previous expression
as t — 0 shows that
(u', (Hy — 2F(W) * |ul*)u) = 0,
for all ut € U such that v L wt in L?. Hence (2.52) holds for some A\, € C. Since
J(u) = Ey, we obtain that Ay is given by (2.51).
Now, applying I to (2.52) gives

(Hy — Av)Iju = 2105 (F(W) * [u]?)w. (2.53)

Let oy := dist(uy,o(Hy) \ {uv}) be the distance from uy to the rest of the spectrum
of Hy . Recall that Hypothesis 2.1.2 implies that 0y, > 0. Using perturbative arguments, it
is not difficult to verify that

1
EV S Hmv + 5(3\/, (254)
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provided that |[|[W{| 113 < ey, for some €y > 0 small enough (see (2.84) in Appendix
2.5 for a precise justification). Moreover, since

(u, (FW) # Ju)u) = [W2F(|u)|[, = 0,
we also have Ay, < Ey,, and hence
1
Therefore the operator

(Hy — )\V)HJ\} € L(Qv, 9y)

is bounded invertible with inverse Ry, Il € L£(Q}, Qy). Since ¢ = Ilju, (2.53) then
implies (2.51). O

In the following lemma, given wuy, uy two minimizers of J, we decompose as before, for
J=1,2, uj = ajuy + ¢;, with a; = (uj,uy) > 0, p; € Qy and uy L ¢; in L2

Lemma 2.3.7. Suppose that V' satisfies Hypotheses 2.1.1 and 2.1.2 and that W satisfies
Hypothesis 2.1.3. There exists ey > 0 such that, if

Wllzrizs0 <ev,

then for all global minimizers uy, us in U of J, we have

2
ler = e2lloy < CvIW e (luallfn + luallzn)” llun — sl ze. (2.56)

Proof. Let Ay, A\ be defined as in Lemma 2.3.6, namely \; = Ey — (u;, (F(W) * |uj|[*)u;).
By Lemma 2.3.6 and the triangle inequality, we have

1 — @alla, < S1+ S,
where

Sy = 2| (BaTIy — Ra T ) (F(W)  [ua )
= 2|| Ry, Iy (F (W) Jur*yur = (F(W) * |us|” Jus) HQV

We first estimate the second term. From (2.55) we deduce that Ry,IIj: € £(Q3, Ov)
and

| R, T < 46, (2.57)

Hﬁ(Q{‘/,Qv)

Hence we can estimate
Sy < 85y H(]:—(W) x |ug|)ur — (F(W) = ‘UZF)UZHQ;
< 80y [(FOW) * [ur|*Yuy — (FW) * Jua|*Yus |, »
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since L? C Q3,. We obtain from the triangle inequality that

Sy < 80 [ (F(W) * [(u1 — tig)u] )“1||L2
+ 86,1 || (FW) [z (ur — us) UIHL2

+85‘;1 ‘(ﬁ W |U2| )( U2 HLQ’

and hence Lemma 2.2.4 yields
Sy < CvlIW |1y zsee ([l 7+ [luallF) lur — wal| 2. (2.58)
Now we estimate S;. It follows from the resolvent equation that
St < 2P = Ao || (B, T R I ) (F (W) ¢ M) | -

Using (2.57) twice, first for Ry, and next for Ry, (using also that Qy C Q} in the latter
case), and then appying Lemma 2.2.4, we obtain

S1 < Ov||W | prppaee lur |7 | A — Aol (2.59)

Since \; = By — (uj, (F(W) * |uj[*)u;) and |Ju;||r2 = 1, we can estimate, by the triangle
inequality,

A= Xo| < [lug — ol 2 || (FOW) # Jua )| o + | (FOV) o g [y — (F(W) # Juz|*Yus| . -

Using Lemma 2.2.4 to bound the first term, and the same argument we used to prove (2.58)
for the second one, we obtain

M= Dol < Col Wl prgpsee ([luallFn + [luall ) [lur — wal 2 (2.60)
Putting together (2.59) and (2.60) yields
St < Cy WLy ool (ol + 2l ) lun — wal|ze. (2.61)

Using ||W||p12r3 < ey and combining (2.61) and (2.58), we obtain (2.56). Since the
role of ¢; and ¢y in the left-hand-side of (2.56) is symmetric, this concludes the proof. O

We are now ready to prove the uniqueness of a minimizer for the Hartree energy (2.44).

Proof of Proposition 2.3.5. By Proposition 2.3.2, we know that the Hartree functional
energy J has a minimizer for ||W||p1;30 < ey with ey small enough. Let uy, us be
two minimizers of J. We use the same notations as in the previous proof, decomposing
uj = ajuy +@;. Since a;; = (uj, uy) > 0, in order to verify that u; = uy, it suffices to prove
that ¢ = @9.

To this end, we first show that [[u;]|%, is bounded by Cy and next apply Lemma 2.3.7.
We can write

||u]||?'{1 < <uijV+uj> = J(uj) + <ujv V—uj> - <uj> (]:—(W) * ‘uj|2)uj>'
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We have J(u;) = Ev since u; is a minimizer, (u;,V_u;) < allu;||%, +b with a < 1 by
Hypothesis 2.1.1 and [(uj, (F(W) * |u;|*)u;)| < C||W /| p1qrs.]lus]|%: for some universal
constant C' by Lemma 2.2.4. Therefore

1

lujll7n <1+ Ev +b+C|W|pisms).

Hence, since in addition, by (2.54), By < py + %5\/ for ||W||Liyrs.00 < ey with ey small
enough, we deduce that ||u;]|3,, < Cy. Lemma 2.3.7 then implies that

lor — @allay, < OvIIW || pigrsee|lur — ua| 2. (2.62)
Now we have
Jur — us|72 = Jou — aaf* + [l1 — 2|7 (2.63)

To conclude the proof, we show that |y — as| can be controlled by [|p1 — ¢2||3,. Lemma
2.3.6 and the arguments used in the proof of Lemma 2.3.7 ensure that ||¢;||z2 < 3. Indeed,

iz < llesllar = 2||Boy T (F(W) [ [*)uy | o
< CVH(]:—(W> o |Uj|2)uj| oz
< Oy |[(FOWV) ")y |
< Cv[[W |z rs.oo | o
< ColW il

where in the last inequality we used in addition that ||u,||%, < Cyv. Therefore ||¢;]|2 < 3
for ||W | 1418 < ey with ey small enough and we can thus estimate

jor = aal = |(1 = lleall32) " = (1 = lgallf=)

lloall 2 + |1l
= 172 L lieallz = lenll ol
(1= lleallzz) "+ (1= llall7z)
S C ||901 - 902HL2 . (264)

Inserting this into (2.62)-(2.63) and using that [lo1 — a7, < [lo1 — @2ll3,, we finally
conclude that

o1 — @allay, < COv[[W|pigrs=lor — w2l oy

For |W |11 1130 < ey with ey small enough, this implies that ¢; = 9, which concludes
the proof of the proposition. ]
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2.3.4 Expansion of the ground state energy for small coupling
constants

Assuming that V satisfies Hypotheses 2.1.1 and 2.1.2 and that W = g*w'v? satisfies
Hypothesis 2.1.3, it follows from Proposition 2.3.5 that J has a unique ground state in U,
denoted by ugs, such that (ugs, uy)r2 > 0. The next proposition provides the asymptotic ex-
pansion of the Hartree ground state energy (or equivalently the Klein—Gordon—Schrédinger
ground state energy) stated in Proposition 2.1.6.

Proposition 2.3.8. Suppose that V' satisfies Hypotheses 2.1.1 and 2.1.2 and that W =
g*w™lv? satisfies Hypothesis 2.1.5. Then, as g — 0,

Ey = J(ug) = pv — 92/ (F (00?) = fuv]* ) () Juy (2)]” dz + O(g").

Proof. As in Lemma 2.3.6, we decompose the Hartree ground state ug = sty + @gs,
with g in C, e in Qy and uy L pgs in L?. By Lemma 2.3.6, we have

lgslloy = 20%[| Ray T (F(w™0%) # fugs | )ugs| o,

< OvgP|[(Flw™0%)  Jugs|*ugs

= 0(¢%),

< Cyg? || (wo?) * |ugs “gSHL2

the last equality being a consequence of Lemma 2.2.4. Similarly, using that Ry, = (Hy —
Av)~!, we can estimate

[{Pass Hy@as)| < M|l @asll7z + 0" [ (T (F (@07 0%) # fugs] ) ttgs, By Ty (F (w0 0%) # [uags[*Juugs ) |
= O(g"). (2.65)

Here we used (2.55) which shows that | Ay | is bounded by Cy and that Ry, I1: € £(Q}, Qv ).

Besides, since |ags|? = 1 — ||¢gs|72, we have
lags| = 14+ O(g%). (2.66)
We can then compute
J(ugs) = {agsuv + Pgs, HV<04gsuV + Pgs)) 12
~ g [ P ¢ oy + 0l () gy (2) + (o) d
|ag5| v + (Pes, HV90g5>

= Plawl’ [ F ) v @) (o) de -+ O(g"),

where in the second equality we used that Hyuy = pyuy, uy L g in L?, and Lemma
2.2.4 in order to obtain the expansion of the convolution term. Inserting (2.65) and (2.66)
into the last equality concludes the proof of the proposition. O
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We conclude this section with the proof of Proposition 2.1.7 which provides the diffe-
rence, at second order in the coupling constant, between the ground state energy of the
Pauli-Fierz Hamiltonian H and the ground state energy of the Klein—-Gordon—Schrédinger
energy functional.

Proof of Proposition 2.1.7. Under the conditions of Proposition 2.1.7, using perturbative
methods developed in the literature to study ground states of Pauli-Fierz Hamiltonians (see
e.g. [10, 12, 62, 68, 71, 110]), it is not difficult to verify that the second-order asymptotic
expansion of inf ¢(H) is given by
inf o (H)
1 "

= py —g° <Uv ® Q, a(h,)(My ® )" (Hyee — pv) — (Hy @ 1) a* (hy)uy ® Q> +0(g%),
where we recall that Il stands for the orthogonal projection onto the ground state uy of
Hy, Tlg stands for the orthogonal projection onto the Fock vacuum €2, and (Ily ® IIg)*+ =

I—TIIo. Moreover, Hieoe = Hy @I+ 1 ®H;. Decomposing (ITy @ 11g)*t = [y @115 + 1 @ I
and using (2.24), we obtain

ko) = v —* [ (F0) s funf?) @) [avlo) do
— 92 <UV X Q, a(hm)(l_[%/ & If) (Hfree — /ubv)_l(H# X If)CL*(hr)UV X Q> + 0(92) .

A direct computation gives
<UV ® Q, a(hy) (I @ Tr) (Hiree — /Lv)_l(Hxl/ @ I)a” (he)uy ® Q>
— / v(k)*(uy, €™y (Hy — py + w(k))_lﬂ‘%e*imu@mdk,
R3 v

which, together with Proposition 2.1.6, proves Proposition 2.1.7. O]

2.3.5 Ultraviolet limit

We suppose in this section that the coupling function is of the form vy = v1y<p for
some ultraviolet parameter A > 0 and we write

W = gQLd_l"UA = W]l|k|§/\,

where we recall that w stands for the dispersion relation for the bosons and W = g*w 102

Our fist concern is to show that the ground state energies Fy , defined by

B i= inf Jau), ()= (uHyw) = [ (F V) uf*) @) (o) da,

u R3

converge to Fy as A — oco. As mentioned in the introduction, the main difficulty comes
from the fact that, in general, W, does not converge to W in L' + L3>, Nevertheless, we
can rely on the following easy lemma.
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Lemma 2.3.9. Suppose that W satisfies Hypothesis 2.1.3. Let u in Qy . Then

/R3 (f(WA) * ]u|2)(x) |u(a:)|2dx P g (]:"(W) * |u|2)(x) \u(m)]Q dz, (2.67)
and .
[(FOW = Wa) * ful)ul| , — 0. (2.68)

Proof. To prove (2.67), we compute

/R3 (]:"(W) * \u|2)($) ]u(x)]de — / (ﬁ(WA) * |u]2 )(x) \u(a:)|2 dx

RS

= [ W) = WAGDIFQI ) k= [ WO F(QuP) b

Clearly, for all k in R*, W(k)Ljg=alF(Jul?)[*(k) — 0 as A — oco. Moreover, since W
is in L' + L** and u in Qy, the proof of Lemma 2.2.4 shows that WF(|ul?) is in L'
and hence W|F(|u|?)|*> belongs to L!. Lebesgue’s dominated convergence Theorem then
proves (2.67).

The proof of (2.68) is similar, using Lemma 2.2.4(iii) together with Lebesgue’s domi-
nated convergence in L2. O

Now we can prove the convergence of the ground state energies in the ultraviolet limit.
The next proposition implies Proposition 2.1.9 from the introduction.

Proposition 2.3.10 (Ultraviolet limit of the ground state energies). Suppose that V sa-
tisfies Hypothesis 2.1.1 and that W satisfies Hypothesis 2.1.3. Then

EVA — Ev.
T A—oo

Proof. First, we observe that for 0 < A < A/,

[ F 0« P Y@t de = [ Wab|FQuP)P @k < | W)l F (a0 d

and therefore Jy > Jy. Hence A — Ey 5 is non-increasing on (0, c0) and bounded below
by Ey. We set
EV,oo = lim EV,A Z Ev.
A—oo

Now we show that Ey ., < Ey. Let ¢ > 0 and let u. € U be such that J(u.) < Ey +¢.
We have

Pra < Ja(u) = J(u) = [ (W) = WD (e () ak

< By e [ W) = WOD|F ()0
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Applying Lemma 2.3.9, this yields

EV,oo = lim EV,A S EV + €.
A—o0

Since € > 0 is arbitrary, this concludes the proof of the proposition. O

Next, we establish the convergence of the ground states of Jy to the ground state of
J, as A — oco. Combined with Proposition 2.3.1, the next result implies Proposition 2.1.10
from the introduction. Some arguments of the proof below are similar to those used in
the proof of the uniqueness of the minimizer of J in Section 2.3.3. We do not give all the
details.

Proposition 2.3.11 (Ultraviolet limit of the ground states). Suppose that V satisfies
Hypotheses 2.1.1 and 2.1.2 and that W satisfies Hypothesis 2.1.3. There ezists ey > 0 such
that, if

IWllLisrse <ev,

then for all A >0, Jxy and J have unique minimizers up g5 and ugs in U, respectively, such
that (upgs, wy )2 > 0 and (ugs, uy )2 > 0. They satisfy

HuAgs — ugs”Qv /H—())O 0.

Proof. Existence of a unique minimizer for .J follows from Proposition 2.3.5. The same
holds for J, since, for any A > 0,

IWallzrs oo < AWlL1gpoee. (2.69)

We write u = ugs and up = up g5 to simplify expressions below. We decompose u = auy +,
with a coefficient a = (u, uy') > 0, ¢ in Qy and uy L ¢ in L? and likewise uy = apuy +pa,
with a coefficient ay = (up, uy) > 0, @p in Qp and uy L @, in L2

In the same way as in the proof of Proposition 2.3.5, using also (2.69) and the fact that
Ey A is uniformly bounded in A (since Ey 5 converges as A — oo, by Proposition 2.3.10),
we have

ol < Cv||Wlpigrsee,  loallre < Cv||Wllpisrsee. (2.70)
This yields
|u —uplle, < Cvla—axl+ [le —valloy- (2.71)

The difference |o — a| can be controlled by [l¢ — ¢al|7.. Indeed, we have the upper

bound |||z < Ov||W | p1yrsee < 2 for [W| piyps0 < ey with ey small enough, where ¢y

stands for ¢ or p,. We can thus estimate in the same way as in (2.64),

oallpz + llell 2
2 \1/2 2
(1 - ||S0||L2) + (1 - HSOAHL?)

v — | = 7| llealle = llell2l < Cllo = eall 2 -



64 Chapitre 2. Linearly Coupled Pauli-Fierz Hamiltonians

Since [[p — wallz2 < [l — ¢@allg, , inserting the previous inequality into (2.71) gives

[ —ualley < Cvlle — ealloy- (2.72)
Now we estimate ||¢ — ¢allo, - To this end, we use Lemma 2.3.6, which gives
© = 2R\ 11 (F(W) * [u|)u, Ay := Ey — (u, (F(W) * |ul)u),
PN = 2R>\V,AH‘L/ (ﬁ(WA) * |UA|2)UA, /\V,A = EVJ\ — <UA, (ﬁ(WA) * |UA|2)UA>.
By the triangle inequality,
le = ¢ealley <Th+ T2+ T, (2.73)
where
Ty = 2|| (R 1T = Ry (JI5 ) (F (W) [ul))u o,
Ty := 2||Roy \JTH(F(W = W) x )|
Ty = QHR,\V’AH‘L/((]?(WA) * |u]2)u — (F(Wy) * |uA\2)uA) HQV'

We first estimate the term T3. As in (2.55), we have that Ay a < py+ %5‘/, with the distance
to the lower eigenvalue 8y = dist(py, o(Hy) \ {uv}). Hence Ry, Iy is in £(Q3,, Qv) and

| Ry (1T <26, (2.74)

Hﬂ(@’{/,Qv)

This yields

Ty < 43y [|(FW) # [ul”)u — (F(W)  [ual*Jua| o,
< A0 [(FW) # [ul*)u — (FW) * [ual*)ual| .
since L? C Q3,. We obtain from the triangle inequality that

Ty < 405 | (FOW) # (@ — aa)u))ul|
+ 405 [ (FW) [ (u — up)])u| .
+ 405 [ (FOV) # fual) (u = ua) | 2

and hence Lemma 2.2.4 yields
T; < Oy [[Wilposroe ([[ullfp + luallzp) lu — wallre. (2.75)

Since in addition we have [luy %, < Cy (in the same way as in the proof of Proposition
2.3.5) uniformly in A, this gives

T3 < Ov|[Wl|prsroee lu — ualloy - (2.76)
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Next we estimate T7. It follows from the resolvent equation that
Ty < 2P = Avall| (Bay T Ry (JI5) (F(W) s Juf*)ul| o -

Using (2.74), the fact that, likewise, || Ry, ITi;

obtain

HE(Q;,Q*V) < 26" and then Lemma 2.2.4, we

Ty < Cv|[Wlpagpsee [ullzn IAv = Aval < Cv[Wllzrgroee[Av = Aval. (2.77)
The expressions of A\, Ay imply

[Av — Aval < [Bv — Eval + |<u,( ) [ul*)u) = Cun, (F(Wa) * [ua*)un)|
< By — Byl + |(u, ( — Wa) * [ul*)u)|
Ty (F(W) # [uf? u> (s (F(Wa) # ual*)u) |

The last term can be estimated by the same argument we used to bound 75. This gives

IAv — Aval
< |By — Byl + Cyl[Wllprspseellu — uslloy + [(u, (FIW = Wy) x [u*)u)|. (2.78)

To estimate the term 75, we write

T, < C’VH(JE(W — W) * |u|2)u| 0:
< Ov|[[(FW = W) * [ul)ul| . (2.79)

since L? C Q5.
Putting together (2.72), (2.73), (2.76), (2.77), (2.78) and (2.79), we deduce that

(1 — CV”W||L1+L3 oo)HU — uAHQV < Cv(|EV — EVA| + ‘<U W WA ]u|2)u>}
+ H (W — Wy) % \u| uHL2 .

For ||W|| 1130 < ey with ey small enough, Lemma 2.3.9 together with Proposition 2.3.10
then imply that ||u — uallg, — 0 as A — oo. O

2.4 Appendix : Operators in Fock space, self-adjointness

2.4.1 Operators in Fock space

We recall in this section a few well-known properties of basic operators in Fock space.
We do not specify their domains. For more details the reader may consult e.g. |21, 25, 107].
Recall that the symmetric Fock space §4(h) over the one-particle space h = L*(R?) has
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been defined in (2.10). For A in b, the creation and annihilation operators a*(h) and a(h)
are defined as follows :

a*(h)jyry =V (n+ 1) [h) \/Tyry, n>0,

a(h)|vnh = \/ﬁ <h| X I\/nflh, n > 0, a(h)‘(c =0.
Formally, we also have

a(h) = /R Bma(k:) dk, a*(h) = /R 3 h(k)a*(k) dk,

where a(k) and a*(k) are operator-valued distributions which satisfy the well-known cano-
nical commutations relations

[a(k), a(k)] = [a"(k),a"(K)] = 0, [a(k),a”(K')] = 6(k — ).
The field operator ®(h) is defined by
®(h) = (a(h) + a*(h))/V2.

Let w be a self-adjoint operator on h. The second quantization of w is defined by
dF(w)th = Z I\/kflh Rw X Ivnfk b
k=1

Note that this operator can be expressed in terms of creation and annihilation operators :

dI'(w) = /]Rg w(k)a*(k)a(k) dk.

The coherent state of parameter f in § is the vector in Fock space defined as

V2 IfII
\Iff Z:€ ( f :

where €2 stands for the Fock vacuum. Coherent states are eigenvectors of the annihilation
operator in the sense that, for all f, h in b, we have

a(h)Wy = (h, ), ¥
This identity implies the following relations :
(P, Cb(h)\lfﬂ&s(h) = 2%Re (h, f>h ) (T, dF(W)\IJf>gS(h) =(f,w f>h .

These equalities were used to compute the expressions (2.18)—(2.19) of the Pauli-Fierz
energy of product stated of the form u ® V.
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2.4.2 Self-adjointness of the Pauli-Fierz Hamiltonian

In the next proposition, we recall the self-adjointness property of the Pauli-Fierz Ha-
miltonian H defined in (2.15). Recall also that the free Hamiltonian Hy,.. has been defined
in (2.16).

Proposition 2.4.1. Suppose V satisfies Hypothesis 2.1.1 and that W = g*wv? is in L' (R3).
Then H is a self-adjoint, semi-bounded operator with form domain Q(H) = Q(Hgee) for
all g in R.

Proof. Using the well-known N, -estimates for the creation and annihilation operators, we
have

la(he )y
la* (ha )t

sty < (w0 hally [JA0@) 20
5oty < Nl haf A0 @) 20|+ sl Nl

s(b) -

Note that the quantity |jw™"/ zthh is well-defined since W is in L'. Now, by the Cauchy-
Schwarz inequality, we have

2
1 g2
< ||¢||gs(h) HdF(w)zﬂH%(h) < 2:2 ||1/)||§S(r,) + 9 ||dF<W)¢||§s(h) :

Taking € > 0 small enough allows us to conclude that there exists a < 1 and b in R such
that, for all ¢ in Fs(h), the following inequality holds

lg®(ha)p

3s(9) S a HHfreew Ts(h) + b H?/J

§s(h)

Therefore g®(h,) is relatively bounded (and hence also relatively form bounded) with
respect to Hyee with relative bound less than 1. Applying the KLMN theorem (see e.g. [107,
Theorem X.17]) then yields the result. O

As mentioned in the introduction, the condition W € L! is not satisfied by the polaron
model. It is nevertheless proven in [65], by other means, that the polaron Hamiltonian
H also identifies with a semi-bounded self-adjoint operator with form domain Q(H) =

Q (Hfree) .

2.5 Appendix : Existence of a minimizer for the Hartree
equation
In this section, we prove the existence of a minimizer for the Hartree energy functional

as stated in Proposition 2.3.2. We write w = F(W) = ¢ F (w™'0?) (where, recall, w is the
field dispersion relation, v is the coupling function and g is the coupling parameter) and
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display the dependence of the Hartree energy functional (2.44) on the external potential
V. In other words, we study in this section the energy functional

Jy(u) == (u, Hyu) — /}R3 (w * |u]?) (z)|u(z)* dz, uelU,

where V,w : R®> — R are real potentials, Hy = —A +V, and
U= {U € QV | ||u||L2 = 1},

with Qp C L?(R?) the form domain of Hy .
We begin with a lemma showing that Jy is well-defined and semi-bounded from below
under our assumptions.

Lemma 2.5.1. Assume that V satisfies Hypothesis 2.1.1 and that W satisfies Hypothesis
2.1.8. Then Jy(u) is well-defined for all u in U. Moreover, if the decomposition W =
W1 + Ws in Hypothesis 2.1.3 can be chosen such that

[Wallpse < C(1— a)
for some universal constant C, where a is as in Hypothesis 2.1.1, then

Ey = inf Jv(’u) > —00. (280)

ueU

Proof. Combining (2.40)—(2.41) from Lemma 2.2.4 and (2.26) from Lemma 2.2.1, we deduce
that, for u in U,

Cl|[Wa|| 3. bC||Wa|| 3.
sty < (14 SRy oy o (w4 DRI 2 g )
for some universal constant C', and
Cl|[Wa|| 3. bC||Wa|| 3.
O L (LU It L B E %)
Therefore, assuming C||Ws||ps. < 1 — a, we deduce that (2.80) holds. O

Next we prove Proposition 2.3.2. Recall that uy = inf o(Hy ). Below, if V is another
potential, we denote by Jy;, Ey, py the quantities obtained from Jy, Ey, uy by replacing
V by V.

Proof of Proposition 2.3.2. Let (u;)jen C U be a minimizing sequence for Jy, i.e.

JV(Uj) — Ev.
Jj—+oo
The strategy consists in showing that (u;);en converges strongly in L*(R?), along some
subsequence, to a state u., in Qy which is then a minimizer for Hy. We divide the proof
into several steps.
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Step 1 : We prove that

By < By, (2.83)
Let € > 0. Let u. in U be such that (u., Hyu.) < py + e. Applying (2.81), we obtain that
C||Wal| 3. bC||W|| 3,00
B < vl < (1 Y oy DI
—a 1—a
Letting € — 0, this yields

bC ||Wo| 3.

C'||W- oo
Ey < <1+%>Mv+||wl||ﬂ+ 1

(2.84)

On the other hand, for all u in U, we can write, using (2.40), (2.41) and the fact that
Vi >0,

Ty (u) > (u, Hy,u) — [Whllp — C|[Wal| ge [lull,
> (1= C|[Wallgse ) vy — [[Whl| 21,
and hence
By, > (1= C|[Wall s ) vy — WAl 1. (2.85)
Combining (2.84) and (2.85) gives
C||[Wa|| 3. bC||Wa|| 3,00
By — By 2 (1= CWyllp g — (14 B2y oy, 2l
= (1= CIWa| oo ) (1117 — prv) = 2[ W2 — O [[Woa s, (2.86)
where we have set
2 — b
Cy 1= C%.

1—a

The right-hand-side of (2.86) is strictly positive since we assumed C||Wa|[ 5.0 < (1 —a) <
% and provided that

1
2|Whllpr + Cy[[Wal[ s < Z(le — fv).
Step 2 : We prove that for all u in U,
Jv(u) > By + (BEv, — By — 4|[Wi| 12 — C|Wa| s ||ull 7)) rUl|7> + o(R%),  (2.87)

as R — oo, for some universal constant C' > 0.

Recall that the localizations functions ng, 7g have been defined in (2.6). Writing the
decomposition u = niu + fku and commuting ng, 7r through —A, we have by the IMS
localization formula (see e.g. [36])

Vir|* + |Vig|)u).  (2.88)

_ ~ 1
<U,, HV“) = <77Rua HVURU> + <77RU, HV?]RU> - §<u’ (
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The definitions of ng, g yield |||[Vng[?||z= = O(R™?), [[|[Viz|*|z= = O(R™?). Moreover,
since Vo(z) — 0 as |z| — oo,
(ru, Hyiru) = (fru, Hy;firu) + o( R%) [ 7rul]*.
Inserting this into (2.88), we get
(u, Hyu) = (nru, Hynru) + (iru, Hy,figu) + o( R°). (2.89)

Next we consider the convolution term in Jy (u). We can write

[ G P @)uto) o
= [ o ) @l 0P s+ [+ i) o)) 0 o
+/Rg (w = !nRU|2)(x)|(ﬁRu)(x)|2dx+/f (w * [figul?) ()| (nru) ()2 dz.  (2.90)

R3

We estimate the last two terms in the right-hand-side of the previous equation. Since W}
is in L'(R?), using (2.40) yields

] /R (FW) s« Ingul®) (2)|(pu) (2)[* do + / (FW)  |iirul?) (2)| (nau) ()| dz

R3
< 2[Willp [Inaullz: 1rulze < 20Wi i lrulze. (2.91)

Note that in the last inequality we used that ||ngul/z2 < ||ul|zz = 1. Next, since W is
in L>*°(R?), using (2.41) yields

| [ F0) bY@l @) o+ [ (FOVe) ) o) () )
< CWall ool Wl < CIWall oo [l 1l + o(R). - (2:92)

where in the last inequality we used in addition that ||ngullz, < ||u|lg + o(R?). Putting
together (2.89), (2.90), (2.91) and (2.92), we arrive at

Jv(u) > Jv(nru) + T (re) — (2IWillze + ClIWel aclullip) 17Rull7> + o(R?). (2.93)

Now, suppose that ||ngul/z2 # 0. Then we can write

Lt NRU )
J u :< , > U
V(nR ) HnRu”L2 V”URUHL2 ||77R ||L2
IRt 2) NRU 2 4
_ Wk |——— x —(:L')‘ dz [|nrul|t-
/RS ( Inrul L2 nrull e L
NRU 9
=J (_)
Y\ nrullz 1mru|72
nRu 2 T}Ru 2 9 ~ )
+/ <w*— )x —x’dx nrul|72 [[Mrul|7z-
Ro Inrullze Tl ) 4 el 1wl 22
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By definition of Ey, we have that Jy (nru/||nru||r2) > Ey. Estimating the integrated term
as above, using (2.40), (2.41) and ||ngul|g, < ||ul g + o(R°), we then deduce that

Jv(nru) 2 Bvlnrullzz — (IWillzr + ClIWal g lull ) lirullZz + o(R%). (2.94)
Similar arguments show that, if ||rul| # 0, then

Jv; (Tru)
> By |lirullzs = (IWillze + ClIWallae l[ullfp) lrul72 + o(R°)
= (Bv, — By — [Whller — ClWal| oo lulln) IirullZ2 + Evllirulz + o(R°).  (2.95)
We claim that (2.93), (2.94) and (2.95) imply (2.87). Indeed, if ||7gu|| 2 = 0, then ||nru|| > =
1 and (2.87) follows from (2.93) and (2.94). If ||nru||z2 = 0, then ||fgul/z2 = 1 and (2.87)

follows from (2.93) and (2.95). Finally if both ||ngul||z2 # 0 and ||fru||zz # 0, then combi-
ning (2.93), (2.94) and (2.95) gives (2.87), since ||ngul/2, + ||[7rull7. = 1.

Step 3 : We prove that (u;);ey is bounded in Qy (equipped with the norm defined in
(2.8)), uniformly in W, such that C||[Ws| s < (1 — a), for some universal constant C.

It suffices to show that ((u;, —Au;) + (u;, Viu,))jen = ((uj, Hy, u;)) en is bounded. We
proceed as in the proof of Lemma 2.5.1. We write

<Uj, HV+Uj> = Jv(U,j) + <Uj, V_Uj> + \/Rg (w * |U’j|2) (:p)|u](x)|2d$ (296)

For the second term in the right-hand-side of the previous equation, we use Hypothesis
2.1.1, which implies that

(uj, Voug) < afug, Hy,uz) + b3, (2.97)

The third term of the right-hand-side of (2.96) can be estimated using (2.40) and (2.41),
namely

‘ /Rg (w * Ju?) (@) |uy ()] dar| < Wil llugllze + ClIWall pse g3 w172
S ||W1”L1 + CHWQHLS,OO <Uj,HV+’LLj>, (298)

since ||u;||z2 = 1. Inserting (2.97)-(2.98) into (2.96), assuming that C||Ws||13.0 < 1 — a,
we obtain
1
<
1—a-— CHWQ“LS,oo

(uy, Hy. ;) (v () + b+ [Willpa). (2.99)
Since (Jy (u;))jen converges, it is bounded. This proves that (u;);en is bounded in Qy. In
turn, since we can assume without loss of generality that Jy (u;) < Ey + 1 for all j, one

easily concludes form the previous equation together with (2.84) that (u;),en is bounded
in Qy uniformly in W5 such that C||[Wa[z5.0 < 3(1 — a).
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Step 4 : By Step 3, we know that (u;);en is bounded in Qy . Hence there exists a subse-
quence, still denoted (u;) ey, which converges weakly in Qy. Let uo, € Qy be its limit.
In particular u; — us, weakly in H'(R?*). We prove that (u;);en converges strongly (along
some subsequence) to 1y in L?(R3).

As in Step 2, we write, for R > 0,

luj — uss |72 = 1nR(uj — use) 172 + (178 (w5 — uso)||72- (2.100)

Consider first the term ||7r(u; — uco)||22. Let € > 0. It follows from Step 2 that there
exists Ry > 0 such that, for R > R,

_ Jv(uj) — By

2 j
NRU; < +e. 2.101
L e A Fryre] [ e v o 2100
Here it should be noted that the term Ey, — Ey — 4||Wi|| 12 — C||Wa|| pa.ec||u; |51 is strictly
positive. Indeed, we know from Step 3 that (||u;||g1);en is bounded uniformly in W5 such
that C||Wa|[rs. < 5(1 — a). Together with (2.86), this shows that

1
Ev, — By — 4|[Wi| 2 — O|Wallpseo [Juj |3 > 5 v = ) = 6[Whllzs = (C + Gy )[[Wel| s,
By the assumption (2.20), the right-hand-side of the previous equation is strictly positive.
Returning now to (2.101), using in addition that Jy(u;) — Ev, we deduce that there
exists jo in N such that, for all j > jo (and R > Ry),

7R3 < 2e. (2.102)
Using the lower semi-continuity of || - ||z, we also obtain that, for R > Ry,
|7iRUso |22 < lim inf |7Ru;]32 < 2e. (2.103)
j—o0

Now fix Ry > 0 such that (2.102)—(2.103) hold and consider the term ||ng, (u; — too)||2
from (2.100). Clearly, since (u;)jeny converges weakly to us in H'(R?), it follows that
(NRrouj)jen converges weakly to nr,us in H'(Bag,), where Bog, = {z € R?||z| < 2R}.
The Rellich-Kondrachov Theorem then gives the existence of a subsequence, still denoted
by (nryu;)jen, which converges strongly to ng, e, in L?(Bag,). We can then conclude that
there exists an integer j; > jo, such that, for all j > j,

luj = uoollz2 = lInao (1 — wso) 172 + iAo (1 — uso) 72 < €+ 8e. (2.104)

Hence (u;)jen converges strongly to u., in L*(R?).

Step 5 : We prove that us, is a minimizer for Jy, .
Obviously, since u; — o, strongly in L?(R?), we have that ||us||r2 = 1. Moreover, we

clearly have
EV § Jv<uoo).
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Hence it remains to show that Jy (uw) < Ey.
Recall that

Ty () = (tse, (= A + V) — /R (0% [t 2) () [t () L. (2.105)

By Step 3, (u;) is bounded in H'(R®) and by Step 4, (u;) converges strongly to us in
L*(R?). Hence Lemma 2.2.3 yields

(Uoo, (A + Vue) < liminf(u;, (—A 4+ V)u;) .
j

j —00

It remains to consider the quartic term in (2.105). As in (2.40)—(2.41), we have

)/RS (w o [ ) ()| (2)]* da — /RB (w |Uoo|2)(x)|uoo(x)|2dx‘
- ’/RB (w * (| |* — |Uoo|2))($)|uj($)|2 dx —|—/ (w * ’UOOIQ)(HT)(]uJ(x)P — Ju ()2 da

]RS
S (Wl 4+ 1Wall oo ) (s 3 + lusoll7m) |[1us|* = lucel*|| 11
S (Wl + [[Wallzaso ) (s 7+ Nucol| 7 ) llug + vos| r2]luy — too | 22
S (Wil + [[Wallza.so ) luj — tiso|| 22,

where we used in the last inequality that ||u;||z2 = 1 and that (u;);en is bounded in H'(R?).
Since u; — U strongly in L?(R?), this yields

/R3 (w * [uso|?) (2) oo (2)]? dz = lim (w * [uj|?) (2) |u; () da. (2.106)

J—=0 JR3
Inserting (2.30), (2.31), (2.32) and (2.106) into (2.105), we finally obtain that

Jv(uoo) S hmlnf Jv<Uj) = Ev.

J—00

This concludes the proof of the proposition. O
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Chapitre 3

Standard Model of Non-Relativistic
Quantum Electrodynamics

Abstract. We consider a non-relativistic electron bound by an external potential and
coupled to the quantized electromagnetic field in the standard model of non-relativistic
QED. We compute the energy functional of product states of the form u ® U, where u
is a normalized state for the electron and W is a coherent state in Fock space for the
photon field. The minimization of this functional yields a Maxwell-Schrodinger system
up to a trivial renormalization. We prove the existence of a ground state under general
conditions on the external potential and the coupling. In particular, neither an ultraviolet
cutoff nor an infrared cutoff needs to be imposed. Our results provide the convergence in
the ultraviolet limit and the second-order asymptotic expansion in the coupling constant
of the ground state energy of Maxwell-Schrédinger systems.

3.1 Introduction

We consider in this paper a non-relativistic spin—% particle (an electron) minimally cou-
pled to the quantized radiation field in the standard model of non-relativistic quantum
electrodynamics, with an external potential V. This physical system is mathematically
described by a Pauli-Fierz Hamiltonian H, introduced in [104], whose spectral and scat-
tering theories have been thoroughly studied since the end of the nineties (see, among
others, [6, 11, 12, 40, 53, 62, 63, 71, 110, 111] and references therein). To be well-defined,
the Pauli-Fierz Hamiltonian H requires an unphysical regularization : the interaction term
comes with an ultraviolet cutoff. Finding a renormalization procedure leading to the defi-
nition of the model in the ultraviolet limit remains an important open problem.

Restricting the energy functional associated to H to well-chosen classes of states allows
one to study the energy and its infimum more easily. In the translation invariant case
(V = 0), considering the set of general product states u ® U where the state u of the
electron is a unit vector in the Hilbert space Hq = L?(R3;C?) and the state ¥ of the
photon field is a unit vector in Fock space, the ultraviolet divergence of the infimum of

75
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the energy functional ((u ® W), H(u ® ¥)) has been studied by Lieb and Loss in [87],
and by Bach and Hach in [13]. Denoting by A the ultraviolet parameter associated to the
ultraviolet cutoff introduced into the interaction Hamiltonian, it is shown in [13, 87| that
the corresponding ground state energy diverges as A'?/7 in the ultraviolet limit. Also in
the translation invariant case, at a fixed total momentum, the existence and uniqueness
of a minimizer of the energy functional over coherent or quasifree states has been studied
in [9].

Product states of the form u® ¥ 7> with Wz a coherent state parametrized by vectors f
in the one-particle Hilbert space b for the field, have been considered in [31, 33-35]. The
energy functional

(u, f) — <(u®\IJf~),]HI(u®\I/f~)> (3.1)
is then called the quasi-classical energy. Indeed, assuming that the field degrees of freedom
are ‘almost classical’, in the sense that the creation and annihilation operators a*, a are
rescaled as af = \/ea*, a. = y/ea (see also [5]), it is shown in [31, 33-35], under suitable
assumptions, that the ground state energy of the rescaled Pauli-Fierz Hamiltonian H,
converges to the infimum of the quasi-classical energy functional as ¢ — 0.

In this paper, we also consider the quasi-classical energy functional (3.1). Up to a trivial
renormalization, we will see that minimizing (3.1) boils down to minimizing &y (u, A P

for some f—dependent magnetic potential A 7> where Ev(u, ff) is the Maxwell-Schrodinger
energy in the Coulomb gauge, given by

> 1

Sl A) =[7 (=¥ — gt Dullls + (Vi + =1 AR, (32)

Here & is the vector of Pauli matrices, g is a coupling constant and y a coupling function.
The coefficient (3273)~! comes from our choice of normalization of the Fourier transform,
see below. We use a similar notation when V' is replaced by other potentials.

For a general class of external potentials V' (including both binding and confining
potentials) and coupling functions y, we prove the existence of a ground state for . In
particular, neither an infrared nor an ultraviolet cutoff is needed in the interaction term
of the energy. Furthermore, if an ultraviolet cutoff of parameter A is imposed, our results
show that the ground state energy converges in R, as A — oc.

To prove the existence of a quasi-classical ground state, we follow the usual strategy of
the calculus of variations. The main difficulty comes from the possible absence of an ultra-
violet cutoff. This induces singular terms with a critical behavior in the energy functional
that we handle using suitable estimates in Lorentz spaces. Note that Kramers’ symmetry of
the Maxwell-Schrédinger energy functional implies that the minimizer is not unique (even
up to a phase in u).

In [50], Frohlich, Lieb and Loss studied the minimization problem of similar energy
functionals. Compared to [50], our results provide the existence of a ground state for large
classes of external potentials and coupling terms, and allow us to pass to the ultraviolet
limit. Moreover, we compute the second order asymptotic expansion at small coupling of
the ground state energy.
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In the companion paper [26], we study the same problem in the case of a spinless,
non-relativistic particle linearly coupled to a scalar, quantized radiation field. Although
the overall strategies in [26] and the present paper are similar, the arguments used in
the proofs are significantly different. In particular, in the case of linear coupling, an easy
argument shows that the minimization of the quasi-classical ground state energy reduces
to the minimization of the Hartree energy (over the state u of the non-relativistic particle).
In the present context such a simplification does not occur : We have to minimize (3.2)
over (u, A) in suitable spaces, with the constraint ||ul|;2 = 1 for the electron state and
no constraint on the divergence-free vector potential A in H'. Note however that some
technical results concerning the electronic Hamiltonian are used both in [26] and in this
paper. They are stated here without proof.

We have focused in this work on the static problem, but the dynamical version, the
Maxwell-Schrodinger equations, has of course been also largely studied in the literature.
In particular, the Maxwell-Schrodinger equations have been derived in [100], where results
on the existence of solutions have been proven. The dynamics of the Maxwell-Schrodinger
equations has been further studied in [18, 19, 30, 57, 66, 79, 94, 97, 101, 109, 112, 113]. In
relation with many-body systems, the Maxwell-Schrédinger equations have been obtained
from many-body dynamics in [84], see also [35].

Notations. We recall that for 1 < p < oo, the Lorentz spaces (or weak LP spaces) LP>(R3)
are defined as the set of (equivalence classes of) measurable functions f : R® — C such
that

7l = sup A({IS] > 1)t (33)

is finite, where A\ denotes Lebesgue’s measure.

The Fourier transform acting on tempered distribution is denoted by F, its inverse being
given by (2m)3F. (We use the normalization F(f)(z) = [ps e ™ f(§) d€ for f in L'(R?),
and hence F(f)(z) = [ps € f(£) d€. This normalization is not the standard one but it
will be convenient in our context.) Throughout the paper, we use the following convention
about the convolution product. Let f and g be functions associated to tempered distribu-
tions. Assume that F(g) identifies with a function such that fF(g) can be associated to a
tempered distribution. We write

F(f)*g:=@2m)*F(fF(9)). (3.4)

This convention is convenient in our context. It extends the well-known equality which
holds e.g. if f and g are in L' or f is in L? and ¢ in L.

In several places, we use localization functions n and 7 in C*(R?) such that n(z) =1
if |z| <1, n(z) =0if |z] > 2 and

For all R > 0, we set

nr(x) :==n(x/R) and ig(z) :=i(z/R). (3.5)
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If H,, Ho are two Hilbert spaces, £(H1, Hz) stands for the set of bounded linear opera-
tors from H; to Hs. Given a linear operator A on a Hilbert space H, we denote by D(A) its

domain and Q(A) its form domain. The topological dual of a Banach space B is denoted
by B*.

3.1.1 The electronic Hamiltonian

If the coupling between the electron and the photon field is turned out, the free Hamil-
tonian for the electron is of the form

Hy 0 on Hg:= L*(R* C?) = L*(R* C) @ L*(R* C),
0 Hy

where

Hy = —A+V(z) (3.6)

is defined on a domain contained in L*(R?;C). Here V : R?* — R is the external potential.
We display the dependence on V' since one of our main hypotheses (see Hypothesis 3.1.1)
assumes the existence of a decomposition V' = V; + V5 such that V; > 0, V5 vanishes at oo
and there is a gap between the ground state energies of Hy and Hy,.

The main examples we have in mind are confining potentials, V' (z) — oo as |z| — oo,
and Coulomb-type potentials, V(z) = —c|z|~! with ¢ > 0. We introduce general hypotheses
on V' that are fulfilled by a large class of potentials, including the two preceding examples.
As we will see below, some of our main results have interesting consequences in special
cases, especially when V' is confining.

We set

py = info(Hy),

and likewise if V' is replaced by another potential. The positive and negative parts of V'
are denoted, respectively, by

Vi :=max(V,0) and V_ :=max(-V,0),

so that V=V, —V_.
We make the following hypothesis.

Hypothesis 3.1.1 (Conditions on V). The potential V satisfies V(x) = V(—z) for all x
in R and there exist a > 0 and b in R such that

Vo <avV=A+b

in the sense of quadratic forms on HY/?(R3). Moreover, V decomposes as V = Vi + Vy with
(i) Vi € Lioo(R* RY),

loc

(ii) Vo € L¥*(R3:R) and lim Vi(z) = 0.

loc
|z|—o00
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Since Vi > 0, Hy, = —A + V4 identifies with a non-negative self-adjoint operator on
L*(R3) with form domain

Q(Hy,) = A-A) N Q) = {u e H'(RY) / Vi(@)lu(@)]?de < +oo}.

Moreover, it follows from Hypothesis 3.1.1 that Hy identifies with a semi-bounded self-
adjoint operator with form domain Q(Hy) = Q(Hy, ) = Q(Hy,). In particular, iy and gy,
are well-defined. See Section 3.2.1 for justifications.
The state of the electron is represented by a unit vector in the space L?(R3;C?). We
set
QV = Q(H\/) X CQ, (37)

and note that Qy is a Hilbert space for the norm
1 2
ullyy, = llullfn + ||(Vi)? @ T ul|, .
We will most of the time consider an electron state v in
U:={ueQy||ul=1}. (3.8)

Finally, in order to obtain the asymptotic expansion of the infimum of the Maxwell-
Schrodinger energy functional with respect to the coupling constant, we will require that
Hy has a unique ground state. By Perron-Frobenius arguments, it is well-known that, under
suitable conditions on V| if uy is an eigenvalue of Hy then it is simple and there exists
a corresponding strictly positive eigenstate (see e.g. [107, Theorems XII1.46 and XIII.48]).
We will make the following related hypothesis.

Hypothesis 3.1.2 (Ground state of Hy). The ground state energy py of Hy = —A+V
15 a stmple isolated ergenvalue associated to a unique positive ground state wy belonging
to L*(R3 R ) and such that ||uy ||z = 1.

The orthogonal projection onto the vector space spanned by (Y ) and (.0, ) in L*(R?*; C?)
is denoted by ITy. We also set ITy; := I12(rs,c2) — Hy.

3.1.2 Standard model of non-relativistic QED

In the standard model of non-relativistic QED, the quantized electromagnetic field is
represented by a vector-valued bosonic field whose Hilbert space is given by the symmetric

Fock space
+oo n

He= (L1 (R% CY) = D \/ L1 (R% CY),
n=0
where L2 (R C3) = {f € L2(R3 C?) | Vk € R® k- f(k) = 0}. The free field Hamiltonian
in momentum representation is the second quantization of the multiplication operator by
the euclidean norm of k,

H; := dT(|&]).
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The kinetic energy of the electron minimally coupled to the field is given by the following
expression, which is quadratic in the creation and annihilation operators,

(7 (= iV, @ Tes ®If—&(mﬁ)))2,

where .
A(my) = (a(my;) + a” (M j))i1<j<s

has three components, corresponding to the three components for 1 < j < 3 of the coupling
functions

- X(k) o
mxd'(k',T) = g‘kﬁl/)Qe k 577]'(]{'),

and the Pauli matrices are

01 0 —i 1 0
G1=\10)>%27\i o) 9" \o -1/

The coupling functions are defined using a family (£;(k));eq1,2,3p of polarization vectors,

i.e. orthonormal bases of R? depending on k in R3\ {0} and such that &(k) = k/|k|, a
coupling constant ¢ in R and an ultraviolet cutoff function y such that x/|k|'/? and x/|k|
are both in L?(IR?). Note, though, that these conditions on x will be relaxed to some extent
in our study of the Maxwell-Schrodinger functional.

The Pauli-Fierz Hamiltonian of the standard model of non-relativistic QED is given by

o . 2
Hi= (7 (= iV @ le @ - A(7,)) ) +V @le @ T+ Ly @ Hy
(= iV, @I @I — A(,))° = 7 V2O(V, Arity) +V @ T @ i+ Iy @ Hy, (3.9)

where the normalization of the field operator is given in the Appendix, see (3.71). The
operator H on Hq ® He = L*(R?; C) @ C? @ H; identifies with a self-adjoint operator with
form domain

Q(H) = Q(Hfree), Hfree = HV ® I(CQ ® If —l— Iel ® Hf, (310)

see Appendix 3.4, where Hy is defined in (3.6). Under suitable assumptions on V and Yy,
one can actually check that D(H) := D(Hye.), see [70, 75].

3.1.3 The Maxwell-Schrodinger energy functional

We take v in U and consider a coherent state
/3R
\Iff = elé(%f)Q € Hs

with parameter f in L% (R3;C?) N Z. Here

Z = {f(k) = > fR)E k) | ke [k () € LQ(Rgadk)} : (3.11)

1<7<2
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A direct computation (see Section 3.3.1) yields the following formula for the energy of the
product state u ® W assuming that x(—k) = x(k) :

(e W) B @ U p)),, = 2082 3+ (F )+ vl A, (312)

where &y is defined by (3.2),

= 2R (L (R)IK ). (3.13)

and we have set fi (k) := 1(f(k) + f(=k)), f_(k) := 3(f(k) — f(~F)). Note that

- — - ., = 1
Evlu, A) = (=% = g+ A ulffe + u, (V = g+ 5 - Bus + 2

1A%, (3.14)

with B = V A A. We thus obtain the stationary Maxwell-Schrédinger energy functional
in the Coulomb gauge introduced in [100], which we refer to as the Maxwell-Schrédinger
energy functional.

If V(z) = V(—x), this energy functional is invariant under Kramers’ symmetry,

Ev(vu, A(—)) = Ev(u, A), (3.15)

where vu (z) = oqu(—2x), see [96]. Hence, in general, we can only hope for uniqueness of
the minimizer modulo this symmetry.
As we will see in Section 3.3, the Maxwell-Schrodinger energy functional is well-defined

—,

when (u, A) belongs to U x A, where

—

A:={Aec H(R*R* |V -A=0} (3.16)
and y satisfies the following assumption :

Hypothesis 3.1.3 (Conditions on ). The cutoff function x : R® — R satisfies x(—k) =
x(k) for all k in R and

|X?| c L2(R3) +L3’OO(R3).

Remark 3.1.1. At the expense of slightly more involved expressions in some places, our
main results below hold under the more general assumption that x is complex-valued and

satisfies x(—k) = x(k) for all k in R3.
The main quantity studied in this paper is

By =t &,

with V' a potential satisfying Hypothesis 3.1.1. We use a similar notation when V' is replaced
by another potential.



82 Chapitre 3. Standard Model of Non-Relativistic Quantum Electrodynamics

3.1.4 Main results

We begin with the following proposition which relates minimizers of the Maxwell-
Schrodinger energy functional to minimizers of the energy of product states u @ W in the
standard model of non-relativistic QED.

Proposition 3.1.2. Suppose that V' satisfies Hypothesis 3.1.1 and that x satisfies Hy-
pothesis 3.1.3. If (ugs,AgS) is a global minimizer of &, over U X A, then there exists fgs
in L% (R3; C3) N Z such that Ay = Afgs in the sense of (3.13).

This result shows that, up to the trivial renormalization consisting in removing the
x-dependent constant obtained from normal-ordering the Hamiltonian H, the minimizers
of the energy of product states u @ ¥ 7 in the standard model of non-relativistic QED can
be computed via the Maxwell-Schrodinger energy functional. More precisely,

min &y (u, A), (3.17)

min <(u®\11f~),]HI(u®\I’
(u,A)eUx A

(u,f)eUx (L2 NZ)

\ k;

the minimizers in both sides of the equality (if they exist) being related as in (3.13). Note
that for any minimizer of the functional on the left hand side, f_ vanishes by (3.12), and
the map f +— Az is one to one from the set of vectors f in Z such that f = f. to the set

of vectors A in A.
Our main result concerning the existence of a minimizer for &y is the following.

Theorem 3.1.3 (Existence of a ground state for Maxwell-Schrédinger). Suppose that V'
satisfies Hypothesis 3.1.1 and that x = x1 + X2 satisfies Hypothesis 3.1.3 with x1/|k| in L?
and xo/|k| in L>*°. Suppose that the decomposition V = Vi + Vy of Hypothesis 3.1.1 can
be chosen such that Ey, > Ey. With the constant a > 0 from Hypothesis 3.1.1 and some
universal constant C' > 0 (see Lemma 3.2.4), if

32m3aC?¢?

1, (3.18)

3,00

5.
then the Mazwell-Schridinger energy functional & admits a minimizer (Ugs, Egs) inU x A.

Remark 3.1.4. For |g| ||x2/|k|||zs. sufficiently small, the existence of a ground state holds
without assuming the presence of an ultraviolet cutoff. The case x = 1 is indeed covered by
the previous theorem, since 1/|k| belongs to L.

Remark 3.1.5. The smallness condition (3.18) only concerns the critical part xo such
that xo/|k| belongs to L>>. We do not require any restriction on ||x1/|k|||zz-
Remark 3.1.6. The condition Ey, > Ey is verified in many cases of interest :

— For potentials V' such that puy < 0 (e.g. if V is a negative Coulomb potential), one
has By < py <0 < By,
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— For confining potentials (i.e. such that V(r) — oo as |x| — o0), Lemma 3.2.2 and
Proposition 3.3.6 imply that there always exists a decomposition V' = Vi + V5 such
that By < EVl-

— Assuming the ‘binding’ condition v, > py and that ]g]H%”LQ < Cy with Cy

small enough, Proposition 3.3.6 implies that Ey, > Ey .

+Loo,3

Remark 3.1.7. If one considers a spinless particle instead of an electron, then the previous
theorem becomes trivial. Indeed, using the diamagnetic inequality, it is not difficult to verify
that the Mazwell-Schridinger energy of a spinless particle reaches its minimum when A=
0. On the contrary, Proposition 3.1.9 below shows that the minimizer of the Mazxwell-
Schrodinger energy for a spz'n-% electron is not trivial in general.

Remark 3.1.8. If (u, ff) 1s a minimazer of the Maxwell-Schrodinger energy functional Ey,
then, by Kramers’ symmetry (3.15), (vu, A(—)) is another minimizer of &, different from
the first one since vu L u. We conjecture that, generically, for g > 0 sufficiently small,
there are exactly two minimizers for Ey, up to the phase symmetry with respect to u. Note
that if V' is radially symmetric, then &y is also rotation invariant and the system has a
U(1) x SU(2) local gauge symmetry, see, e.g., [51] and there will be more minimizers.

To prove Theorem 3.1.3 we apply the usual strategy from the calculus of variations
[92, 93], considering a minimizing sequence (u;, A'j) in U x A and proving that it converges,
along some subsequence, to a minimizer of &,. A difficulty here comes from the fact that
the minimization problem is subject to a constraint on the parameter u, but not on A. We
first establish a suitable coercivity property that allows us to localize possible minimizers
to a ball in & x A. This implies that (u;, /Tj) converges weakly to some (Usg, Aog) in U X A.
Then we can the relative compactness in L? of a ball in H' to deduce that (u;) converges
strongly in L? to us. This in turn suffices to prove the existence of a minimizer.

The main difficulty to implement this approach comes from the presence of singular
terms in the interaction (i.e. terms involving y» with xo/|k| in L3*°). In order to handle
them, we use suitable estimates in Lorentz spaces that we detail in the next section. This
is one of the main novelties of this paper, which allows us to remove the ultraviolet cutoff,
and which we believe is naturally suited to study the minimization problem in the present
context.

Our next proposition establishes the asymptotic expansion of the ground state energy
Ey up to third order in the coupling constant, assuming that V' and x are radial.

Proposition 3.1.9 (Asymptotic expansion of the ground state energy at small coupling).
Suppose that V' satisfies Hypothesis 3.1.1 and 3.1.2, and x satisfies Hypothesis 3.1.5. Sup-
pose also that V' and x are radial, and that the decomposition V- = Vi + V5 of Hypothe-
sis 3.1.1 can be chosen such that Ey, > Ey. There exist ey > 0 and Cy > 0 such that,

if

S Ev,

el
T |k| 1l L2 413,00
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then the minimum of the energy satisfies

32 .
Ey — pv — 3773 /(QX xuy)’| < Cyvgy. (3.19)
In particular, if x = 1, then
24 o 33 4 4
Ev —py —g §(87T) uy| <Cyg, .

Remark 3.1.10. The asymptotic expansion at small coupling of the ground state energy
of the Hamiltonian H in the standard model of non-relativistic QED has been computed in

[10].

To prove Proposition 3.1.9, we derive Euler-Lagrange type equations for minimizers
(ugs,/fgs), which we subsequently project to the vector space spanned by the electro-
nic ground states and its orthogonal complement. The asymptotic expansion in Propo-
sition 3.1.9 then follows from estimating these equations.

Our last concern is to prove the convergence of the ground state energies in the ultra-
violet limit. More precisely, suppose that the interaction between the electron and the field
is cut-off in the ultraviolet, i.e. that the Maxwell-Schrédinger energy functional is given by

Svalu, )= 7 (< = giax Dulla+ n Vo + o g lAlZ (320
with xa = x1jkj<a, for some ultraviolet parameter A > 0. Define the ground state energies
Ev by

Evp:= inf  Eualu, A). (3.21)

-

(u,A)eUx A

The next proposition then shows that Ey s converges to Ey as A — oo.

Proposition 3.1.11 (Ultraviolet limit of the ground state energies). Suppose that V' satis-
fies Hypothesis 3.1.1 and that x satisfies Hypothesis 3.1.3 and 32m3aC?g?||x2/ k|35 < 1.
Then
EV,A — Fy.
A—oo

Note that the conditions imposed in Proposition 3.1.11 are weaker than those ensuring
the existence of a ground state in Theorem 3.1.3.

3.1.5 Organisation of the paper

In the preliminary Section 3.2, we state estimates on the electronic Hamiltonian. Most
of the proofs can be found in the companion paper [26]. We also establish functional in-
equalities in Lorentz spaces used to handle the ultraviolet limit in the Maxwell-Schrodinger
energy functional. Our main results are proved in Section 3.3 : We first reduce the varia-
tional problem for (3.1) to the minimization of the Maxwell-Schrédinger energy functional
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(3.2) in Section 3.3.1. Existence of a minimizer for the Maxwell-Schréodinger energy as
stated in Theorem 3.1.3 is proved in Section 3.3.2. In Section 3.3.3, we establish use-
ful properties of the set of minimizers. We compute the expansion of the ground state
energy for small coupling constants and prove Proposition 3.1.9 in Section 3.3.4. Finally,
the convergence of the ground state energies in the ultraviolet limit (Proposition 3.1.11) is
proved in Section 3.3.5. For the sake of completeness, the self-adjointness of the Pauli-Fierz
Hamiltonian and its quadratic form domain are recalled in Appendix 3.4.

3.2 Preliminaries

In this preliminary section, we gather several technical estimates that will be used in the
next section to prove our main results. The first subsection mainly concerns the electronic
Hamiltonian Hy . We refer to the article [26] for a proof of some of the stated results.
In a second subsection, we give some functional estimates in Lorentz spaces that will be
used in a crucial way to control the interactions terms in the Maxwell-Schrodinger energy
functional.

3.2.1 Estimates on the electronic part

Recall that our assumptions on the external potential V' of the electronic Hamiltonian
Hy = —A+V have been introduced in Section 3.1.1. We begin with a few remarks showing
that Hy is well-defined and that Q(Hy) = Q(Hy,) = Q(Hy,) with Vi as in Hypothesis
3.1.1.

First, V_ is form bounded with respect to v/—A, by Hypothesis 3.1.1. This implies by
a well-known argument that V_ is also form bounded with respect to Hy, with a relative
bound less than 1, and hence the KLMN Theorem (see [107, Theorem X.17]) yields that Hy
identifies with a semi-bounded self-adjoint operator with form domain Q(Hy) = Q(Hy, ).

Next, Hypothesis 3.1.1(ii) implies that V5 is relatively form bounded with respect to
v —A with relative bound 0. Indeed, for R sufficiently large, V21 ,>r belongs to LOO(R3)
since Va(z) — 0 as |z| — oo, while Va1 ;< belongs to L¥?(Bg) with By := {z € R?*||z| <
R}, since V5 is in Lf’O/CZ(Rg’). Therefore V5 belongs to L3/2(R?) + L>°(R?) and hence we can
apply [107, Theorem X.19| to deduce that V5 is infinitesimally form-bounded with respect
to v/—A. In turn, since V, — Vi = V5, + V_ is form bounded with respect to v/—A, it is not
difficult to verify that Q(Hy, ) = Q(Hy,).

We recall a version of the IMS localization formula (see e.g. [36]), used to split the
contributions to the energy for large x and for small x. We state it for a magnetic kinetic
energy since this context is relevant in Section 3.3 to study the Maxwell-Schrodinger energy
functional.

Lemma 3.2.1 (Magnetic IMS localization formula). Let A € L2 (R3R3) and n, 7 : R? —

loc

R be differentiable with bounded first derivatives and such that n* +7? = 1. Let u € Hi‘ =
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-

{i e L? | (—iV — A)i € L*}. Then

=

I(=iV = A)ul]* = 1(=iV = D) gull® + [(=iV = A) qul* = (u, ([Val* + [ViF)u) . (3.22)

—

Proof. Using the commutator [—iV — A, 5] = (—iVn) three times yields

(=iV = A)u, (=iV = A) ) = ((=iV = A) nu, (=iV = A) u) — (u, (~iVn)*u)

— —, -,

—iV?)(=iV — A) 4 (=iV — A) (=iVy?))u) . (3.23)

—
S
—~
I
—~

Summing (3.23) and the same equation with 7 replaced by 7 leads to

-,

(=¥ = A)ul* = |(=iV = D) pul* + | (=¥ = A) ful* = (u, (Vi + Vi )u)

2 | =2 2 | =2
. e s
+ <u, ( — (—N" 5 n =iV — A) + (—iV — )(—@V77 1 ))u>
which implies the result since n? + 772 is constant. O

The following lemma shows that, for confining potentials V', the gap uy, — py can be
made as large as we want, provided that the potential V] is suitably chosen. The proof can
be found in the companion paper [26].

Lemma 3.2.2. Suppose that V =V, —V_ is such that
(Z) V+ S L110C<R3>7

(i) V_ € LY2(R3),

loc
(111) V(z) = oo as |x| — 0.
Then, for all C > 0, there exist a decomposition V = Vi o + Vo as in Hypothesis 3.1.1
such that, moreover,

e — by = C.

To conclude this section, we give a lemma, proved again in the companion paper [26],
which is useful to prove the existence of minimizers for the energy functional studied in
Section 3.3.

Lemma 3.2.3. Suppose that V' satisfies Hypothesis 3.1.1. Let (u;)jen be a bounded sequence
in HY(R3) which converges weakly to u., in H'(R3), and strongly in L*(R3). Then

(Uoo, (A + V)ue) < liminf(u;, (—A 4+ V)u,) .

j—o0
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3.2.2 Functional inequalities in Lorentz spaces

In the proof of our main results, we use in a crucial way some functional inequalities
in Lorentz spaces that we present in this section. For 1 < p < oo, the Lorentz spaces
[P = [P>°(RY) are defined as the set of (equivalence classes of) measurable functions
f:R? — C such that (3.3) holds.

More generally, for 1 < p < oo and 1 < ¢ < oo, the Lorentz spaces LP? = LP9(R%) are
defined as the set of (equivalence classes of) measurable functions f : R? — C such that
the quasi-norm

1 Fllzra = p AL > 8DVt zago,00).a07)

is finite.

Forl1 <p<ooand 1 < ¢q; < ¢ < 00, the continuous embedding LP4 C [P% holds.
Moreover LP? identifies with the Lebesgue space LP. We use the following generalizations
of Holder and Young’s inequality in Lorentz spaces, see |23, 82, 103, 114] or |58, Exercise
1.4.19].

For 1 < pi,ps < 00, 1 < q1, g2 < 00, Hblder’s inequality states that

1 1 1 1 1 1
[fifellzea S fillrra || follrzee,  —=—4+—, —=—+—, (3.24)
b P1 D2 q q1 q2

whenever the right hand side is finite.
Young’s inequality states that, for 1 < p,p1,p2 < 00, 1 < q1,q2 < 00,

1 1 1 1 1 1
[ f1* fallea S fillrra || follroee, 14+ —-=—+—, —=—+4—. (3.25)
b P1 D2 q q1 q2

Functional inequalities in the Maxwell-Schrodinger setting

We present estimates which will play an important role in the next section. We work
in the setting of the Maxwell-Schrédinger energy functional introduced in (3.1.3), with u
in Qy C L*(R3;C?) (see (3.7)) and A in H'(R? R?).

Lemma 3.2.4. Under Hypothesis 3.1.3 on x = x1 + X2 with x1/|k| in L? and xo/|k|
in L3>, there exists a universal constant C' > 0 such that,

Vi, A) € H' x B, (% * Aull < Cl Al (HW fulzz + 22| uuumz),
L2 L3
(3.26)
and
1 71 ~oA 1/2 1/2
V(u, A) € Qu x H, H(x*A)uHLzscHw VAl el 2042, 327)
L2+L3,oo
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Proof. In this proof X <Y means that there is a universal constant ¢ such that X < c¢Y.
Holder and Young’s inequalities are sufficient to estimate

I(Ra* Aulle S 1100 FA) * Fullz < o FAl|: Jull 2
< [Dxa/ 1Rl 2 K] F Al g2 ffullez < Axa /IR 22 [ Al g llull 2.

Similarly, using the Holder and Young inequalities in Lorentz spaces, see (3.24)—(3.25),

(k2 Ayullz S H(xmw @), s e L7
— - 1 — o
MEF A [ Tl (|5 A el

One could also use the Brascamp-Lieb inequality in Lorentz spaces, see [20, 23]. This proves
(3.26). Holder’s inequality then yields (3.27), since

1/2 1/2
V2 Nl

leall oo S NFul 210121 Fal 2 L < ([1Ful2]] o 116121 Fal 2

4 | L Sl

This ends the proof. ]

Lemma 3.2.5. Under Hypothesis 3.1.3 on x, there exists a universal constant C' > 0 such
that, for all tempered distribution w such that Fw is in L° N L2,

. X
Ix wlin < C| g, o I Flnsse. (3.28)
and for all uy in L%, uy in H', and 0 < A < oo,
||]].|k|§A.F(U1U2)||LoomLG,2 < Cllug]| g2 ||z 71 - (3.29)

Proof. With a decomposition x = x; + x2 where x1/|k| in L? and yo/|k| in L>*°, Holder’s
inequality gives

||.7:w||Loo .

Likewise, Holder’s inequality in Lorentz spaces, see (3.24), yields

2 % wlin < |3 NFwllyes

This proves (3.28).
Now, by the continuity of the Fourier transform from L! to L> and Hélder’s inequality,

L jj<aF (uaug)l[pee < flurualler S flullc2flusll 2 -
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Then Young’s inequality in Lorentz spaces (3.25) yields

[ LR (wawa)]| oo S I1F (ur) # Fu)ll oo S IF (a)ll e 17 (u2) [ oo -

Using the fact that L*»? = L? and Holder’s inequality in Lorentz spaces (3.24) yields

I ()l 2 1F ()l pamoe S lll o PRI ] o FR1Y2 F C2)| -

Since L*? = L? is continuously embedded in L**, and since |[ug|| 12 < ||uz||z this yields
(3.29). O

Recall that Q3 stands for the topological dual of Qy (see (3.7)) and that the space A
has been defined in (3.16).

Lemma 3.2.6. Suppose that V satisfies Hypothesis 3.1.1 and that x satisfies Hypothe-
sis 3.1.3. There exists a universal constant C > 0 such that, for all A in A and u in
H!,

e 1/2 1/2
(=30 i+ gy < €| g 1Al 32
L2+L ,00
~ = 1/2 1/2
I+ (¥ A Doy, < P e e
’k’ L2430
~ e 1/2 1/2
I APuty <o [ 1A
‘ | L2+L3,oo

Proof. By duality, using that V- A= 0, we have

-,

||(—l€U) ~(x*xA)| Q; = sup /@[(—161&3@)) (X * _))(x)] da
Iolly, =1
" oloy <1 / —iVo()[u() - ({ * A)(2)) da

< sup Vol g2l (% * Aull 2
Iolloy =1

< | oup [l 10 Apullez < 10+ Az
vllg, =

This last quantity is estimated thanks to Lemma 3.2.4 :

-,

e Al < | 1A ol

L2+L3 oo

—

The estimate of ||x x - (V A ff)uHQV is analogous, using that

-

Ju)(z)de = —((V A&, (X * A)u) .

—
=
5
—
>=>
A
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Similarly, by duality, Holder’s inequality and Lemma 3.2.4,

I APl = sup | [ atx A
lvlley, =1
Y 2
N e ~ e e 1/2 1/2
< s Al Al < 2| 1A Bl
‘ | L2+L3,0o
This concludes the proof of the lemma. ]

3.3 Proofs of the main results

In this section we prove our main results stated in Section 3.1.4. In Section 3.3.1, we
show that minimizing the Pauli-Fierz energy over coherent states is equivalent to minimi-
zing the Maxwell-Schrodinger energy functional over its natural definition domain. The
existence of a minimizer stated in Theorem 3.1.3 is proved in Section 3.3.2, using coerci-
vity and lower semicontinuity arguments. In Section 3.3.3 we study the set of minimizers of
the Maxwell-Schrodinger energy functional for small coupling constants. In particular, the
Euler-Lagrange equations leads to useful estimates for the minimizers, which in turn allows
us to obtain in Section 3.3.4 the second-order asymptotic expansions of the ground state
energy at small coupling stated in Proposition 3.1.9. Finally, we prove the convergence
of the quasi-classical ground state energy in the ultraviolet limit (Proposition 3.1.11) in
Section 3.3.5.

3.3.1 Reduction to the Maxwell-Schrodinger energy functional

We first justify the derivation of the Maxwell-Schrédinger energy functional appearing
in (3.12). To this end we compute the energy of product state u®@ W Fin the standard model

of non-relativistic QED. Recall that u is in U (see (3.8)) and f is in L2 (R% C3) N Z (see

(3.11)).
We introduce a direct sum decomposition Z = Z* @ Z~ where

— —

z+;:{fez, Fl—k) = f(k) Vk€R3}, z-;:{fez, Fl—k) = —f(k) VkERS}.

Note that any f in Z decomposes as f = ﬁ + f_ with

— — —

. F(k) + f(—k - k) — f(—k ~

We suppose here that x/+/|k| and x/|k| belong to L?*(R?) in order for the Hamiltonian H
to be well-defined (see Proposition 3.4.1). These assumptions will however subsequently
be relaxed in our study of the Maxwell-Schrodinger energy functional. In this section we

drop the index V for &y as the potential remains fixed throughout this section.
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Proposition 3.3.1. Let x : R® — R be such that x(—k) = x(k) for all k in R® and
both x/+/|k| and x/|k| belong to L*(R3). Let u in U and U7 in He be a coherent state of

parameter f in L (R3;C?) N Z. The energy of the state u ® s satisfies
x (k)
V Ik e
where /Tf is given by (3.13) and S(u,/fj;) is given by (3.14). Moreover,
X (k) |12

|| 1122

Proof. Using the identities (3.72) recalled in Appendix 3.4, we can compute the Pauli-Fierz
energy of the state u ® ¥ 7> which gives

2

(wewy) Husvy)) =2

(TR +EwAp,  (330)

inf <(u®‘l/f~), H(u@@f)> — 24

g 2
uel,felsNZ

+  inf  E(u,Ap).  (3.31)

g 2
uelU,fels NZ+

<u ® \Iff, H (v W a)> = (u, Hyu) 2 + 2¢ Hm“ii — 4g9%e<u, —iVu<f, m(z, ')>Li>Lg

4 (u, (el e, ) ) )~ , — (.0 - Ve A 2R i, ) g ) + (FLIK )
where m =) _ni, and
(k) = x (k) |k 7% e *o (k) .

First, we can use the properties of the Fourier transform to obtain

RUCRIEDY / Fr (k) [k 77 €78, (k) e

—f( (k) [k ™ (k) ) ()
— %+ F(FR) ) (@),

which means that, with the notation A 7 introduced in (3.13), and using that y is real
valued :

2Re( f,m(z, )>Li =X * Ax).
Integrating by parts then gives

e, ~iVu( iz, ), )

= <u, —zﬁu<fq, m(z, )>Li>L; + < — zﬁu<f, m(x, .)>L%, u>L%
= /—zVu <f m( ")>Li dx—i—/—zﬁu(m)u(xxf,ﬁi(x,)>Lz dx

— / —iVu(e)u(@)2Re(f 7ii(x,.)) , da
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Now, we compute the scalar product

(FURLE) o = (P IRLF) o+ (P TR SD) o+ 293 f K] ) e
Using a change of variables and the definitions of f, and f_ yields

(Fuolbl £y = [ e W F- 0 ab = [ Fo=h) |=b] F(-bydk = = [ Futh) ] 7).

This shows that 29%e<f;, k| j?_> = 0. Then, applying the inverse Fourier transform to (3.13)
yields

—

Filk) = 5 K2 FA(A).

Finally, using Parseval’s equality yields

- - 1 7 o I, - - Loz 2
(Frs bl Fi)pe = g (F T AR IR F 1 (AD) 12 = 55547 —04p) 1 = 55 A

This allows us to obtain (3.30).
Now, since the term (f_, |k| f_) is non-negative, we can write

i - 2
inf <(u ® V7)) Hu® \Iff)> — 207 ||k (R) ||
uel,feliNZ
= inf inf (5 u’gﬁ - +<_L, k _’_> )
ueld,freL? NZ+ foel?nz- ( f++f7) f | |f 12
= inf E u’g_, ,
uel, freL? NZ+ ( f+)

which establishes (3.31). O

In the sequel we focus on the minimization of the energy functional £. By (3.31), we
can restrict the minimization to f € Z+.

In order for the coherent state W to be well-defined, we assumed in the previous proof
that f € L2 (R3: C3). The further condition f € Z* ensures that the term (f, |k| f) is
finite. We will see below (see Lemma 3.3.5) that, in order for &(u, A 7) to be well-defined,

it suffices in fact to assume that v € U and f € Z. (By (3.13), the latter condition is
equivalent to A€ H 1 while f. € L? is equivalent to A Fe€H 1/2). We therefore study & on
the energy space U x A (where A is defined in (3.16)), the norm on U x A being defined
by

(s Al = Mullzp + (u, Viw) 2 + 1Al

In the remaigder of this section, we establish Proposition 3.1.2, namely, that for any
minimizer (ugs, Ags) in U x A of the Maxwell-Schrédinger energy functional (3.14), there
exists [ in L2 (R3;C?) N Z such that Ay = fffgs as in (3.13).

We begin with a lemma introducing the Euler-Lagrange equation satisfied by ffgs and
the Pauli operator at a minimizer (ugs, ffgs), which will often be useful in the sequel.
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Lemma 3.3.2 (Euler-Lagrange equation and Pauli operator associated to a minimizer).
Suppose that the potential V' satisfies Hypothesis 3.1.1 and that x satisfies Hypothesis 3.1.3.
If (ugs, Ags) is a minimizer of £ over U x A, then

/Tgs =321 (—A) gy * %e<(—i§ +VAG— gxX * ffgs)ugs, ugs>@, (3.32)
the operator
= . s =P I -
HV,XgS = (—iV — gx * Ags)2 —gx*0-(VANAg) +V + %HAgSH%{l (3.33)

defines a self-adjoint operator, and ugs is an eigenvector of HVngs associated to the eigen-
value Ey,.

Proof. At a minimizer, the Frechet derivative of £(u, ff) with respect to A,

A
1673
+ 2gx * [(gX * Ags) |ugs|(202] —2gx * Re(V A Fu, u)cz ,

0 7€ (Ugs, ffgs) = [fgs — gx * 29%(—2’6%5, Ugs) 2

vanishes, which yields (3.32).

Note that under our assumptions, V_ is infinitesimally form bounded with respect to
the operator (& - (—iV — gy * ffgs))Q (see (3.37) below) from which, using the KLMN
Theorem, it is not difficult to deduce that H,, i identifies with a self-adjoint operator.

—

The minimizing property of (ugs, Ags) means that
(ugs, (Hy, 5, — Ev)ugs) = 0. (3.34)
As Hy, ;> Ev, (3.34) implies that (Hy 7 — Ey)Y?uy = 0 and thus
(Hy 5, — Bv)ug =0, (3.35)

which ends the proof of the lemma. [

Two important ingredients in the proof of Proposition 3.1.2 are the exponential decay
of the electronic part ugs and a virial argument. We begin with proving these two properties
in Lemmata 3.3.3 and 3.3.4, respectively.

Lemma 3.3.3 (Exponential decay of the ground state). Under the assumptions of Propo-
sition 3.1.2, there exists v > 0 such that

Heﬂx‘ugs < 00. (3.36)

Iz
Proof. Recall from Lemma 3.3.2 that ug is a ground state of the Pauli operator (3.33). In
particular, it is then known that ugs decays exponentially in the sense that (3.36) holds for
some 7y > 0 (see e.g. [59, Theorem 1]). O
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Lemma 3.3.4 (Virial argument). Under the assumptions of Proposition 3.1.2,
<ugs, ( — iV — gx * /fgs)ugs> =0.

Proof. We use the Pauli operator defined in (3.33). A direct computation shows that, in
the sense of quadratic forms on D(Hy, 5 ) N D(x), we have

[Hy z00] = =2i( =iV — g¥ * Ag).

Since HV,/TgsugS = Eyugs and ugs belongs to D(x) by Lemma 3.3.3, we deduce that

<ugs, ( — iV — gx * ggs)ugs>

1 )
= §<(Hv,ﬁgs - EV)“E:Sv xug3> - §<x“gs’ (HV,ILYgs - EV)“gS> = 0.

This proves the lemma. ]

Now we are ready to prove Proposition 3.1.2.

—

Proof of Proposition 3.1.2. Recall that f;s and A 7, are related as in (3.13). Moreover, Ag
satisfies the relation (3.32), which implies that

X
L F,
kl2

—

I fesllze S || A7,

e Sl

—

where, to shorten notations, we have set Fys := Fyg1 + Fys 0, With

Féw = f((—zﬁugs — g(X * Af ugs, Ugs)cz),  Fsp = f((ﬁ A Gligs, Ugs)c2 ).

We can estimate

1 —

R | P
< || L= i
Folzz S |l D P

LoonL62

Using the cutoft functions 7, 7, we separate the contributions from k in a neighborhood of
the origin and k in a neighborhood of oo, obtaining, since 7?|k|7%/2 <1,

9=

7 X
||fgs||L2 5 Hm gs‘

1 -
L2413, (HW” + HFgSHLOOmLGvQ> :

LooNL6:2
Clearly, ||ﬁgs|| Lo < 00 since Fye1, Fyo are the Fourier transforms of products of L2-
functions. Moreover, ||Fys||f62 < 0o by Lemma 3.2.5. Thanks to the cutoff function 7, we

also have 1

<)
162 ™ k|2

1 =
— n?F,
H|;<;|§77 &

1? Fys

Lo

Hence it remains to show that the right-hand-side of the previous equation is finite.
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To this end, we estimate the contributions from Fg; and Fyso separately. We begin
with Fg 1. We observe that, by Lemma 3.3.4,
Fs1(0) = (ugs, (= iV — gx * Ags)tgs) , = 0.
Moreover, using Lemma 3.3.3, Lemma 3.2.4 and the fact that ug belongs to H L we have,
for all multi-index o € N3,

108 Fasall o S =iV tes — (9% A Jtgs, 2" ttgs)c2 |

SH—iﬁugs—(gx*Afg < 0.

|2 tgs|

Jutgs|

S

Hence Fiy; belongs to the Sobolev space W (R3; R?). Applying the mean-value theorem
then yields

1 452

2B

” k|2 T Vet

Now we consider Figo. Since

S,].HLOQ ~

) < sup |||k]%7723§‘ﬁg
Lee |a|=1

|s,up H@ s1||Loo < 00.

—

Foso(k) =k A ﬁ((&ugs, ugs)cz) (k),

we can estimate

1 = 1 T = T =
HWUQFgS’Q - < H|k;|2n2]-'((augs,ugs>cz) ‘Lw S Hf((augs,ugs>cz) ‘Loo < 00.
2
This concludes the proof of the proposition. O

3.3.2 Coercivity, energy gap and existence of a minimizer

In this section we prove Theorem 3.1.3, namely the existence of a global minimizer for
the Maxwell-Schrodinger energy functional. We use coercivity and lower semicontinuity
arguments.

Before we prove Theorem 3.1.3, we establish a coercivity result which will allow us to
show that any minimizing sequence is bounded in U x A (recall that ¢ has been defined
in (3.8) and A in (3.16)).

Lemma 3.3.5 (Coercivity). Suppose that V' satisfies Hypothesis 3.1.1 and x = x1 + X2
satisfies Hypothesis 3.1.3, with x1/lk| in L* and x»/|k| in L>>°. If

32m3aC?g?

Y

i}

with the constant a > 0 from Hypothesis 5.1.1 and the universal constant C' > 0 from
Lemma 8.2.4, then for all (u, A) in U x A such that ||(u, A)|uxa = 16(2 + a)? we have

[,3,00

-,

EV(ua ) Z ClH(uaA)HUX.A_027
with
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o () = ¢/ max{4, 329202”X/|k|”iz+moo}’
o Cy=:b+a>(1+ L |x./|k|||%),
o 2¢ 1= (327%)71 — C2ag?||xo/[F||| o

Proof. Thanks to Lemma 3.2.4, with the constant a from Hypothesis 3.1.1, we can write

el < [Vullzz = 116 Vullz < (|6 (=iV = g X % Aullzz + g7 - (£ * A) w12

X2
<1+ (=i g Aubia + Colldlle ([ + X2 s
L2 [3:00
- aC?g? 2 e (C%g? 2 - 1
< ||6-(—i¥—g £ X2 AN+ =1l %0 s
< o-(-9 g e Do+ ST L2+<2a+ et P L
Hence,
L e aC?¢* || xa ||” £ ’ 1
e < 205 - (=09 — g x Dyl + SEL | (€ o 2] e,
K] 12 a K] L300
It follows from Hypothesis 3.1.1 that
. R B C2a2aq? 2
(u Vo) < 203 (<iV = g% Dullzz + (555 — ) 14N + = || 25+
32m € 2
(3.37)

and hence,

Sv(u,5)2<u,V+U>+(IIU ( —iV — g+ A)ull 2 — a)” + <] A%,

)

- = ~ % 2 e
> e(((u, Vi) + (16 (39 = g5 * Dullzz = 0)* + |412) - Cs

X1

€

Let us suppose that R = ||(u, A)|juxa > 4. We consider three cases :
1. If | Al > R/4, then E(u, A) > eR2/16 — Cy > eR/4 — Cs.
2. If (u, Vou) > R2/16, then E(u, A) > eR2/16 — Cy > eR/4 — ).
3. Otherwise ||ul|g > R/2 and

[9ullzs = ulfs —1> R/4—1> (R/2 - 1)°.

We distinguish two subcases :
(a) If (/|7 - (=iV — g X * A)ul| 2 — a)® > R/4, then E(u, A) > eR/4 — Oy,
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(b) Tt (|G- (—iV — g % * A)ul2 — a)” < R/4, then
R R1/2 . . - .

5—1—@— < ||Vullpz = || - (=iV — g x * A)u||
< gl(x * Al 2
% . R1/2
cag X
>~ gC |k'| L2+L3’°°|| HHl 9
Therefore, for R > 16(2 + a)?,
RY/? RY? — (24 a) -
4\/§ Ol x < 4 CHLH < HA”Hl
g HW”L%LM@ I Tk 24 L300
and hence
- - €
5\/(’&,14) ZEHAHi]l —02 Z 3 R—Cg.
329202“%HL2+L3»‘”
This yields the result. ]

We are now ready to prove Theorem 3.1.3.

Proof of Theorem 3.1.3. Let (u;, A j)jen be a minimizing sequence for £ in U x A. In par-
ticular, (&(u;, A ;)); is bounded and hence, by Lemma 3.3.5, (u;, A ) is bounded in U x A.
Hence the sequence (u;, A; ;); converges weakly to some limit (oo, Ay)inU x Aw.rt. the
topology of Q x H.
We first show that
lu; — tool| 12 v 0. (3.38)

Let ¢ > 0. By Hypothesis 3.1.1 there exists R > 0 such that |Va(z)| < e(Ev, — Ev)/2
for |z| > R and |Vngr(z)]* + |Vigr(z)]? < e(Ey, — Ey)/2 for all x. Recall that the cutoff
functions ng, 7g have been defined in (3.5). We have

I — usollZ2 = Ima(u; — teo) I + [17R (1 — 1) 172
< lInr(u; — uoo)llz2 + 2llirusll72 + 2lliRUs Iz - (3-39)
_77Rj oo )| 1.2 nRJLQ NRUo|| 1,2
For u in U, the magnetic IMS localization formula (3.22) yields

=

Ev(u, A) = (npu, (—iV —x* A2 +V —=G- (VAA)npu)
+ (fpu, (—iV = x x A)? +V1—5'(6/\1‘Y))77RU>

+ (u, (7% Vo — [Vng|? — | Vig)u) + 3973 1A%,
NrU NRU -
= Ey(———, A) g ull?s + Evi (=, A) [[iir ull3
IR ullr2’ 7R ull 2

+ (u, (7% Va — |Vnr|? — |Viig|?)u)
> By |nrulli2 + Ev; |lirull7: — e(Ev, — Ev). (3.40)
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—

As (u;, A;) is a minimizing sequence, (3.40) yields, for j large enough,

—

Ev(uj, A;) — By

T < 2. 3.41
||nRu]||L2 — EV1 . EV +e > 28 ( )

By the lower semi-continuity of the L? norm,
17 usc 72 < liminf [7ig w72 < 2e. (3.42)

j—o0

The sequence (u;); converges towards us weakly in Qy and thus the sequence (ngu;)
converges weakly in H' towards 1r t. Using the compactness of the set B(0,2R) and the
Rellich-Kondrachov Theorem, we deduce that (ngu;) converges strongly in L? t0 ng ts.
This together with (3.39), (3.41) and (3.42) prove (3.38).

To show that liminf & (uy;, /fj) > E(Uoo, ffoo), we split € (u, ff) into five parts :

j—00
El(u) 82(*’5) 83(1/’7 ﬂ)
o ——— 1 ’__/,? r — AA —
Ev(u, A) = {u, Hyuw) + o1 Allz — 29Re( — iVu, (X * A)u)
+ (u, (X * A)*u) — g{u, & - (X * V A A)u)
54(\”:#?) 55(;: 1)
By Lemma 3.2.3, we have
lim inf & (u;) > & (uno) - (3.43)
j—o0
By the lower semi-continuity of || - || 41,
liminf &(A;) > E(As) . (3.44)
Jj—00

Now using 6/@ = 0, the Cauchy-Schwarz inequality, the boundedness of (]| (u;, A}) loixa);
and Lemma 3.2.4, we obtain

- - e - - !
|E5(uj, Aj) — < —iVuj, (X * A;) uoo> + <(X * Aj) uj, —zVuoo> — E3(too, Aj)| S ||Uuj — Usol| 72

(3.45)
We claim that the weak convergence of ffj towards A, then yields
Es(tn, Aj) — E3(Ung, Ase) . (3.46)
j—00

The limit (3.46) can be proven as follows. Let ¢ = —iVis. Then

Ex(tine, ;) = / (5% (uncp)) A, (3.47)
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and it thus suffices to verify that Y * (u..p) belongs to H~'. This is a consequence of
Lemma 3.2.5 :

- X X 2
% )i 5 |, oMl olsn S ] sl < 000 (3.98)
The bound (3.45), and the limit (3.46) yield
53(uj, 14»]) o 53(”007 /_foo) . (349)
J—00
Similarly as in (3.45), we have
|E4(uj, Aj) — <uoo, Ajuj>L2 + <uoo, Ajuj>L2 — E(Uoo, Aj)| S luy — uso||7 - (3.50)
Let us now prove that . .
lim inf & (teo, Aj) > E4(too, Axo) - (3.51)

Jj—o0
Using the same arguments as those used to prove the lower semicontinuity of norms, we
can write

—

Ealttoo, A; — Ao) = Ealttoe, A7)+ Ex(tse, Ano) — 29 <(>g 5 A Voo, (R * ,afj)uoo> >0 (3.52)

and arguing as in (3.47), with ¢ = (Y % As)tse (which belongs to L? by Lemma 3.2.4), we
deduce that

—

(s A, Gx A = [ (0 (1mo) &y — Erlu ). (359)

Now (3.52)-(3.53) imply (3.51). A convenient expression of the last term,

-,

Es(u, A) = (u, & - (x * VA A)u) = —2Re(V A Gu, (X * A)u),
shows that it can be handled as £; and

85(Uj, /_1’]) —_— 55(UOO, /_foo) .

Jj—00

Finally, (3.43), (3.44), (3.49), (3.50), (3.51) and (3.49) imply that

lim infg(uj, IIJ) 2 g(uom *’IOO)

j—o0
and hence the infimum is indeed a minimum, since (., As ) is & minimizer. ]

To conclude this subsection, we focus on the condition Ey, > Ey which was a crucial
assumption in our proof of the existence of a minimizer in Theorem 3.1.3. As mentio-
ned in Remark 3.1.6, the next proposition shows that this condition is satisfied provided
that |g| || x2/|k|||z3.~ is not too large and that either V' is confining (recall from Lemma 3.2.2
that in this case uy, can be chosen arbitrarily large) or uy, > uy and |g| ||x/|k||| L2413 is
small enough.
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Proposition 3.3.6 (Existence of a gap). Suppose that V' satisfies Hypothesis 3.1.1 and
that the cut-off function x = x1+ X2 satisfies Hypothesis 3.1.3 with x1/|k| in L* and x»/|k|
in L3 If uy > 0, then there exists a positive constant Cy such that, for all 0 < 3 <

1= Cvglixa/ Ikl gs.ee
3,00 >

2

C2g? H
i

)M u X1
Vi— BV — T
LS,oo ! 4ﬁ

|kl

By, — By > min (1, (1—6—Cvg

‘&
||
Proof. Restricting the infimum of &, to U x {0} yields an upper bound for Ey :

Ey= inf & (u,A) < inf & (u,0) = (3.54)
(u, A)etUx A uetd

To control Ey, from below, recall that

Ev, (u, A) = |7 (—iV = gx * A) |72 + (u, Viu) + 1415

323

If | AJ1%, /(327%) > py + 1, then

Ev,(u, A) > py + 1.

X1
(u, (=B + Vi) — 20C g [ Al e (Hm

Suppose now that ||A)||§ﬁ/(327r3) < py + 1. Then, with C' > 0 the universal constant from
Lemma 3.2.4, and Cy = 2C/uy + 1,

' el
KTl 5.

||u||%p) .
L [e’e]

v

Y

(u, (= Ay 4+ Vi)u) — gCy ( &

Now, thanks to the conditions on £,

2

, Cv g || xa X2
v ( ) —9bv |k:| Lo (u, ( 1)u) 46 || k||| L2 g K| | 3,00
CQQQ X1 2 X2
1-— C — 5= = g0y |55 :
< =gt ‘k" L3oo> " Ce BT v Bl po.ee
Therefore
C2¢2 | x1 2
By, = min (p +1, (1 C H Y — LN ).
y w1 (1= =Cvg |35l | == 5L~ 9L

which together with (3.54) yields the result. O
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3.3.3 Properties of the set of minimizers

In this section we prove some estimates on minimizers (ugs,ffgs) of the Maxwell-
Schréodinger energy functional, which in turn implies that ffgs is fully determined by w,q
for small g.

We use the following notations. The resolvent of the operator Hy ® Ic2 is deno-
ted by Ry := (Hy — A\)™' ® Iz (a priori defined as an unbounded operator on the
set Ran(1py (Hy @ Ic2))t). Recall that ITy, IIj; are the projections in L*(R?;C?) defi-
ned by Iy := |uy) (uy| @ Iz, Il = Iz — . Moreover, for all u in Qy, we set ¢ = II{u.

In the next lemma, under hypotheses which implies the existence of a ground state uy
for Hy, we obtain an equation satisfied by ¢ at a minimizer. Moreover, using the Euler-

Lagrange equation for A, we obtain a control over Ugs and /Tgs.

gs»

Lemma 3.3.7. Suppose that V satisfies Hypotheses 3.1.1 and 3.1.2 and that x satisfies
Hypothesis 3.1.3. Let (ugs, Ags) in U x A be a global minimizer of €. Then

Pgs = REVHXL/ 2(_iﬁugs) : (g)A( * ng) - gf( *0 - (6 A A’Zl‘gs)ugs

N I »
— (gX * Ags)ngS — %HAgSH?—'[lU’gS . (355)
Moreover, there exist ey > 0 and Cy > 0 such that, if
g, = |g|Hl‘ <ey (3.56)
X |k|l24p30e = 777
then the following estimates hold
@esll o, < Cvg?, (3.57)
HAgs“Hl < CVgX ) (358>
| Ags — Al || ;1o = [V A Ags = VA AL, < Cvg?, (3.59)
with . .
ALl = 167%(—A) " gx * V A U @y, (3.60)
and where the vector @y in C* is defined by the relation
Uy Bys = (Hyttgs, & Iy tigs) o - (3.61)

By (3.57),

‘(Ijgs|2 — 1} < Cvg;t

Remark 3.3.8. Note that in (3.61) both sides are functions of x as the scalar product on
the right hand side is only on the C? space.

Proof of Lemma 3.5.7. To prove (3.55), it suffices to observe that Ey < py = inf o(Hy)
(see (3.54)), and hence that Rg, IIi: is well-defined and identifies with an element of
L£(Q3,, Qv). Applying Rp, I1i to (3.35) then yields (3.55).
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Now we prove (3.58). First observe that, by Lemma 3.3.5, the assumption (3.56) and
the fact that Ey < uy, we have, for ey sufficiently small,

H(“gs’ggswuw < Cv,

for some constant Cy > 0, uniformly in ¢ and x such that g, < ey. Using (3.32) and
Lemmata 3.2.4-3.2.5, we then estimate

[ |l 0 < CJl g+ Re(=iVgs + V A Gttgs, uge)ez || ;s + C| 9% 5 [(9% * Ags) [ths[ 0] -
2
< C|g| Hi ||ugs||H1 + 092 X ||Ag5||H1 HugSHHl
|k| L24L3:00 |k7| L2413,
< 2CRvg, . (3.62)

Next using (3.55), the fact that Ry, 1 € £(Q},, Qv ), the continuous embedding L? C Q%
(3.62) and Lemma 3.2.4, we obtain

leesllo, < Cvey,

for some constant Cy > 0.

Let us now prove (3.59) starting from the formula given in (3.32) for ffgs. Note that
the constant C'y, might change from one line to the other. Applying Lemma 3.2.5 first and
then Lemma 3.2.4, the boundedness of uzs in Qy and (3.58),

1(=2) 7" g% * Re((gX * Ags)ttgs, tgs )l i < Cvgll(gX * Ags)ugs|| 2l ugs |
< Ovgll Agsll i lugsllzn < Cvey . (3.63)
By Lemma 3.2.4, the boundedness of ug in Qy and (3.57),
||(—A)_1gf< * 9%< - Z-Vugsv ug8><c2||H1

< |lgRxRe(iVITy tgs, Tyt ) ol -1 420 g0 (VI thgs, s ) o i1+ 1195V s P ol 1
<0+ Cvgyl| Vv ug| 2]l @gsll i + CveyllVegsllizlogsll g < Cvgl . (3.64)

Applying Lemma 3.2.5 first, then the boundedness of uy in Qy and (3.57), we obtain

(=A) gy * 9%<§ N G Ugs, ugs>(c2 — (=A) gy * 9{6<§ N Gy s, Hvugs>@||H1
< 2[lgx * (V A G s, v tgs) coll -1 + 19X * (VA G s, Qs ol 1
< Cvgy IV A G gl e (Mgl + llpgsllm) < Crvgy . (3.65)

Then, from V A (u, du) = 2Re(u, V A Gu) the equality

(—A)_lg)z * 2%e<6 A 5HVug57 Hvugs>(c2 = (—A)_lgjg * 6u%/ A ("_jgs
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follows, which, along with (3.6 ) (3.64) and (3.65), yields (3.59).

=

Finally, since V - Ags =V- A = 0, using the formula VAV AA = —AA—V(V - 4),

IV A (s = AR 2 = 11 = A 1

This concludes the proof of Lemma 3.3.7. O]

Now we can prove that ffgs is fully determined by ugs for small g.

Proposition 3.3.9. Suppose that V' satisfies Hypotheses 3.1.1 and 3.1.2 and that x satisfies
Hypothesis 3.1.3. Suppose that the decomposition V- = Vi + V5 of Hypothesis 3.1.1 can be
chosen such that Ey, > Ey . There exists ey > 0 such that, if

<e¢
L2+L3,<x> - &

= lal]| 5]
’ ||
then, if (ugs, Ags) and (ug, /T’gs) are minimizers of €, necessarily Ay = A'gs.

Proof. In this Qroof we dgop the indices gs to simplify the notations. For sufficiently
small g, , if (v, A) and (u, A’) are minimizers, (3.32) yields

A— A= 3273 (=A) Lgx * (g% % (A — A) |ul%)] .

It follows from Lemmata 3.2.5 and 3.2.4 that

A~ A 0 = 3203 ||gx = [(g% * (A — A))|ulde] | ;-
< Cg || (gx * (A = A))ull o full s
<’ A— A ullullin
VngA AlHHl’
which implies that, for sufficiently small g, , A=A. ]

3.3.4 Expansion of the minimum at small coupling

In this section, we prove Proposition 3.1.9, by establishing the asymptotic expansion
(3.19).

Proof of Proposition 3.1.9. Recall that

(i) (i0)
. ——~ ~ — N =
Ey = gV(“gs» Ags) = <ug57 H\/Ugs> - 2%2< - Zvug& (gX * Ags)“gs>

-~

— ~ = Iy 9 _) 1 A
— (Uas, 0 (X % VA AgoJuugs) + (Ugs, (9K * Ags) tgs) + %\\Ags”ip :
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For (i), using that HyIlyugs = py Iy ugs, Iy ugs L g and (3.57), we obtain
(1) — v | < [{Pass Hvpgs) | < ngi-

Next we decompose (i7) into three terms :

(1) = gRe( — iVTTyugs, (X % Ag) vt
+ 299%( — iﬁﬂvugs, (X * ffgs)gogs> + gi)%e< — iﬁgogs, (X * /Tgs)gpgs)

The first term vanishes because, with Iy ugs = (‘g)uv for some coefficients a and b in C,
gRe( — iV ug, (X * Ag)yug) = glal® + [b)Re( — iVuy, (X * Ag)uy ) =0,

since uy, ¥ and /Tgs are real-valued. The next term in (i) is controlled using Cauchy-
Schwarz’s inequality followed by Lemmata 3.2.4 and 3.3.7,

|< - iﬁHVUg& (gx * AgS)WgSM < CVngﬁnVugS“L?||Ag8||H1 HSOgS”Hl < CVg;L(‘

The last term in (7i) is bounded by C’ng< using similar arguments.
Similarly, (iv) is bounded by Cyg;.
As for (i), using the formula [ ; - V Aty = [y - V AW, we can rewrite

(1i1) = /(gf( ¥ Ags) - VA (Ugs, Ollgs) s -
In this form, it can be shown using the same arguments as before that
i) ~ [ (o< A+ 9 A bl < Ol

where we recall that wys has been defined in (3.61). Now, thanks to (3.60) and the formula
VAV ARGy = —Aud Gy — V(V - td@y), we have

Jtosx A - nut G, =167 [(g3 6 9 N5, (-8) 90T A
= 167" /(gf( * U )? |Dgs|? + 167 /((—A)_lgf( % D - VU2 (gX * Tgs - V).  (3.66)
To estimate (v), we use Lemma 3.3.7, which shows that

|(v) = [IAR 15| < Cvey -

A direct computation then gives

A3, = 167 [ (g2 ¥ M) - (-8)'gi s T A,
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namely we obtain the same term as in (3.66), with a different pre-factor.
Putting all together, we have shown that

By — 485 ([ (e PIaal + [(-2) % G- Vi) (343, )| < Ol

We have |1—|dy|*| < Cy gy, (see Lemma 3.3.7). Moreover, in the case of a radial potential V,
the ground state uy of Hy is radial. If in addition y is radial, then the second term in
the right-hand side of the previous equation can be expressed independently of &gs. This
directly leads to (3.19). O

3.3.5 Ultraviolet limit of the ground state energies

We suppose in this section that the interaction between the non-relativistic particle and
the field is cut-off in the ultraviolet, i.e. that the Maxwell-Schrédinger energy functional
is given by (3.20) with xo = x1 k<, for some ultraviolet parameter A > 0. We then study
the limit A — oo. In this section we drop the index V' for &, as the potential remains fixed
throughout the section.

As in the previous sections, y will be fixed such that x/|k| lies in L?+ L*°°. In particular,
we have ya/|k| in L? and ya/+/[k] in L?, which in turn implies that the ultraviolet cut-off
Pauli-Fierz Hamiltonian

Hy o= (6 (—iVe ® It — Ay, 2)))" + V @ L+ 1y ® Hy,

identifies to a self-adjoint operator (see Appendix 3.4).

We show that the ground state energies Ey , defined in (3.21) converge to Ey in the
ultraviolet limit A — oo. It should be noted that, in general, |k| x5 does not converge to
|k|7'x in L? + L**. To circumvent this difficulty, we will use the following relation

-, —, —

X A= 2m) P F(F(A) = 2m) P FOF (L _gead)) = £ x Aza, (3.67)

where we have set
Acn = 1\—i§|§A(A>-

Recalling from (3.16) that A = {4 € H'(R*R3) | V- A = 0}, we introduce the subspace
Ay ={Ac Al A=1_g,(A}. (3.68)
We then have the following identity.

Lemma 3.3.10. Suppose that V' satisfies Hypothesis 3.1.1 and that x satisfies Hypothesis
3.1.3. Then, for all A > 0,

Eyy= _inf  &(u, A).
(u,A)eUx A<p
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Proof. Tt suffices to observe that, by (3.67), the following equality holds for all (u, E)
inl x A:

. . 1 -
En(u, A) = E(u, Acp) + %Hll—ﬁle(A)”Hl‘ (3.69)
The statement of the lemma directly follows. ]

If A belongs to H', we have that [|[A<y — Al ;1 — 0 as A — co. Now we can prove the
convergence of the ground state energies in the ultraviolet limit.

Proof of Proposition 3.1.11. For 0 < A < A’; we have A<y C A<y C A and hence, by
Lemma 3.3.10,

Ey < Eypy < By,

Therefore A — Ey, is non-increasing on (0, 00), bounded below by Ey, so that we can
define
EVoo = lim EVA Z Ev.
’ A—o0 ’

To show that By < Ey, let ¢ > 0 and let (u., /TE) in U x A be such that &(u., ffs) <
Ey +¢. Using (3.69), we have

EV,A S gA(Usa A’e) = 5(u€, A‘e,gA) + WH]H,Z-?EA 6||H1

5 1 -
< By 4 e+ E(ue, Ao <p) — Eus, AL) + %HE\_ME/\AEH;'

A direct computation shows that

—

- 1 -
S(UE7A€ <A) S(ueaAs) + %Hﬂl—iﬁIZAAEHfT
< 2|g| |<6 ’ (_iﬁua)> 0 )AC * ( _’a,SA - /_(E)U'E>L2|
} ()A( * A’E,<

—

(X Ac)u

.| (3.70)

+ 92 _A)usHig -

Applying Lemma 3.2.4 gives
(G- (—iVue), 6 - X * (Aecn — AJus) | < O | Aeca — Al

for some constant C, ,. depending on x and u.. Likewise,

—

(X *A.<p u6|| —Hx*A Ve

< I

—

< (% (Ao an — A2 )| o (

—

( * A <A ué‘HL2+H X*A u5HL2)
< CpuillAezn = A

Since ||A.<x — All;n — 0 as A — oo, inserting the previous estimates into (3.70) and
letting A — oo, we obtain

EV,oo < EV"—E'.

Since € > 0 is arbitrary, this concludes the proof of the proposition. ]
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3.4 Appendix : Operators in Fock space, self-adjointness

In this appendix we set up some notations and give the proof of the self-adjointness of
the Pauli-Fierz operator H. We recall the definitions of standard operators in Fock space.
We only give here formal definitions, referring the reader to e.g. [40, 107] for more details.

Let us consider a Hilbert space h and its associated symmetric Fock space §s(h) =
D, V" b, with \/’h :=C. Let h € h. For n € N, the creation and annihilation operators
are respectively defined as

\V h—\/ n+1 |h \/IV b5 |v h—\/ﬁ(h‘@lvn—lb, a(h)|(c:0.
The field operator ®(h) is then defined as
®(h) = (a(h) + a*(h))/V2. (3.71)

Let w be a self-adjoint operator on h. The second quantization of w is the operator on
Fock space defined by

dr(w)‘vnh = Zlkalh Qw & Ivnfkh, dF(w>|(C =0.

k=1
The coherent state of parameter f € b is defined as

V3 g an,, >

Vyi= eié( ¢

where () stands for the Fock vacuum. Coherent states are eigenvectors of the annihilation
operators in the sense that for all f, h € b,

a(h)Wy = (h, )y ¥y
This in turn leads to the following equalities :
(Wp, @M)W y)g ) = 2Re(h, [y, (W, dD(W) gz ) = (frw fy - (3.72)

We recall the following estimates, which holds for any non-negative operator w on b, h
in the domain of w™'/? and ¥ in the domain of dI'(w)/? :

_1 1
oWy < o EHIEIT) IR 79
0 T IR, ) (3.74)

la*(h) @] < w2 Alfg]|dT (w)2 @
The next proposition establishes the self-adjointness of the Pauli-Fierz Hamiltonian H
of the standard model of non-relativistic QED (see (3.9)) under our assumptions. We recall
a proof for the convenience of the reader.
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Proposition 3.4.1 (Self-adjointness of H). Suppose that V = V,—V_ belongs to L. (R3 RT)
and that V_ is infinitesimally small with respect to —/A in the sense of quadratic forms on
HY(R?). Suppose in addition that x : R — R is such that both |k|~Y/?x and |k|~'x are
in L*(R®). Then the Pauli-Fierz hamiltonian H is a self-adjoint operator with form domain

QH) = Q (Hy, ® Iz @ It + Ly @ Iz @ AT([K])) .
Proof. Let Q; = Q (Hy, @Iz @It + Ly ® Iz ® dI'(Jk[)) . We claim that the following

form is closed on Q. :

g (U, Wy) = <5 (V@ L @ T — A7) 01,5 - (—iV @ Lee @ I — &(mz))\p2>ﬂ

+ <(Vl/2 ® Iz @ Ig) Wy, (V. 2 Ic: ® If)‘lf2>H
+ (Lo ® Lo @ HY )y, (L © Lo @ HY )0y
Let (¥,,)nen in QY be such that ¥, —> U and (¢ (¥, ¥,,))nen converges. We show that
VU isin Q. and that ¢, (¥, — W, U, \I/) — 0. Considering the closed form on Q. defined
n—oo
by
Go(Uy, W) = <(—ﬁ @Iz @ L)Wy, (—iV @ Iz ® If)\If2>H
{21 21w, (V) @l @ If)qf2>H

+ (L0 ® I @ H/* )0, (L © Lo O HY "))

it is not difficult to verify, using (3.73)—(3.74), that there exists a positive constant C' such
that, for all € > 0, for all ¥ in 9,

(1= C)go(W, U) < ¢, (U, W) + Ce (H(Iel @I ® Hj/?yy”i v H\Iin) . (375)

This implies that (¢o(V,, ¥,,))nen is @ Cauchy sequence and hence, since ¢ is closed on Q
we deduce that U € Q.. Finally, since, similarly as for (3.75), we have

g+ (¥, V) < (1 —Ce)qo(V, P),

we conclude that
(¥, =0, ¥, —¥) — 0.

n—oo
We have shown that the quadratic form ¢, is positive and closed on Q.. In particular
(see e.g. [78, Chap. 6, Thm. 2.1]), this ensures that there exists a positive self-adjoint
operator H, such that, for all Uy, ¥y € Q,, ¢, (Vq, V) = (Hi/Q\Ifl,HJlr/Q\IJﬁH. Since V_
is infinitesimally form bounded with respect to —A, one easily deduces that it is also
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infinitesimally form bounded with respect to H,. The KLMN theorem then allows us to
conclude that H identifies to a self-adjoint operator with form domain

QM) = Q, = Q (Hy, ® Iz ® It + L @ Iz ® dT'([E]))

This concludes the proof. O
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Abstract

In this thesis, we study quantum field theory models that describe the interactions
between a non-relativistic particle and a quantized radiation field. In particular, we focus
on the minimization of the quasi-classical energy of the considered models, i.e. the energy
of the system when the field is in a coherent state. A first result concerns the Spin-boson
model. It is a simple (but non-trivial) model where the non-relativistic particle is described
by a finite dimensional system and is linearly coupled to a quantized scalar field. We
obtain an explicit expression for the quasi-classical ground state energy and the set of
minimizers for this model, for any values of the coupling constant. We also prove that the
set of minimizers is trivial when the coupling constant is below a critical value. We also
obtain the existence of a ground state for the energy when the field is in a superposition
of two coherent states. Next, we consider models where the non-relativistic particle is
described by a Schrodinger operator. In the case where the coupling between the particle
and the field is linear in the creation and annihilation operators (Nelson model, polaron
model for instance), we show the existence and uniqueness of a quasi-classical ground state
associated with the quasi-classical energy, up to a phase symmetry. We consider a general
external potential, either bindind or confining, and do not impose an ultraviolet cutoff
in the definition of the energy functional. Then, we obtain an asymptotic expansion of
the quasi-classical ground state energy as the coupling parameter goes to 0. Finally, by
making the energy depend on the ultraviolet parameter, we prove that the ground states
and associated ground state energies converge in the ultraviolet limit. In the case of the
standard model of non-relativistic quantum electrodynamics with a spin, under similar
assumptions, we show the existence of a quasi-classical ground state. We also obtain an
asymptotic expansion as the coupling parameter tends to 0 and the convergence of the
ground state energies in the ultraviolet limit.



Résumé

Dans cette thése, on s’'intéresse a des modéles de théorie quantique des champs décri-
vant les interactions entre une particule non relativiste et un champ de radiation quantifié.
En particulier, on s’intéresse & la minimisation de 1’énergie quasi-classique des modéles
considérés, c’est-a-dire I'énergie du systéme lorsque le champ se trouve dans un état co-
hérent. Un premier résultat concerne le modeéle spin-boson, c’est un modéle simple (mais
non trivial) ou la particule non relativiste est décrite par un systéme de dimension finie
et est couplée linéairement & un champ quantifié scalaire. On obtient pour ce modéle une
expression explicite de I’énergie fondamentale quasi-classique et de ’ensemble des minimi-
seurs, pour toute valeur de la constante de couplage. On montre également que I’ensemble
des minimiseurs est trivial si la constante de couplage est inférieure & une valeur critique.
D’autre part, on obtient I'existence d’un état fondamental pour I’énergie lorsque le champ
se trouve dans une superposition de deux états cohérents. On considére ensuite des modéles
pour lesquels la particule non relativiste est décrite par un opérateur de Schréodinger. Dans
le cas ot le couplage entre la particule et le champ est linéaire en les opérateurs de création
et d’annihilation (modéle de Nelson, modéle du Polaron), on montre 'existence et 1'uni-
cité d’'un état fondamental quasi-classique associé a I’énergie quasi-classique, a symétrie de
phase prés. On suppose le potentiel extérieur confinant ou liant et nous n’imposons pas de
troncature ultraviolette dans la définition de la fonctionnelle d’énergie. Nous obtenons en-
suite un développement asymptotique de I’énergie fondamentale quasi-classique lorsque le
parameétre de couplage tend vers 0. Enfin, en faisant dépendre ’énergie du paramétre ultra-
violet, on montre que les états fondamentaux, ainsi que les énergies fondamentales associées
convergent dans la limite ultraviolette. Dans le cas du modéle standard de 1’électrodyna-
mique quantique non relativiste, sous des hypothéses similaires, on montre 1’existence d'un
état fondamental quasi-classique. Nous obtenons aussi un développement asymptotique
lorsque le parametre de couplage tend vers 0 et la convergence dans la limite ultraviolette
de I’énergie fondamentale.
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